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PREFACE 


THE present work is intended as a sequel to our Elementary 
Algebra fur Schools. The first few chapters are devoted to 
a fuller discussion of Ratio, Proportion, Variation, and the 
Progressions, which in the fermer work were treated in an 
clementary manner; and we have here introduced theorems 
and examples which are unsuitable for a first course of 
reading. 

From this point the work covers ground for the most 
part uew to the student, and enters upon subjects of special 
importance: these we have endeavoured to treat minutely 
and thoroughly, discussing both bookwork and examples 
with that fulness which we have always found necessary in 
our experience as teachers. 

It has been our aim to discuss all the essential parts 
as completely as possible within the limits of a single 
volume, but in a few of the later chapters it has been im- 
possible to find room for more than an introductory sketch ; 
in all such cases our object haa been to map out a suitable 
first course of reading, referring the student to special treatises 
for fuller information. 

In the chapter on Permutations and Combinations we 
are much indebted to the Rev. W. A. Whitworth for per- 
mission to make use of some of the proofs given in his 
Choice und Chance. Έτ: many years we have used these 


proofs in our own „teaching, and w2 are convinced that this 
A2 | H. H. A. 


νι PREFACE, 


part of Algebra is made far more intelligible to the beginner 
by & system of common sense reasoning from first principles 
than by the proofs usually found in algebraical text-books. 

The discussion of Convergency and Divergency of Series 
always presents great difficulty to the student on his first 
reading. The inherent difficulties of the subject are no 
doubt considerable, and these are increased by the place it 
has ordinarily occupied, and by the somewhat inadequate 
treatment it has hitherto received. Accordingly we have 
placed this section somewhat later than is usual; much 
thought has been bestowed on its general arrangement, and 
on the selection of suitable examples to illustrate the text; 
and we have endeavoured to make it more interesting and 
intelligible by previously introducing a short chapter on 
Limiting Values and Vanishing Fractions. 

In the chapter on Summation of Series we have laid 
much stress on the “ Method of Differences" and its wide and 
important applications. The basis of this method is a well- , 
known formula in the Calculus of Finite Differences, which in 
the absence of a purely algebraical proof can hardly be con- 
sidered admissible in a treatise on Algebra. The proof of the 
Finite Difference formula which we have given in Arts. 395, 
996, we believe to be new and original, aud the development 
of the Difference Method from this formula has enabled us to 
introduce many interesting types of series which have hitherto 
been relegated to a much later stage in the student's reading. 

We have received able and material assistance in the 
chapter on Probability from the Rev. T. C. Simmons of 
Christ's College, Brecon, and our warmest thanks are due 
to him, both for his aid in criticising and improving the 
text, and for placing at our disposal several interesting and 
«riginal problems. 

It is hardly possible to read any modern treatise on 
Analytical Conics or Solid Geometry without some know- 
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ledge of Determinants and their applications. We have 
therefore given a brief elementary discussion of Determi- 
nants in Chapter XXXIIL, in the hope that it may provide 
the student with a useful introductory course, aud prepare 
bim for à more complete study of the subject. 

The last chapter contains all the most useful propositions 
in the Theory of Equations suitable for a first reading. The 
Theory of Equations follows so naturally on the study of 
Algebra that no apology is needed for here introducing pro- 
positions which usually find place in a separate treatise. In 
fact, a considerable part of Chapter xxxv. may be read 
with advantage at a much earlier stage, and may conveniently 
be studied before some of the harder sections of previous 
chapters. 

It will be found that each chapter is as nearly as possible 
complete in itself, so that the order of their succession can 
be varied at the discretion of the teacher; but it is recom- 
mended that all sections marked with an asterisk should be 
reserved for a second reading. 

In enumerating the sources from which we have derived 
assistance in the preparation of this work, there is one book 
to which it is difficult to say how far we are indebted. 
Todhunter's Algebra for Schools and Colleges has been the 
recognised English text-book for so iong that it 1s hardly 
possible that any one writing a text-book on Algebra at the 
present day should not be largely influenced by it. At the 
same time, though for many years Todhunters Algebra has 
been in constant use among our pupils, we have rarely 
adopted the order and arrangement there laid down; in 
many chapters we have found it expedient to make frequent 
use of alternative proofs; and we have always largely sup- 
plemented the text by manuscript notes. These notes, 
which now appear scattered throughout the present work, 
have been collected at different times during the last twenty 
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years, so that it is impossible to make definite acknowledge- 
ment in every case where assistance has been obtained from 
other writers, But speaking generally, our acknowledge- 
ments are chiefly due to the treatises of Schlómilch, Serret, 
and Laurent; and among English writers, besides Todhunter's 
Algebra, we have occasionaily consulted the works of De 
Morgan, Colenso, Gross, and Chrystal. 

To the Rev. J. Wolstenholme, D.Sc., Professor of Mathe- 
matics at the Royal Indian Engineering College, our thanks 
are due for his kindness in allowing us to select questions 
from his unique collection of problems; and the consequent 
gain to our later chapters we gratefully acknowledge. 

It remains for us to express our thanks to our colleagues 
and friends who have so largely assisted us in reading and 
correcting the proof sheets; in particular we are indebted to 
the Rev. H. C. Watson of Clifton College for his kindness in 
revising the whole work, and fur many valuable suggestions 
in every part of it. 


H. 8. HALL, 
May, 1887. S. R. KNIGHT. 


In the present reprint of this well-known text-book, a few of the 
worked examples have been replaced by others, and some minor 
changes and corrections have been made. The general arrange- 
ment and the exercises of the familiar Hall and Knight's “ Higher 
Algebra" have not been altered. 
| L. CROSLAND, 
1940. 
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HIGHER ALGEBRA. 


CHAPTER I. 
RATIO. 


l. Derinition. Ratio is the relation which one quantity 
bears to another of the same kind, the comparison being made by 
considering what multiple, part, or parts, one quantity is of the 
other. 


The ratio of A to B is usually written 4: B. The quantities 
A and B are called the terms of the ratio. The first term is 
called the antecedent, the second term the consequent. 


9. To find what multiple or part A is of P, we divide A 
by B; hence the ratio A : B may be measured by the fraction 


» and we shall usually find it convenient to adopt this notation, 


In order to compare two quantities they must be expressed in 
terms of the same unit. Thus the ratio of £2 to 15s, is measured 
. 2x20 8 
by the fraction ET or 5. 
Nore. A ratio expresses the number of times that one quantity con- 
tains another, and therefore every ratio is an abstract quantity. 


8, Since by the laws of fractions, 
α ma 
b mb’ 
it follows that the ratio a : b is equal to the ratio ma : mb; 


that is, the value of @ ratio remains unaltered if the antecedent 
and the consequent are multiplied or divided by the same quantity. 
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4. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus suppose 
a: b and æ : y are two ratios. Now = 5%, κα’. 5 hence 

by y by 
the ratio a : b is greater than, equal to, or less than the ratio 
æ : y according as ay is greater than, equal to, or less than bz, 


5. The ratio of two fractions can be expressed as a ratio 


7 Ὁ is measured by the 


of two integers Thus the ratio Pd 


a 


fraction d , or T and is therefore equivalent to the ratio 
ο 


d 
ad : bc. 


6. If either, or both, of the terms of a ratio be a surd 
quantity, then no two integers can be found which will exactly 
measure their ratio. Thus the ratio «/2: 1 cannot be exactly 
expressed by any two integers. 


7. Derinition. If the ratio of any two quantities can be 
expressed exactly by the ratio of two integers, the quantities 
are said to be commensurable; otherwise, they are said to be 
incommensurable. 


Although we cannot find two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio differs from that required 
by as small a quantity as we please. 


Thus «5 - — — 569016... 


J5 δδ9016 559017, - 
and therefore -τ- > 1555000 54 * 1000000 


so that the difference between the ratios 559016 : 1000000 and 
A/9 : 4 is less than -000001. By carrying the decimals further, a 
eloser approximation may be arrived at. 


8. Derinition. Ratios are compounded by multiplying to- 
gether the fractions which denote them; or by multiplying to- 
the antecedents for a new antecedent, and the consequents 
or & new consequent. 


Example. Find the ratio compounded of the three ratios 
2a : 8b, Gab : Ge? e: a 


ΒΑΤΙΟ. 3 
623b c 


a . 2a 
The required ratio= 55 Χ διε Χα 


4a 
óc " 
9. DkriNrri0N. When the ratio a :b is compounded with 


itself the resulting ratio is a' : b°, and is called the duplicate ratio 
of a:b. Similarly a^ : b’ is called the triplicate ratio of a: b. 


Also a! : δὲ is called the subduplicate ratio of a : b. 
Ezamples. (1) The duplicate ratio of 2a : 8b is 4a? : 023. 


(2) The subduplicate ratio of 49 : 25 is 7 : E. 
(3) The triplicate ratio of 2z : 1 is 8z* : 1. 


10. ῬΕΕΙΝΊΤΙΟΝ. <A ratio is said to be a ratio of greater 
inequality, of less inequality, or of equality, according as the 
antecedent is greater than, less than, or equal to the consequent. 


11. A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to both 
tts terms. 


Let ; be the ratio, and let IL be the new ratio formed by 
adding α to both its terms. 


a a+x ar—óx 
Now T—1——z- 


. &(a—-D), 
b (ba)! 


and a—b is positive or negative according as a is greater or 
less than 5. 


« a atr, 

Penes if a > b, b Tra! 

, a atr, 

and if a <b, b bea! 


which proves the proposition. 


Similarly it can be proved that a ratio of greater inequality 
ts increased, and a ratio of less inequality ts diminished, by taking 
the same quantity from both its terms. 

12. When two or more ratios are equal many useful pro- 


positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 
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The proof of the following important theorem will illustrate 
the method of procedure. 


ο 6 
If b gi 
Bo 


1 
qe? + re? + =y, 
b^ + ——— 


Let 
then a=bk, ο-- dk, e=fh,...; 
whence pa"=pb"k", gc" — qd" k^, re" 2 vf" k^,.. 
| ρα" -φο” ere. pi + ake + +r γε. 


: το nb" + gd" + rf" +. 
=k*; 
L 
pa^ +g -- τα" --. yr- - χο = 
b^ - gd" 4 rf". =57 3 i 


By giving different values to p; q, r, n many partieular cases 
of this general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 


" a ce 
b d f 59499 
ο α 6-5 e+ 555. 
each of these ratios — —— — $ 


a result of such frequent utility that the following verbal equi- 
valent should be noticed: When a series of fractions are — 
each of them 4a equal to the sum of all the wvumerators divided by the 
gum of all the denominators. 


Example 1, Hime shew that 
ub + 9οἳε — δα ace 
dud πα 
thea a=xbk, c s dk, omfk; 


ΒΑΤΙΟ. 5 


ab Bete Baetf _ DER? + 2AN? — BS 
bitdi- 3h  οὑδα-δυ Ἢ 


a ο 
uda 2 ώς 
ace 
* iif 
Example 3. If αμ » prove that 
a b c 
alta y eU re (τΕγ +2) +(at+b+e) 
Φα y +b £tc — s+y+tz+au+b+s j 


Let c t =k, so that α-καξ, y=bk, z=ck; 
a b c 
z?--a? akta  (k*-1)a. 
then sa ατα “ Eel! 
UP yt dt πο (la, (rid (De 
"" æ+a ` y+b s0/ kel +1 [πι 
- (1) (at+b+c) 
= k+1 


2(a+bh+c)2+(a+b+c)? ο΄ 
E Cee ae anaE 

(ka + kb + ke)? + (a+b 4- 93 
(ka +kb+he)+a+b+e_ 


(zy) x (arbe, 
~~ “£tytet+atb+e ` 


13. If an equation is homogeneous with respect to certain 
quantities, we may for these quantities substitute in the equation 
any others proportional to them. For instance, the equation 


ly + may*z + ny’ = 0 


is homogeneous in z, y, z. Let a, B, y be three quantities pro- 
portional to x, y, z respectively. 


Put be =Z =~, so that z—ak, y= Bk, z= yk; 
a By 
then lo* Bk + maf γή nk = 0, 
that is, la®B + maB*y + n8* 0; 


an equation of the same form as the original one, but with 
a, B, y in the places of œ, y,.« respectively. 
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/ 14. The following theorem is important. 
If i ; ὃν : 2, NE^ unequal fractions, of which the de- 
b,’ b b, b, 
nominators are all of the same sign, then the fraction 
b, 4b, -- b, +... +b, 
lies in magnitude between the greatest and least of them. 


Suppose that all the denominators are positive. Let * be the 


t fraction, and denote it by k; then 
— — 


— ; a, = kb, ; 
jk a, > kb, ; 
l 
LIT a, > kb, ; 
9 
and so on; 
.". by addition, 
a τᾶς -ᾱ....... +a, 7 (b, b, b, +... -:5)4; 
ως T uo e E: ig > ὃς 
i ru du + — nid ΕΠ 


K is the greatest of the given fractions. 

& 

In like manner the theorem may be proved when all the 
denominators are negative. 


wher 


15. The ready application of the general principle involved 
in Art. 12 is of such great value in all branches of mathematics, 
that the student should be able to use it with some freedom in 
any particular case that may arise, without necessarily introducing 
an auxiliary symbol. 

z y 2 
daa ο are ος | 
etyts Z+ +y (s+a)+s(z+y) 


prove that kb — 33b tel 


RATIO, 


Each of the given fractions= ο of numerators 
uim of denomunators 


Again, if we multiply both numerator and denominator of the three 
given fractions by y+ z, z+ z, z -- y respectively, 
each fraction — ,-— (y +2) 


OS — ο (γα) 
(y+2) (b+c — a) 


2 Σον) 
(z* 2) (c - 4 — b) 


(e+ (zy) (a +b- -e). 
_ sum of numerators 
sum of denominators 


(2) y (2+2) +2 (oy) 


Jaz49by-Rües ——— “''''' (2). 
«'. from (1) and (2), 
z+y+z_ z(yt)y(etz)te(z49). 
abc 2 (az +by+es) — 
c a Bee HUI J 
Ezample 2. If ,— 1 (mb + ne -- la) = m (ne la - mb) ` n (la + mb —nc)' 
l n 
prove that æ (by + c2 -ez- as) Vy ντο B z (uz + by — cz) ° 
zc y 
We hav l m 
e have mo+ne—-la we+lu—mb la+mb—ne 
y, 
"Z 
~ 9la 
=two 


similar expressions; 
. τή Ἔπις σπα mat+ly 
d a 0b c ` 


Multiply the first of these fractions above and below by z, the second by 
y and the third by z; then 


nry-c- mrs lyz+ney _mrz+ lys 
as ὦ)  « 
— 
-bycés- 


=two similar expressions; 
: l m — n 
** g(byxos-ax)" gicz+az-by) s(az-by -es) 
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16. If we have two equations containing three unknown 
quantities in the first degree, such as 


Gx4byceg- 0... (1), 
B+ by e O «νοκ ν κενο νεο ολο εσ κος (2), 


we cannot solve these completely; but by writing them in the 
form 
a, (=) + b, (3) +e, =0, 


saa 


we can, by regarding — and Ž as the unknowns, solve in the 
x: z £ 


ordinary way and obtain 


«be, —b,¢, y ca, "A 
z αὖ-αό s ab, ab,’ 
or, more symmetrically, 
£ 
Baha aaen adap O 
I when we have tw 


represented by (1) αι 2) w 


write down the ratios 2 :y :« in te coefficients of the 


equations by the following rule: ° 
Write down the coefficients of a, y, z in order, beginning with 
those of y; and repeat these as in the diagram. 


b, ο αι D 

ος a, b 
Multiply the coefficients across in the way indicated by the 
arrows, remembering that in forming the products any one 
obtained by descending is positive, and any one obtained by 


ascending is negative. The three results 


bc, — b.e,» ca, — 0a, αιὖ, — αὖ 


are proportional to a, y, 2 respectively. 
This is called the Rule of Otoss Multiplication. 


whence 


RATIO, 


9 
Ezample 1. Find the ratios of z : y : 5 from the equations 
1zz4y48z  82-z12z 4 11y. 
By transposition we have 7z — 4y — 8220, 
122+ lly -8220. 
Write down the coefficients, thus 
-4 -8 7 -4 
ll -8 12 11, 
whence we obtain the products 
(-4)x(-8)-11x(-8) (-8)x12-(-8)xT, 7x11-12x(- 4), 
or 100, -75, 125; 
E mid ct. 
100 -75 125) 
i ας y 5 
that is, "hir FL 
Example 2. Eliminate z, y, z from the equations a b, 
a, buy tegzO eee (1), 
αφ + Dy 0,2 mO uuu (2), | ^, b, 
αγ + byy {-ομ--0...........ιν.ιλονονννννν (3). is 
From (2) and (8), by cross multiplication, ^» "3 
nE ee ery ee MEER 
by, 7 by, Coly- Cglg ui — agbs ' 


denoting each of these`ratios by k, by multiplying up, substituting in (1), 
and dividing out by k, we obtain 
αι (056, — ὄχοι) + 5, (Coy — 652) +C, (agbs -- 255) =0. 
This relation is called the eliminant of the given equations, 


Example 8. Solve the equations 


Jet ' AE by -- c£ 20... ινε eene nennen (1), 


BH y 220... eere entente rnnt (2), 
ὅσα + cay + abe = (b -- c) (ο-- a) (α--ὑ).................. (8). 
From (1) and (2), by cross multiplication, 
— 


e 


=- z — ΒΙΡΡΟΒΘ; 

-c c-a@ a-b 

+, r=k(b—c), y=k (c-a), z=k (a-b). 

Bubstituting in (8), 

k {be (b -- c) + ca (c — a) 4- ab (α-- ὃ)] = (b -- c) (c — a) (a - b), 
k ( - (b-c) (c - a) (a - ὃ) | = (b- c) (c - a) (α--δ)! 

S keel; 
gæi- δ, yz6—-0,82b—a. - 
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17. If in Art. 16 we put z — 1, equations (1) and (2) become 
αρα by 1- ο) --0, 
age t bay -ο)--0; 
and (3) becomes 


(9$ y | 1. , 
"be -b,, ca,- ea, ~ a,b, - a,b, « 
— bic, =: bsc, _ €,4&, — 6,4, 
— «b, — a,b, (7 a,b, — a.b, ᾿ 


Hence any two simultaneous equations involving two un- 
knowns in the first degree may be solved by the rule of cross 
multiplication. 

Ezample. Solve 5x -3y - 1=0, 2+ 2y=12. 

By transposilion, 5r-8y- 1-0, 


whence α-εν-ῃφ" 


EXAMPLES. I 


1. Find the ratio compounded of 
(1) the ratio 2a : 35, and the duphcate ratio of 963 : ab. 
(2) the subduplicate ratio of 64 : 9, and the ratio 27 : 56. 


3 
(3) the duplicate ratio of 5 : * , and the ratio 3ax : 209. 


2. lfz-7:2(rz-414) in the duplicate ratio of 5 : 8, find zv. 


3. Find two numbers in the ratio of 7 : 12 so that the greater 
exceeds tlie less by 275. 


4. What number must be added to each term of the ratio 5 : 37 
to make it equal to 1 : 31 


δ. lfe: y=3: 4, find the ratio of Tz — 4y : 3z +y. 
6. If 15 (223—359?) - Try, find the ratio of z : y. 


RATIO, 11 


ας = Pp — 
T. 2; 
prove that VN sae o ME ur 


Ys 4- +30- fai 7 0/5 =j 


Ó a. 
8. If? p =$, prove that 5 is equal to 


αὖ + bici pg 3 y 
Vor dia Bed” 


9. If E RR NEST. 
qrr-p rtp-q ptq-r' / 
shew that (q-1") 2+(r-p)y+(p-q) 2=0. 
10, If — =f. yr" = 7 , find the ratios of z : yin 7 
l. If ytz „ŻY κ Sy 
f pb+ge pe+ga” pa+gb’ 
show that 2434949) QOrt(rka)y (a b)s. 
α-- b--c ~  be4-ca4-ab 
Tw m 
12. If "ini taPL 


B+a +R S. (wt +2 +(a+b+e / 
shew that - —— 
ae tai” PFO Sx (tyt tlatb to)" 
13. 1f 2y +2z-% _2e+2v-y 2x42y-: 
e a b RES E , 


h — y 0 : 4 
αμάν 2b+2c-a %+2a-b  9α1-2ύ--σ᾽ 
14, If . (a%+ 52+ ¢%) (29+y4?+28) (axt by + oz) ^ : 
shew that z: a=y : b=2 : c. 


AS If 2 (my + n2 iv) — m (ns 4- lx — my) =n (Ux + my -- ns}, 


prove ΝΤΕ. 
d m n 
16. Shew that the eliminant of ο ς he 
az+cy+bz=0, cr+by+as=0, br+ay+osmO, c λα 
is αὖ 4- 03 4- c5 — δαδο--0. 


17. Eliminate 2, y, z from the equations 


has 


as+hy+ga=0, horby+fem0, getfytamd. κ, A % 
A Ὁ 


12 


1 If 


shew tha! 


ove that 
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cy + bs, y =a +CT, z=bz+ oy, 
2 a P uu 
1-6 1-8 re" 


Faut Given that G (y 4-2) 2, b(s+2) my, o(r+y)=2, 
r 


be + ca+ab+2abe=1. 


Solve the following equations : 


20, Sr —4y 4-722 0, 21. zty= 2, 
2v—y-22- 0, àr—2j--l7z- 0, 
3:3 — 5 25218, 25-33 4-223187. 
22. 7y2 + Beam Ary, 23, 353—2)1--523—0, 
21yz -- Szz — Axy, 12? — 34? — 157220, 
4-2 -- 32 2 19. Ox — 4y -- 12256. 
ἶ m n 
ἘΞ προ e disant 
l m n 
Jav Jb * JbxJe* Jordan” "A 
i m n 
gh that πα ο ee — — ————— 
— (α-- ὃ) (e-Vabh (ὔ--ο)(α-- νζο) (e—a)(b - ac) 
Solve the equations : 
25. α: - by 4-02 0, 
ber + cay + ab: 240, 
zyz 4- abe (aa + by -- 892) - 0. 
26. x + by ez m a2 -- by +c2=0, 
a+yt+z+(b—c)(ec—a) (a — b) —-0. 
27. If a (y 4- 5) t, b (s+) my, c (x y), 
3 8 3 JJ 
that So o. PN 2 
Ε΄. «d-À) ”δ[-οᾱ) eü-aby 
28. If ar+hy+gze=0, hz + by +fz=0, go+fy+ce=0, 
prove that 


(1) 
(2) 


(bo - 7%) (oa — g?) (ab — M) = ( fy - ch) (gh— af) (4f — bg). 


CHAPTER II. 
PROPORTION, 


18. DEFINITION. When two ratios are equal, the four 
quantities composing them are said to be proportionals. Thus 
S. 0 ο 
if b = d 8 
saying that a is to b as c is to ὦ, and the proportion is written 

G:b:e:id;j 
or a:b=c:d. 


then a, b,c, d are proportionals, This is expressed by 


The terms a and d are called the extremes, b and ο the means. 


19. If four quantities are in proportion, the product of the 
extremes 48 equal to the product of the means. 


Let a, b, ο, d be the proportionals. 


"T ο 
Then by definition ; 7j 
whence ad = bc. 


Henee if any three terms of a proportion are given, the 


fourth may be found. Thus if a, c, d are given, then b = - i 


Conversely, if there are any four quantities, a, b, c, d, such 
that ad = bc, then a, b, c, d are proportionals; a aud d being the 
extremes, b and c the means; or vice versá. 


20, Derrmirion. Quantities are said to be in continued 
proportion when the first is to the second, as the second is 
to the third, as the third to the fourth; and so on. Thus 
a, b, c, d,...... are in continued proportion when 

a b ο 
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If three quantities a, b, c are in continued proportion, then 
a:b=F}: c; 
ac = δ'. [ Art. 18.] 


In this case ὁ is said to be a mean proportional between a and 
c; and c is said to be a third proportional to a and ù. 


21. Uf three quantities are proportionals the first is to the 
third in the duplicate ratio of the first to the second, 


Let the three quantities be a, b, c; then 2 = 


b 
Now + τα. «Ὁ 
c b ο 
a a a 
sprp 
that is, α.ε-α : b". 


It will be seen that this proposition is the same as the definition 
of duplicate ratio given in Euclid, Book v. 


22. Ifa:b-c:d and e://—g : h, then will ae : bf = cg : dA. 


For LIT 
Lag 
bf dh’ 
or . ae: bf = cg : dh. 
Con. If a:b=o:d, 
and b:v=d:y, 
then α:---ο1γ. 


This is the theorem known as ex equals in Geometry. 


23. If four quantities a, b, c, ἆ form a proportion, many 
other proportions may be deduced by the properties of fractions. 
The results of these operations are very useful, and some of 
them are often quoted by the annexed names borrowed from 
Geometry. 
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(1) If a@:b=c:d, then b:a-d :c [ Znvertendo. ] 
a ο 
For DD therefore 17-195 
that is — 
a ο 
b :a-d:c. 
(2) Ifa:b=e:d, then a :c-b:d. [Alternando.] 
ad be 
For ad = bc; therefore d 
] a b. 
that is, dI 
or a:c=6:d. 


(3) If a:b=c:d, then a+b: b=cid:d. | Compon } 


For — therefore ara γέ. +1; 


b d’ b d 
: a+b c+d 
that is y 59 
or a+b:b=c+d:d. 


(4) Ifa:b=e:d, then a-b:b=c-d:d.  [Dividendo.] 


ο 


For ; = 5 ; therefore ;-l i 1; 
i a-b ο-ᾱ 
ΠΕ d ^4! 
or a-b:b=c-d:d. 
(5) Tf*a:é6=c:d, then a+b:a-b=0+d:06-d. 
a+b cd 
For by (3) 1 caer a 
α-ὐὂ e-d 
and by (4) EH NN M 
— a+b ο-α 
.. by division, ipto 
or a+b:a-b=cid:c-d. 


ae proposition is κ quoted as Componendo and Diwi- 


— other proportions mav be proved in a similar way. 
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24. "The results of the preceding article are tle algebraical 
equivalents of some of the propositions in the fifth book of Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, dividendo may be quoted as 
follows : 

When there are four proportionals, the excess of the first above 
the second is to the second. as the excess of the third above the 
fourth, is to the fourth. 


25. We shall now compare the algebraical definition of pro 
portion with that given in Euclid. 

Euclid’s definition is as follows: 

Four quantities are said to be proportionals when if any equi- 
multiples whatever be taken of the first and tlurd, and also any 
equimultiples whatever of the second and fourth, the multiple of 
the third is greater than, equal to, or less than the multiple of the 
fourth, according as the multiple of the first is greater than, equal 
to, or less than the multiple of the second. 

In algebraical symbols the definition may be thus stated : 


Four quantities a, b, c, d are in proportion when pe qd 
< 
according as pa = qb, p and q being any positive integers whatever 


1. To deduce the geometrical definition of propuition from 
the algebraical definition. 


Since 5 D by multiplying both sides by r , we obtain 
PO PD. 
gb gd’ 


hence, from the properties of fractions, 
=> A > 
pe = gd according as pa- qb, 
which proves the proposition. 


. II. To deduce the algebraical definition of proportion fr 
the geometrical definition. 


Given that pc = gd according as pa - qb, to prove 
- 

d * 

ad Cl 


in. ul. at 
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It is not equal to ~, one of them must be the greater. 


Suppose Σ᾽ 1 ; then it will be possible to find some fraction : 


which lies between them, g and p being positive integers. 


Hence l ; 2 TEE (1), 
and 5 < Shaving ο ο (2). 
Ετοπι (1) Ρα. αὖ; 
from (2) pc «qd ; 
and these contradict the hypothesis. 

Therefore zand : are not unequal; that is Σ * ; which proves 


the proposition. 


26. Itshould be noticed that the geometrical definition of pro- 
portion deals with concrefe magnitudes, such as lines or areas, 
represented geometrically but not referred to any common unit 
of measurement. 8ο that Euclid's definition is applicable to in- 
commensurable as well as to commensurable quantities ; whereas 
the algebraical definition, strictly speaking, applies only to com- 
mensurable quantities, since it tacitly assumes that a is the same 
determinate multiple, part, or parts, of b that c is of d. But the 
proofs which have been given for commensurable quantities will 
still be true for incommensurables, since the ratio of two incom- 
mensurables can always be made to differ from the ratio of two 
integers by less than any assignable quantity. This has been 
shewn in Art. 7; it may also be proved more generally as in the 
next article. . 


21. Suppose that a and 5 are incommensurable ; divide b 
into m equal parts each equal to B, so that b= mB, where m is a 
positive integer. Also suppose 4 is contained in a more than n. 
times and less than n + 1 times; 


a np (n + 1) β 
then b > mB and < mp , 
that is, ὦ lies between — and ——— : ; 
b m m 


80 that 7 differs from = by a quantity less than . And since we 
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can choose β (our unit of measurement) as small as we please, m can 
be made as great as we please. Hence = can be made as small 


as we please, and two integers » and m can be found whose ratio 
will express that of a and b to any required degree of accuracy. 


28. The propositions proved in Art. 23 are often useful in 
solving problems. In particular, the solution of certain equa- 
tions is greatly facilitated by a skilful use of the operations com- 
ponendo and dividendo. 


Example 1. 
If (2ma + 6mb + 8nc + 9nd) (2ma — 6mb — Bnc + 9n 
= (2ma -- mb + 8nc — 9nd) (2ma + 6mb — 8nc — 9nd), 
prove that a, b, c, d are proportionals. 

We have 2ma + 6mb--3nc--9nd Όπια + Gmb — 8nc — 9nd. 
$ma--Omb4-Suc— 9nd Zma -- mb BSnc4- ünd? 
*. componendo and dividendo, 

2 (Άπια + 2ma+3nc) _ 9 (2ma — 8nc) 
2 (mb + 9ud) = 2 (Gmb— 9ud)" 
2ma+3ne  O6mb+9nd 
Alternando, Qna—3ne  Gmb-—Und' 


Again, componendo and dividendo, 


4ma  12mb 
Gne 18nd ; 
a b 
whence Sg 
or a : bzzc : ἆ 


Example 2. Solve the equation 
Jzt+1t+J/z-1 42-1 


= 3 


Jz1- A. Ja -1 9 


We have, componendo and dividendo, 
£l 41 


. να 4z—3° 
ftl 1003 8r+1 
— 24s+9" 
Again, componendo and dividendo, 
2z 32g- 105 16 10 


-n — — , 


b ` ef. $a. 
4 
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EXAMPLES. II. 
1. Find the fourth proportional to 3, 5, 27. 
2. Find the mean proportional between 


(1) 6 and 24, (2) 360«* and 250a%4 
3. Find the third proportional to A +Ž and : l 


If a : bc : d, prove that 

4. acc ac! : b'd--bd*—(a-rcy : (b--d). 

5. ρα" γαῦ" : ρα" - gU — pc e gd? : pel - gd. 
6. a-c: b-d=æọya +e : Vbi ds. 


7. Vat+e: VE Edi a f ac f af vas. 


If a, b, c, d are in continued proportion, prove that 
8. a: b--dxc : edd. 
9. 2a+3d : 3a —4d - 9αἳ --355 : 3a? — 4D*. 
10. (αἳ -- δ) -- c?) (D? -- οἳ +d") — (ab 4- bc 4- οὐ)". 
11. If is a mean proportional between a and c, prove that 
,w-b.o κ 
α- 3—b-3--c7* — 
12. Ifa: bc: d, ande: fg : h, prove that 
ae 4- bf : ae—bfmcg+dh : cg — d^. 
Solve the equations : 
13, 25-35 el δαϑ- σῆ 1 δα- 13 
" θαῖ- ἃσξ- 5-1” 8αὐ- αἲ- 52413" 
14. Bat+-a8—Qr—-3 δα. 513 -- Τα 8 
Sef — 284-9243 δαῖ- 2? +72-3° 
(πι -π)ω--(α-- ϐ) (m+n)et+tate 
(nm—-5n)r—(a--b)) (m—n)vtTa-c 
16. If a, b, ο, d are proportionals, prove that 
(a—6)(a~e) 
= . 


b^. 


15. 


a+d=b+c+ 


17. If a, 5, ο, d, e are in continued proportion, prgye. 
(ab + bo-- od tdi midt D3-- 03-4 dX) (B$- ^^ 7 


19 
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18, Ifthe work done by z— 1 men in x--1daysis to the work done 
by z--2 men in z —1 days in the ratio of 9 : 10, find x. 


19. Find four proportionals such that the sum of the extremes is 
21, the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 


20. Two casks A and B were filled with two kinds of sherry, mixed 
in the cask 4 in the ratio of 9: 7, and in the cask B in the ratio of 
1:5. What quantity must be taken from each to form a mixture 
which shall consist of 2 gallons of one kind aud 9 gallons of the other i 


21, Nine gallons are drawn from a cask full of wine; it is then 
filled with water, then nine gallons of the mixture are drawn, aud the 
cask is again filled with water. If the quantity of wine now in the cask 
i rE the quantity of water in it as 16 to 9, how much does the cask 

Id 


22, If four positive quantities are in continued proportion, shew 
that the difference between the first aud last is at least three times as 
great as the difference between the other two. 


23, In England the population increased 15:9 per cent. between 
1871 and 1881; if the town population increased 18 Ter cent. and the 
country population 4 per cent., compare the town and country popula- 
tions in 1871. 


24, In a certain country the consumption of tea is five times the 
consumption of coffee. If @ per cent. more tea and 6 per ceut. more 
voffee were consumed, the aggregate amount consumed would be 7ο per 
cent. more; but if b per cent. more tea aud a per cent. more cofee 
were consumed, the aggregato amount cousumed would be 3e per cent. 
fore : compare a a 


25, Brass is an alloy of copper and zinc; bronze is an alloy 
containing 80 per cent. of copper, 4 of zino, and 16 of tin. A fused 
mass of brass and bronze is found to contain 74 per cent. of copper, 16 
s mne and 10 of tin : find the ratio of copper to sinc in the composition 
of brass, 


26. A crew can row a certain course up stream in 84 minutes; 
they can row the same course down stream in 9 minutes less than 
they could row it in still water: how long would they take to row down 
with the stream? 


CHAPTER IIL 
VARIATION, 


' 99. Devinrmon. One quantity 4 is said to vary directly 
as another B, when the two quantities depend upon each other in 
such a manner that if B is changed, A is changed in the same 
ratio. 

"an The word directly is often omitted, and A is said to vary 
as B. 


For instance: if a train moving at a uniform rate travels 
40 miles in 60 minutes, it will travel 20 miles in 30 minutes, 
80 miles in 120 minutes, and so on; the distance in each case 
being increased or diminished in the same ratio as the time, 
This is expressed by saying that when the velocity is uniform 
the distance is proportional to the time, or the distance varies as 
the time. 


30. The symbol « is used to denote variation; so that 
Aa Bis read “A varies as B.” 


31 Jf A varies as B, then A is equal to B multiplied by some 
constant quantity. 

For suppose that a, a, ἄμ a, ..., b, b., b, b, .. are corresponding 
values of A and B. 

40 b a b a ν 

20, - a 
pep each being equal to z. 
any value of A 


Hence the corresponding value of 2 18 always the same ; 


that is, 3" m, where m is constant. 
- Ven. 
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If any pair of corresponding values of A and B are known, 
the constant m can be determined, For instance, if A =3 when 
B= 12, 


we have 3=mx 12; 
| 01, 
and 451. 


92. Derrinition. One quantity A is said to vary inversely 
as another δ, when A varies directly as the reciprocal of B. 

Thus if A varies inversely as B, A -5 , Where 7n is constant. 

The following is an illustration of inverse variation: If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours; and so on. Thus it appears that 
when the number of men is increased, the time is proportionately 
decreased; and vice-versá, 


Ezample 1. The cube root of z varies inversely aa the square of y; if 
e=8 when y 8, find z when y z 14. 


By supposition Jem ; Where m is constant. 
Putting 28, y=8, we have 2-2, 


^06: 18, 


and demi 


hence, by putting =; ; we obtain x= 512. 


Ezample 2. The square of the time of a planet's revolution varies as 
the cube of its distance from the Sun; find the time of Venus’ revolution, 
assuming the distances of the Earth and Venus trom the Sun to be 911 and 
66 millions of miles respectively. 

Let P be the periodico time measured in days, D the distance in millions 

miles; we have Pe D, 
or P= kp’, 
where k is some constant. 


For the Earth, 865 x 865 = k x 913 x 913 x 914, 


P ἀχάχά . 
whence n- —368 " 


4x4x4 


ος 2. 


a'a Pn 
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For Venus, piu i 4x4 K 06 x 66x 66; 
365 
whence P-4x66x , / 264 
865 
71264 x ,/°7288, approximately, 
== 264 x *85 
zz 224-4, 


Hence the time of revolution is nearly 2244 days. ` 


33. ΤΣΕΕΙΝΙΤΙΟΝ. One quantity is said to vary jointly as a 
number of others, when it varies directly as their product. 

Thus A varies jointly as B and C, when 4=mBC. For in- 
stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 


34. Derinirion. A is said to vary directly as B and in- 


versely as C, when A varies as C 

35. If A varies as B when Ο is constant, and A varies as O 
when B ts constant, then will A vary as BC when both B and O 
vary. i 

The variation of 4 depends partly on that of B and partly on 
that of C. Suppose thèse latter variations to take place se 
rately, each in its turn producing its own effect on 4; also let 
a, b, ο be certain simultaneous values of 4, B, C. 


l. Zet C be constant while B changes to b; then 4 must 
undergo a partial change and will assume some intermediate value 
6”, where 


qp (1). 


9. Let B be constant, that is, let it retain its value b, while C 
to c; then A must complete its change and pass from its 
intermediate value a' to ite final value a, where 


lg αμ αν 
From (1) and (2) 4x¢ =f; 
that is, 4- . BC, 


ος A varies as BC. 
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96. The following are illustrations of the theorem proved in 
the last article. 


The amount of work done by & given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 


Again, in Geometry the area of a triangle varies directly as 
its base when the height is constant, and directly as the height 
when the base is constant; and when both the height and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 


Ezample. The volume of a right circular cone varies as the square of the 
zadius of the base when the height is constant, and as the height when the 
base is constant. If the radius of the base is 7 feet and the height 16 feet, 
the volume is 770 cubio feet; find the height of a cone whose volume is 132 
cubic feet and which stands on a base whose radius is 8 feet. 


Let h and r denote respectively the height and radius of the base 
measured in feet; also let V be the volume in cubic feet, 


Then V zmr*h, where m is constant. 


By supposition, 770=mx 7x15; 
22 
whence mn aii 


22 
ate Ves h. 
ο”. by substituting V= 182, ra B, we get 
22 
182= 55 x 9 x δ; 
whence hw ld; 
and therefore the height is 14 feet. 


97. The proposition of Art. 35 can easily be extended to the 
case in which the variation of 4 depends upon that of more than 
two variables. Further, the variations may be either direct or 
inverse. The principle is interesting because of its frequent oo- 
currence in Physical Science. For example, in the theory of 
gases it is found by experiment that the pressure (p) of a gas 
varies as the “absolute temperature” (¢) when its volume (v) is 
constant, and that the pressure varies inversely as the volume 
when the temperature is constant; that is 


p « t, when v is constants 
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and pe ; , When ¢ is constant, 


From these results we should expect that, when both 6 and v are 
variable, we should have the formula 


t - 
pe —, or po= kt, where k is constant ; 


and by actual experiment this is found to be the case. 


Example. The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly as the 
square root of the quantity of coal used per mile, and inversely as the 
number of carriages in the train. In a journey of 25 miles in half an hour 
with 18 carriages 10 cwt. of coal is requirel; how much coal will be 
consumed in a journey of 21 miles in 28 minutes with 16 carriages? 


Let t be the time expressed in hours, 
ἆ the distance in miles, 
υ the velocity in miles per hour, 
q the number of cwt. of coal used per mile, 
ο the number of carriages. 


We have ta a 
and va να i 
e 
whence tæ n , 
— νη 
er t= J , Where k is constant. 


Substituting the values given, we have (since qu as 


l 5x18x25x5, 
2 / 10 i 


: 10 
that is, k= — 
l ΝΟ. ed 
Hence t= i26 x 86 Na 


Substituting now the values of t, c, d given in the second part of the 
question, we have = 
95 /10x 16x 21 


δῦ” 16x90, /q ' 


0x16 x 91 
that is, RD = 35 ντι 
whence 17 jar 


` ` 


Henoe the quantity of coal je ur m BAS OW. ; 
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EXAMPLES. III. 
1. Ifz varies as y, and x=8 when y— 15, find z when y —10. 


2. If P varies inversely as Q, and 72-7 when Q3, find P when 
Q2). 
3. lfthe square of x varies as the cube of y, aud v=3 when y —4, 


find the value of y when z= 7 : 


4. A varies as B and C jointly; if Α--9 when B=? and σ-5) ; 
find C when A —54 and B=3. 


~ 5. If A varies as C, and B varies as C, then A + B and / AB will 
each vary as C. 


“6. If A varies as BC, then B varies inversely * 
T. P varies directly as Q and inversely as R; also P== when 
Φ- and Δ = find Q when P=4/48 and R= 4/75. 


8. Ifv varies as y, prove that z*-4-5* varies as ο -- γὲ, 


* 9. If y varies as the sum of two quantities, of which one varies 
directly as v and the other inversely as 7; and if y —6 when x=4, and 
y=3} when σ--ᾱ; find the equation between x and y. 

10. If y is equal to the sum of two quantities one of which varies 
88 x directly, and the other as <? inversely; and if y=19 when x2 2, or 
3; find y in terms of z. 


+11. If A varies directly as the square root of B and inversely as 
the cube of C, and if 4:3 when 5:256 and (5-2, find B when A=24 


and C=; 


12. Given that x+y varies as +5, and that r—y varies as s- ; 
find the relation between z and s, provided that z=2 when #=3 and 
y71. 

13, If A varies as B and C jointly, while B varies as D?, and C 
varies inversely as A, shew that A varies as D. 


14. If y varies as the sum of three quantities of which the first. ia 
constant, the second varies as z, and the third as αὖ; and if y «0 when 
gml, y 1 when z«2, and y=4 when £73; find y when x7. 

15. When a body falis from rest its distance from the starting 

int varies as the square of the time it bas been falling: if a body falls 
trough. 402} fet in 5 seconds, how far does it fall in 10 seconds? 
Also far does it fall in the 10“ ascond? 
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16. Given that the volume of a sphere varies as the cube of ita 
radius, and that when the radius 18 3i feet the volume is 1794 cubic 
feet, find the volume when the radius is 1 foot 9 inches. 


17. The weight of a circular disc varies as the square of the radius 
when the thickness remains the same; it also varies as the thickness 
when the radius remains the same. Two discs have their thicknesses 
in the ratio of 9 : 8; find the ratio of their radii if the weight of the 
first is twice that of the second. 


18. Ata certain regatta the number of caces on each day varied 
jointly as the nuinber of days from the beginning and end of the regatta 
up to and including the day in question. On three successive days 
there were respectively 6, 5 and 3 races, Which days were these, and 
how long did the regatta last? 


19. The price of a diamond varies as the square of its weight. 
Three rings of equal weight, each composed of a diamond set in gold, 
have values £a, £b, £c, the diamonds in them weighing 3, 4, 5 carats 
respectively. Shew that the value of a diamond of one carat is 


(at 
[ο 
the cost of workmanship being the same for each ring. 


20. Two persons are awarded pensions in proportion to the square 
root of the number of years they have served. One has served 9 years 
longer than the other and receives a pension greater by £50, If the 
length of service of the first had exceeded that of the second by 41 years 
their pensions would have been in the proportion of 0 : δ. How long 
had they served and what were their respective pensions! 


V! 21. The attraction of a planet on its satellites varies directly as 
the mass (M)of the planet, and inversely as the square of the distance 
(D); also the square of a satellites time of revolution varies directly 
as the distance and inversely as the force of attraction. If m4 d, ty 
Tid f; ds, ty are simultaneous values of M, D, T respectively, prove 


Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our Moon as 35 : 31, having given 
that the mass of Jupiter is 843 times that of the Earth, and that the 
Moon's period is 27:32 days. 


22, The consumption of coal by a locomotive varies as the square 
of the velocity when the apeed a miles an hour the consumption of 
pacer tele ο ο fea et pe — other 

e engine be 116. 8d. an | e least cost of & j 
ef loc engi , ourney 


CHAPTER IV. 
ARITHMETICAL PROGRESSION, 


38. DEFINITION. Quantities are said to be in Arithmetical 
Progression when they increase or decrease by & common dif- 
ference. 

Thus each of the following series forms an Arithmetical 
Progression : 


The common difference i is found by subtracting any term of 
the series from that which follows it. In the first of the above 
examples the common ditference is 4; in the second it is — 6; in 
the third it is d. 


39. If we examine the series 
a, a+d, a+2d, a+3d,... 
we notice that in any term the coefficient of d ts always less by one 
than the number of the term in the series. 
Thus the 3™ term is a + 2d ; 
6" term is a+ 5d; 
20% term is a+ 19d ; 
and, generally, the χ᾽ term is a + (p — 1)d. 
lf n be the number of terms, and if / denote the ο or 
n'è term, we have i29 (n—1)d. 


40. To: find the sum of a number of terme in Arithmetica 
Progression. 


Let a denote the first term, d the common difference, and n 
the number of terms. Also let 2 denote the last term, and s 
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the required sum ; then 
s=a + (a d) - (a+ 2d) +...+ (ἳ -- 23) + (0-4) 0j 
and, by writing the series in the reverse order, 
8-0 (LI-d) * (L-2d) * ... + (a + 2d) - (a - d) --α. 
Adding together these two series, 
28 = (a + l) + (a D) + (a - D) +... to n terms 


=n (a * 1), 
a5 (2l) ο ο ο E vs e νο (1); 
and ο ο μυ (2), 
" 4-5 (2a (n—1)d) — E (3). 


4l. In the last article we have three useful formule (1), 
(2), (3); in each of these any one of the letters may denote 
the unknown quantity when the three others are known. For 
instance, in (1) if we substitute given values for s, n, /, we obtain 
an equation for finding a; and similarly in the other formule. 
But it is necessary to guard against a too mechanical use of these 
general formule, and it will often be found better to solve simple 
questions by a mental rather than by an actual reference to the 
requisite formula. 


Ezample 1. Find the sum οἵ the series 53, 67, 8,...... to 17 terms. 
Here the common difference is 13; hence from (3), 
the sum =j {2x z+} 


Lem) 


a 17x81 
2 
= 2684. 


Ezample 2. The first term of a series is 5, the last 45, and the sum 
400: find the number of terms, and the common difference. 


If n be the number of terms, then from (1) 
496-5 (5-+45); 
whence "7" κ.16, 
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If d be the common difference 
45= tho 16" term =5 + 15d ; 
whence ᾱ-- 2]. 


42. If amy two terms of an Arithmetical Progression be: 
given, the series can be completely determined; for the data 
furnish two simultaneous equations, the solution of which will 
give the first term and the common difference. 


Ezample. The 54" and 4" terms of an A. P. are - 61 and 64; find the 
28™ term. 


If a be the first term, and d the common difference, 
— 6l =the 54" term =a + 53d; 


and 64=the 4” term=a+3d; 
whence we obtain d= -ᾱ, a=71} ; 


and the 23" term =a + 22d =16§. 


43. Derinition. When three quantities are in Arithmetica] 
Progression the middle one is said to be the arithmetic mean of 
the other two. 


Thus a is the arithmetic mean between a — d and a + d. 


44. To find the arithmetic mean between two given quantities. 


Let a and b be the two quantities; 4 the arithmetic mean. 
Then since a, 4, b are in Α.Ε. we must have 


b—A-4-a, 
each being equal to the common difference ; 
whence A= t δ 


45. Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A.P.; and by an extension of the definition in 
Art. 43, the terms thus inserted are called the arithmetic means. 


Example. Insert 20 arithmetic means between 4 and 67. 


Including the extremes, the number of terms will be 22; so that we have 
to find a series of 22 terms in A.P., of which 4 is the first and 67 the last. 


` Let d be the common difference ; 
then 67 =the 22" term =4 + 21d; 


whence d:«8, and the series is 4, 7, 10,......61, 64, 67; 
and the required means are 7, 10, 18,......58, 61, 64. 
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46. To insert a given number of arithmetic means between 
two given quantities. 

Let a and b be the given quantities, n the number of means. 


Including the extremes the number of terms will be n 4 2; 
so that we have to tind a series of +2 terms in A.P., of which 
a is the first, and b is the last. 


Let d be the common difference ; 


then b= the (n + 2)™ term 
=a+(n+1)d; 
whence = — 
n+l 


and the required means are 


Εσαπιρὶε 1. The sum of three numbers in A.P. is 27, and the sum of 
their squares is 293; find them. 


Let a be the middle number, d the common difference; then the three 
numbers are a --ᾱ, a, a+d. 


Hence ^ a-d+a+a+d=2f; 
whence σ--9, and the three numbers are 9 -- d, 9, 9 4 d. 
^. (9 - d)3-- 81 + (9 4- d)* 298; 
whence dz &5; 
and the numbers are 4, 9, 14. ' 


Example 2. Find the sum of the first p terms of the series whose 
9^ term is δη —- 1. 


By putting n=1, and n=p respectively, we obtain 
first term —2, last tern - 8p -1; 


v. sumet (2+ 8p - 1) e$ (9p +1) 


EXAMPLES. IV.a. 


1. Sum 9, 3}, 4λ,... to 20 terms. 
2. Sum 40, 44, 39,... to 17 terms. 


32 7 
& Sumi, Σ, τῶν... to 19 terms, 
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4, Sum 3, J. 


B. Sum 3°75, 3:5, 3 26,.. to 16 terms. 
6. Sum — 71, —7, —61,... to 24 terms. 
T. Sum 1:3, —-31, -ᾖδ,.. {6 10 terms, 


18,... to n terms. 


8, Sum * 34/3, ar to 50 terms, 
9 Sum - — ET μόν... to 25 terms, 


10. Sum «— 3b, 2a — 5b, 3a — ib... to 40 ter 
11. Sum 2a- b, 4a — 3b, θα — 5b,... to n terms. 


1. Bum 7*5, a, 90-5. 


ο 9^ $3 . to 21 terms. 


13. Insert 19 arithmetic means between 5 and — 93, 


14, Insert 17 arithmetic means between i and --414, 
15. Insert 18 arithmetic means between -- 35r and 3z. 


18  .nsert v arithmetic means between 2? and 1. 
17. Find the sum of the first n odd nunibers. 


18. In an A. P. the first term is 2, the last term 29, the sum 155; 
find the difference. 


19. The sum of 15 terras of an A. P. is 600, and the common differ- 
ence is 5; find the first term. 


90, The third term of an A. P. is 18, and the seventh term is 30; 
find the sum of 17 terms. 


21. The sum of three numbers in A. P. is 27, and their product is 
504; find them. Y 


22. The sum of three numbers in A, P. is 12, and the sum of their 
cubes is 408; find them. 


23. Find the sum of 15 terms of the series whose οὐ" term is 4n +L 
24. Find the sum of 35 terms of the series whose p* term ist 2. 


25. Find the sum of p terms of the series whose n'* term is EIS 


96, Find the sum of n terms of the series 
923 —-1 3 623-5 
P. ! 4a — 7, am 95595 zz 
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47. In an Arithmetical Progression when s, a, d are given. 
to determine the values of n we have the quadratic equation 


7b 


— f2a + - i)a}; 


when both roots are positive and integral there is no difficulty 
in interpreting the result corresponding to each. In some cases 
a suitable interpretation can be given for a negative value of «., 


Example. How many terms of the series —9, —6, —8,... must be 
taken that the sum may be 66? 


Here 5 (718 (n-1) 8) «66; 
that is, m? — "Tn — 44 x: 0, 
or (n --11) (n+4)=0; 


S. n=ll ος --4. 
If we take 11 terms of the series, we have 
—9, —6, —8, 0, 8, 6, 9, 12, 15, 18, 21; 
the sum of which is 66. 


If we begin at the last of these terms and count backwards four terms, the 
sum is also 66; and thus, although the negative solution does not directly 
answer the question proposed, we are enabled to give it an intelligible meaning, 
and we see that it answers a question closely connected with that to which 
the positive solution applies. 


48. We can justify this interpretation in the general case in 
the following way. 


The equation to determine n is 
dn? + (2a — d) n — 280 ........... ...... (1). 


Sincé in the case under discussion the roots of this equation have 
opposite signs, let us denote them by n, and —m, The last 
term of the series corresponding to n, is 


a+ (n, - 1)d; 
if we begin at this term and count backwards, the common 
difference must be denoted by — d, and the sum of n, terms is 


(2e ο πα, 


η. 


and we shall shew that this is equal to s. 
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For the expression -- a { 2a + (2n, —n,— 1) a} 


— 


{ 2un, + 2 ἆ —n,(n, + 1) a} 


-ῃ fonna - (dn? - mà. 2 


since —m, satisfies da'--(2« —d)n—2s—0, and -n n, is the 
product of the roots of this equation. 


49. When the value of n is fractional there is no exact num- 
ber of terms which corresponds to such a solution. 


Example. How many terms of the series 26, 21, 16,...must be taken to 
amount to 74? 


Here z (8 (n 1)(- 8) 574, 
that is, Bn? — ὅτη + 14820, 
or (n - 4) (0n - 87) z0; 
ο. n=4 or 7T. 


Thus the number of terms is 4. 16 will be found that the sum of 7 terms 
is greater, while the sum of 8 terms is less than 74, 


:90. We add some Miscellaneous Examples. 
Kzample 1, The sums of n terms of two arithmetic series are in the 
ratio of 7n-- 1: 4u+27; find the ratio of their 11% terms. 
Let the first term and common difference of the two series be g,, d, and 
Gy, d, respectively. 
We have 2a,+(n-1)d, _ Tn+1 


-— —— 


Qu,+(n—1)d, 4n+27° 
Now we have to find the value of — ; hence, by putting n= 21, we 
a,+ 10d, 
obtain T 
2a, 90d, . 148.4. 
9a,+20d, 11 B’ 
thus the required ratio is 4 : 3. 
= Ezample 2. If S, Sy are the sums of n terms of arithmetic 


S,,...S 
geries whose first terms are i 2, $, 4,... and whose common differences sre 
1, ὃν 5, 7,...; find the value of 


S, 8,+8,+... +4, 
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We have S m; {24+ (n - 1j 2&9, 


8,75 4-(n-1)5j = 1 O5 *D, 


S=% (6-(n- 1)5j "05€ DJ, 


8,- =5 {2p + (n — 1) (2p - 11251 (2p -1)n+1}; 
e the requ'red sum = , {(n+1)+(8n+1)+. ..Qp-1.n41)) 
=> {(n+3n+5n+...2p—1. n)+p} 
i5 {n(14+8+5+...2p—-1) +p} 
sg +p) 


sP ? (up +1). 


EXAMPLES. IV. b. 


1. Given a» —2, d=4 and s=160, find n. 


2, How many terms of the series 12, 16, 20,... must be taken to 
make 208? 


9. Inan A. P. the third term is four times the first term, and the 
sixth term is 17; find the series. 


4, The 2", 31", and last terms of an A.P. are 7], 5 l and — 6} 


respectively , find the first term and the number of terms. 


δ. The 4%, 42™, and last terms οἵ an A. P. are 0, —95 and —125 
respectively ; find the first term and the number of terms. 


6. A man arranges to pay off a debt of £3600 hy 40 annual 
instalments which form an arithmetic series. When 30 of the instal- 
ments are paid he dies leaving a third of the debt unpaid: find the 
value of the first instalment. 


7. Between two numbers whose sum is 2} an even number of 
arithmetic means is inserted; the sum of these means exceeds their 
number by unity: how many means are t 


$. The sum of n terms of the series 2, 5, 8,... is 950: find x. 
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: ] 1 l 
9. Sum the series Tide’ foe’ 1 το) 


10. If the sum of 7 terms is 49, and the sum of 17 terms is 
find the sum of n terms, 


ll. If the p", ο, r'^ terms of an A. P. are a, b, c respectively, shew 
that (g-r) a4 (r- p) b+(p—g) ο--0. 

12. The sum of p terms of an A. P. is ο, and the sun of g terms is 
p; find the sum of p +g terms. 


18. The sum of four integers in A.P. is 24, and their product is 
945; find them. 

14 Divide 20 into four parts which are in A. P., and such that the 
product of the first and fourth is to the product of the second and third 
1n the ratio of 2 to 3. 


15. The pth term of an A. P. is g, and the g^ term is p; find the 
m= term. 


16, How many terms of the series 9, 12, 15,... must be taken to 
make 8306 | 


17. Ifthe sum of n terms of an A. P. is 94 913, find the r^^ term, 


18. If the sum of πι terms of an A. P. is to the sum of n terms as 
m? to x?, shew that the m" term is to the n term as 2:1 — 1 is to 21 — 1. 


19. Prove that the sum of an odd number of terms in A. P. is equal 
to the middle term multiplied by the number of terms, 


20. Ifs=n (δη — 3) for all values of n, find the p term. 


21. The number of terms in an A. P. is even; the sum of the odd 
terms is 24, of the even terms 30, and the last term exceeds the first by 
101: find the number of terms. 


22. There are two sets of numbers each consisting of 3 terms in A. P. 
and the sum of each set is 15. The common difference of the first set 
is greater by 1 than the common difference of the second set, and the 
ο — first set is to the product of the second set as 7 to 8: find 

e numbers. 


29. Find the relation between & and y in order that the r^ mean 
between » and 2y may be the same as the r'* mean between 2r and y, 
n means being inserted in each case, 


24. If thesum of an A, P. is the same for p as for q terms, shew 
that its sum for p4-g terms is sero, 


vee to n te. 


CHAPTER V. 
GEOMETRICAL PROGRESSION, 


51. Dertnition. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 


Thus each of the following series forms a Geometrical Pro- 
gression : 


3, 6, 19, 34,.................. 


-l l L 
9 ~ g? 97 OT ας 
&, Gr, αγ) arꝰ, eee 


The constant factor is also called the common ratio, and it is 
found by dividing any term by that which immediately precedes 
it. In the first of the above examples the common ratio is 2; in 


the second it is — 5 in the third it is r. 
52. If we examine the series 
a, ar, αγ", ar^, αγ’, ...... 
we notice that in any term the index of r 4s always less by one 
than the number of the term in the series. 
Thus the J' term is ar’; 
the 6*^ term is ar’; 
the 20*^ term is ar'*; 


and, generally, the p^ term is αγ’. 
If n be the number of terms, and if / denote the last, or n™ 
term, we have l=ar™'. 


53. Derintrion. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean between 
the other two. | 
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To find the geometric mean between two given quantities. 
Let a and b be the two quantities; G the geometric mean, 
Then since a, G, b are in G. P., 


— 

G a’ 
each being equal to the common ratio ; 

', G* aab; 
whence G = Jab. 


54. To insert a given number of geometric means between 
two gwen quantities. 
Let a and b be the given quantities, s the number of means. 


In all there will be σι -- 2 terms; so that we have to find a i 
series of n + 2 terms in G. P., of which a is the first and b the last. 


Let r be the common ratio ; 
then b = the (n +2)" term 


Hence the required means are ar, αγ’... ar", where r has the 
value found in (1). 


Example. Insert 4 geometric means between 160 and 5. 


Pu have to find 6 terms in G. P. of which 160 is the first, and 5 the 
sixth. 


Let r be the common ratio ; 
then §= the sixth term 
=1607; 


1 
eve hez 


1 
whence raz j 


and the means are 80, 40, 30, 10. 
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55, To find the sum of a number of terms in Geometrical 
Progression. 


Let a be the first term, r the common ratio, n the number of 
terms, and s the sum required. Then 


8256G4ar-rar ...... αγ + ar"™’; 
multiplying every term by r, we have 
T8 =ar +a + ...... +r’ tar ar, 


Hence by subtraction, 
r3s—8 =ar" -aā; 


^ (r—1)s=a (r" -- 1); 


"-1 
d ons (0. 
T Ohanging the signs in numerator and denominator, 
l-^ 
Er ο "—— (2). 


Norm. It will be found convenient to remember both forms given above 
for s, using (2) in all cases except when r is positive and greater than 1. 


Since ar"71 — 1, the formula (1) may be written 


— 
r-1' 
& form which is sometimes useful. 
Ezample. Sum the series ~, -1,5, — to 7 terras. 


the sum = 
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1 1] 1 1 
eries ; 5! $i 9^ TT * 
The sum to n terms — 
1-8 
1 
-2 (1-5) 
] 
= τα’ 


From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also we 
see that, by making n sufficiently large, we can make the fraction 


ο--ι 88 Small as we please. Thus by taking a sufficient number 


of terms the sum can be made to differ by as little as we please 
from 2. 

In the next article a more general case is discussed. 

57. From Art. 55 we have 8 -- $^ τα 

“i-r l-r’ 

Suppose r is a proper fraction; then the greater the valuo of 
n the smaller is the value of 7", and consequently of a and 
therefore by making πι sufficiently large, we can make the sum of 


m terms of the series differ from iz hy as small a quantity as 


we please. 
This result is usually stated thus: the sum of an infinite 


number of terms of a decreasing Geometrical Progression ts T 3 


or more briefly, the sum to infinity is —— Lu = 


Example 1. Find three numbers in G. P. whose sum is 19, and whose 
product is 216. 


Dénote the numbers by = τ» αν ar; then - Xa x ar 216; hence a=6, and 


the numbers are S p’ 6, 6r. 
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*. S +6+6r=19; 
ee 6 ~ 18r +6r°=0; 


h — 
Thus the numbers are 4, 6, 9. 


Example 2. The sum of an infinite number of terms in G. P. is 15, and 
the sum of their squares is 45; find the series. 
Let a denote the first term, r the common ratio; then the sum of the 
2 


terms is —— ; and the sum of their squares is — 


l-r 1-7" 
Hence ic o ον οσα (€ (1), 
L—— € pocos) 
Dividing (2) by (1) 1.19 ο ο ο ον 
and from (1) and (8) T5; 
whence yas , and therefore a x 5. 


8 


Thus the series is 6, > i $ — 


EXAMPLES. V.a, 


g 112 
um, gig 


Sum --9. 23, —3},... to 6 terms. 


. to 7 terms. 


go P t 


Sum 4 14, 3,... to 8 terms. 


Sum 2, —4, 8,... to 10 terms. 
Sum 16:9, 5:4, 1°8,... to 7 terms, 
Sum 1, 5, 25,... to p terms. 


Sum 3, — 4, — to 2n terms. 


Sum 1, ./3, 3... to 12 terms. 


N opm 


Ὁ p 


Sum 75, - dag τε» Ὁ 7 terms, 
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10. Sum Si p Me 


to 7 terms. 
ll. Insert 3 geometric means between 21 and 5 : 
12. Insert 5 geometric means between 35 and 40}. 


13. Insert 6 geometric means between 14 and — a ; 
Sum the following series to infinity : 


14. s -1, m 15. 5, ‘015, -0008,... 
16. 1°665, —111, 774,... 17. 3-1, 3-2, 3-3... 
18. 3, /3, 1,... 19. 7, /42, 6,... 


90, The sum of the first 6 terms of a G. P. is 9 times:the sum of | 
the first 3 terms; find the common ratio. 


91. The fifth term of a G. P. is 81, and the second term is 24; find 
the series. 


92. 'The sum of & G. P. whose common ratio is 3 is 728, and the 
last term is 486; find the first term. 


93. Ina G. P. the first term is 7, the last term 448, and the sum 
889; find the common ratio. 


24, The sum of three numbers in G. P. is 38, and their product is 
1728; find them. 


25. The continued product of three numbers in G. P. is 216, and 
the sum of the productsof them in pairs is 156; find the numbers. 


26. If S, denote the sum of the series 14+1?+1r%+... ad inf., and 
s, the sum of the series 1 — 7°41? — ... ad inf., prove that 


S, 8. = 25, 
21. Vf the p^, q'^, 1 terms of a G. P. be a, b, ο respectively, prove 
that αι τρ Ρο Ws], 


98. The sum of an infinite number of terms of a G. P. is 4, and the 
eum of their cubes is 192; find the series. 


58. Recurring decimals furnish a good illustration of infinite 


Geometrical Progressions. 
Example. Find the value of «494. 


-423 = -4232323...... 
Bus ο 
= 10 + 1000 + 100000 T eee 


A 2 28 
10 105 Του Peers $ 
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; 434 4 28 ] 1 
that is, 428 = 1 10 (1 + jot gyt 777 ) 
4 23 1 
στο * 10" 77 
"d 
_4 38 100 
~ 10 102’ 99 
4 28 
= 10 t 990 
E 
- 990’ 
which agrees with the value found by the usual arithmetical rule. 


59. The general rule for reducing any recurring decimal to 
( & vulgar fraction may be proved by the method employed in the 
last example; but it is easier to proceed as follows. 


To find the value of a recurring decimal. 


Let P denote the figures which do not recur, and suppose 
them p in number; let Q denote the recurring period consisting of 
q figures; let D denote the value of the recurring decimal; then 


D --PQQQ............ ; 
25. 10 x D= PQQQ............ ; 
and 10***x D= PQQQQ .. ...... : 
therefore, by subtraction, (10/31 -- 10) D = PQ - P; 
that is, 10° (101-1) D= PQ- P; 
bonu Nal 
i (10* - 1) 10" 


Now 10'- 1 is a number consisting of g nines; therefore the 
(denominator consists of g nines followed by p ciphers. Hence 


‘re have the following rule for reducing a recurring decimal to a 
' fraction : 


For the numerator subtract the integral number consisting of 
non-recurring figures from the integral number consisting AA 
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60. To find the sum of n terms of the series 
a, (a--d)r, (a+ 20) *, (a+ 3d) r^,......... 


tn which each term ts the product of corresponding terms in an 
arithmetic and geometric series. 


Denote the sum by S; then 
S=at(at+d)r+(a+2d)r"+...+(a+n—1d)r"™; 
e T= ar + (a d)r'-...2.(a-- n= 2d) r+ (a--n —1d)r" 
By subtraction, 
S(1—-7)2a-- (dr - dr* e... + dr"')- (o «»-127 


R=] 
x a+ EO n) (aen-id)r; 
T 
eg. 7 , dr(1- 7) (a +n = 1d) r" 
eS ae ασ ^ a C 
Cor. Write S in the form 
dr dr" (a +n- 1ο) υγ" 


— (i-r (0-7 far? 


then if r<1, we can make 7" as small as we please by taking n 
sufficiently great. In this case, assuming that all the terms which 
involve i can be made so small that they may be neglected, we 


dr 
obtain , ie [pi 
to this cd again in Chap. XXI. 


In summing to infinity series of this class itis usually best te 
proceed as in the following example. 


fur the sum to infinity, We shall refer 


Ezamplel. If2z<1, sum the series 
1+ 22 + 822+ 42? 4 ...... to infinity. 


Let S=1+ 20+ 829+ 423  ...... 5 
ο. ἅδε & 2234-822 + Lue ἢ 
8 (1-2) let cht z3  ...... 
— 
1-2’ 
1 


^ Bo aa 
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» Bum the series 1454 4+ 15 +... to n terma. 
4 7 10 δη -2 
Let Salt gt gat Baten + pe | 
_ 1 1 4 7 8n-5 8n-2 
a 55> Bt gat gst TIT 4 p" + BA 
. 4... 8 8 8 8 Bn -2 
ee gS=1+ Gtatat gei) - δ» 
9 1 1 1 8η --3 
=1+3(1+5+5t — +5) - pem 
1 
1 8 1- ^-1 $8n-42 
uix ap aio 
1- 
b 
8 1 9n -2 
=147(1 B7 
L7 18n+7 
«4 4. ὔν ) 
85 12n+7 


EXAMPLES. V.b. 


p 
"1 Sum 142a4+3a?+4a5+... to n terms. 
2. 


3,7 15 3l — 
Sum 1451 16 "64 356 7 to infinity. 


3. Sum 1--3z-F5z3--723--92*--... to infinity v being € L 


2 3 4 
4, Sum I+5t at ost to » terms. 


3 5 7 — 
5. Sum 1+5 +3 Fg t... to infinity. 


6. Sum 14-32-62? -- 1023 4- ... to infinity, v being < 1. 


7. Prove that the (n 1-1)" term of a G. P., of which the first term 
is a and the third term b, is equal to the παν 1) 3 term οἵ ὁ G. P. of 
which the first. term is a and the fifth term 


8. The sum of 2» terms of a G. P. whose first term is a and com- 
mon ratio r is equal to the sum of s of a G. P. whose first term is b and 
common nio h Prove that b is equal to the sum of the first twe 
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8. Find the sum of the infinite series 
l 1+(14 5) r+ (14-540) ? (0 54-03 4-05) r$ ..., 
r and b being proper fractions. 
10, The sum of three numbers in G. P. is 70; if the two extremes 


be multiplied each by 4, and the mean by 5, the products are in A. Ρ.; 
find the numbers. 


11. The first two terms of an infinite G. P. are together equal to 5 
and every term is 3 times the sum of all the terms that follow it; find 
the series. 


Sum the following series : 

12. x+a, 22+2a, x3--3a... to n terms. 

183. cr (z-c-y)T2? (2? +77) +25 (23 -- y?) - ... to n terms. 
1 1 

~e’ δα tigt to 2p terms. 

3 2 3 2 3 


l4. a+ 


15. 


5 4 4 5 


16. $- zb Ce qe qe to infinity. 


2 
3 
: 
7 

17. Ifa, b, ο, d be in G. P., prove that 

(b — ο) -- (c - a)* - (d — bf (a — d*. 

18. Ifthe arithmetic mean between a and b is twice as great as the 

geometric mean, shew that a : b=2+,/3 : 2— y3. 


19. Find the sum of » terms of the series the 7'" term of which is 
(2r 4-1) 2*. 
90, Find the sum of 2» terms of a series of which every even term 


is « times the term before it, and every odd term o times the term 
before it, the first term being unity. 


21. If S, denote the sum of n terms of a G. P. whose first term is 
a, and common ratio r, find the sum of δι, δε, S,,... S.  - 1 


22. If S, S, Sy...S, are the sums of infinite geometric series, 
whose first terms are 1, 2, 3,...», and whose common ratios are 


111 1 : 
3° 8» 4"" 941 respectively, 
prove that S + Sp Sy sor Som (p+3). 
93. If r <1 and positive, and m is a positive integer, shew that 
(2m + 1)9 (1-0) 17841, 


Hence shew that nr“ is indefinitely small when » is indefinitely great, 


CHAPTER VI. 


HARMONICAL PROGRESSION. THEOREMS CONNECTED WITH 
THE PROGRESSIONS, 


61. DzriNiTION. Three quantities a, b, c are said to be in 
Harmonical Progression when - - = ; 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har. 
monical Progression. 


62. The reciprocals of quantities in Hurmonical Progression 
are in Arithmetical Progression. 


By definition, if a, b, c are in Harmonical Progression, 


a a-b, 
ο b-c’ 
a (b—c) =c (a-b), 
dividing every term by abc, 
| 1] 11 1 
c b b a 
which proves the proposition. 


63. Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound: 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formula for the sum of any 
number of quantities in Harmonical Progression. Questions in 
H. P. are generally solved by inverting the terms, and making use 
of the properties of the corresponding A. P. 
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v/64. To find the harmonic mean between two given quantities. 
Let a, b be the two quantities, H their harmonic mean; 


1 ; 
then =, A j ore in À. P. ; 
.1 1 " 1 1 
'H a b H’ 
2 1 M 1 
H a b’ 
2ab 
H= --— . 
a+6 
Ezample. Insert 40 harmonie means between 7 and 3 
Here 6 is the 42™ term of an A. P. whose first term is zi let d be the 
common difference ; then 
1 1 
6-4* 414; whence d — 7. 
F ; 2 8 41 
Thus the arithmetic means are p mee D) and therefore the har- 


monio means are 81, 21,... Zi’ 


65. If A, G, H be the arithmetic, geometric, and harmonie 
means between a and b, we have proved 


ΑΞ} πο EE (1). 

απ νο dct (9) 

H- = .... E (3). 
Therefore . AH -* 7. 20 rab; 


that is, G is the geometric mean between A and ΚΙ. 
From these results we see that 
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which is positive if a and b are positive; therefore the arithmetic 
mean of any two positive quantities is greater than their geometric 
mean. 


Also from the equation G*= AH, we see that Q is inter- 
mediate in value between A and H; and it has been proved that 
A >G, therefore G>H; that is, the arithmetic, geometrie, and 
harmonic means between any two positive quantities are in descending 
order of magnitude. . 


66. Miscellaneous questions in the Progressions afford scope 
for skill and ingenuity, the solution being often neatly effected 
by some special artifice. The student will find the following 
hints useful, 


1. If the same quantity be added to, or subtracted from, all 
4the terms of an A P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 38.] 


2. If all the terms of an A.P. be multiplied or divided by 
the same quantity, the resulting terms will form an A.P., but 
with a new common difference. [Art. 38.] 


3. If all the terms of a G.P. be multiplied or divided by the 
&&me quantity, the resulting terms will form a G.P. with the 
same common ratio as before. [Art. 51.] 


4. Ifa, b, ο, d... are in G.P., they are also in continued pro- 
portion, since, by definition, 


Conversely, a series of quantities in continued proportion may 
» be represented by αν a7, scr^,....... 


Example 1. If a3, b?, οἳ are in A.P., shew that b+c, ca, a+b are 
in H. P. 
By adding ab 4- ac 4- bc to each term, we see that 
a*+ab+ac+be, b{+ba+be+ac, c*+ca+cb+ab are in A.P.; 
that is (a+b) (a+c), (b+c) (b +a), (c +a) (c+5) are in A, P. 
ο, dividing each term by (a+b) (b -- c) (c +a), 


ασ 1 
vog TT qp sre in A.P. 


that is, bro, 0+a, a+b are in IP. 
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Example 2. If l the last term, d the common difference, and s the sum 
of n terms of an A. P. be connected by the equation 8da = (d + 27)*, prove that 


d 2a. 
Since the given relation is true for any number of terms, put n=1; then 
ᾱ-- ἷτκο. 
Hence by substitution, Sad = (d + 2a)*, 
or (d - 2a}? =0; 
.*. d=2a. 
Example 8. If the p'*, η", 7*, s™ terms of an A.P. are in G. P., shew that 
$-9g9g-7,7T-sarein G.P. 

With the usual notation we have 
a+(p-1)d_a+(g-1)d Ut (r- 1)d 
at+(q-l)d a-c(r-1)d ac(s-1)d 

ο. each of these ratios 
_ {a+(p-1) d}— {a4(q-1)d} | {a+(q-1) d} - (a3 (r- 1d] 
-[αεία- Nal (κει dj ^ jar(r-1)d) - {a+ (0-1) 4} 


— — 
LTD. 


[Art.66. (4); 


Hence p - 9, 9 - 7r, r-s arein G.P. 


67. The numbers 1, 2, 3,...... are often referred to as the 
natural numbers ; ο nè term of the series is n, and the sum of 


the first » terms i55 z (n * 1) 


68. To find the sum of the squares of the first n natural 
numbers. 


Let the sum be denoted by S; then 
S= 1" 4 294 3% 4 ...... t n. 


We have — (n—1)°= 3n*- 3n +1; 
μι... l, 

(n-1*-(-2)- Mn πα 
similarly. (n-2)—(n—3)-3(n-2) -3(n-2)41 


$- 9°=3.3°~3.34+1; 
2-1'-3.2'-3.241; 
1'-0»3,.1:-3.14 1. 
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Ience, by addition, 
n —9(l-2'-39' + 0. +207) -3(1424384+...4n) +0 

on (n 4 1) 

—-3— tn. 


and 


.. ο =n —m 


= 3S -- 
E 3n a +1) 


=n (n +1) (2-1 +È); 
up pud Gu D) 


69. 7ο find the sum of the cubes of the first n natural 
^umbers. 
Let the sum be denoted by S; then 
S= 19+ 274 37 4 ...... Tu. 
Ve have n' — (n — 1) = 4n! --θπ + 45 —1; 
(w— 1)* — (a — 2) =4 (n— 1)? -— 6 (n—1)° +4 (n—1)—1; 
(n — 2)*— (n—3)*=4 (n—- 9) — 6 (n—2) +4 (n—2)—-13 


6.2*-4.2-1; 
.1*—6.1?-4.1- I. 


lence, by addition, 
m= 4 -- (1 -- 27 +...40)4+4(14+24+...+n)—n3 
ο 49 — n -- 09 --6 (13 - 2*8) 4(1 +24... m) 

= n + m+ (n+ 1) (2n 4 1) 2 2n (n 4 1) 

-9(n-1)(à—»-1-2»4-1—2) 

=n (n+ 1) (2? +2); 
: Ww (n-1* (n(n41))* 
a... pe. 


Thus the sum of the cubes of the first n natwral numbers 48 
qual to the square of the sum of these numbers. 

The formule of this and the two preceding articles may be 
pplied to find the sum of the squares, and the suin of the cubes 
f the terms of the series 


a, a+ d, at Dd, ivsssss 
c H.H.A. 
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70. In referring to the results we have just proved it will 
be convenient to introduce a notation which the student will fre- 
quently meet with in Higher Mathematics. We shall denote the 
series 

1+2+3+... +n by Za; 
1* - 23 + 37+... +0" by Xn; 
1? + 93 -- 3* --... {ο by Bn’; 
where X placed before a term signifies the sum of all terms of 
which that term is the general type. 


Example 1. Sum the series 
1.2+2.3+3.4+...to n terms, 


The 4" term=n(n+1)=n2+n; and by writing down each term in a 
similar form we shall have two columns, one consisting of the first n natunal 
numbers, and the other of their squares. 


.. the sum — Zn? + Zn 
ES n (n+ 1) (2n+ 1) gn n+) 
6 2 
m(n+1) (2n 41 
επ gti 
. n (n 4- 1) (n -- 5) 
— ⸗ 3 » 


Example 2. Sum to n terms the series whose n" term is 2»-}{-8ῃ-. 693, 
Let the sum be denoted by S; then 

Sz 2 2-1 8δΣή5 — 62n? 
2] $ 8n’ (n+1)* 6n m. (2n + 1) 


2-1 4 
= 2" — 1 -- n (n 4-1) [2n (n 1) - (2n 4-1)) 
z: 2^ — 1 --n (n4 1) (245 - 1). 


EXAMPLES. VI. a. 


V Bind the fourth term in each of the following wenige: 
Qy 94 BW, By. 
(2) 2, WW, $,... 
(3) 2, 21, 3),... 
2. Insert two harmonic means Letween 5 and 11. 


3. Insert four harmonic means between : and 3 
13° 
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4. If 12 and 93 are the geometric and harmonic means, respect- 
ively, between two numbers, find them. 


5. If the harmonic mean between two quentities is to their geo- 
metric means as 12 to 13, prove that the quantities are in the xatio 
of 4 to 9. 

L4 If a, b, c be in H. P., shew that 
aw 


@:a—beatea:a—e, 
_ If the m™ term of a H. P. be equal to n, and the n'* term be 


equal to m, prove that the +7)" term is equal to nix 


If the p'^, g*^, r*^ terms of a H. P. be a, b, o respectively, prove 
tat (Q — 7) bo-- (r— p) ca-+(p—q) abe 0. á 
„9. Ifb is the harmonic mean between a and c, prove that 
ee σον 
b-a b-c a'c’ 
Find the sum of n terms of the series whose n“* term is 


10, 323—. 11. "8 +3 r, 12, »(»-F3). 


19. n*(2n-4-3). 14. 3*—2", 15. 3(4"--2n?)— 4, 


. 16, If the (m+1)", (n+1)%, and (r-- 1)" terms of an A.P. are in 
G. P., and m, », r are in H. P., shew that the ratio of the common 


difference to the first term in the A. P. is — z A 


PEL If 2, m, n are three numbers in G. P., prove that the first term 
pd an A. P. whose lh, m'5, and n^ terms are in H. P. is to the common 
ifference as m-+-1 to 1. 


18. If the sum of n terms of a series be a+6n+cn}, find the αἱ 
terin and the nature of the series. 


19. Find the sum of n terms of the series whose 7" term is 
4n (n?+1) — (622+ 1). 


"n 20. If between any two quantities there be inserted two arithmetic 
means A,, A,; two geometric means G,, G,; and two harmonic means 
H,, H4; shew that GG, : HH, Αι Ας: Hx Hs. 


. 91. If p be the first of n arithmetic means between two numbers, 
d q the first of n harmonic means between the e two numbers, 
| ; n+ 
Fore that the value of q cannot lie between p and es . 
E 22 Find the sum of the cubes of the terms of an A. P., and sbew 
iat it is exactly divisible by the sum of the terms. 
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Pinks or SHOT AND SHELLS. 


71. To find the number of shot arranged in a complete 
pyramid on a square base. 


Suppose that each side of the base contains n shot; then the 
number of shot in the lowest layer 18 πι”; in the next it is (»—1); 
in the next (4 —2)'; and so on, up to a single shot at the 
top. 

. Son’ - (οἱ -- 1) (ο -- 3) +... +l 
2 
πα 1) ne t) [Art 68] 


72. To find the number of shot arranged $ a complete 
pyramid the base of which is an equilateral triangle. 


Suppose that each side of the base contains n shot; then the 
number of shot in the lowest layer is 


n (n -- 1) -(n—2)-^ ...... +1; 
that is, nu. 1) or : (w +2). 
In this result write n — 1, n — 2,...... for n, and we thus obtain 
the number of shot in the 2nd, 3rd,...... layers. 


S. S= 4 (Zn + Xu) 
9 
, P (n 1) (n+ 2) [Art. 70.] 
73. To ‘find the number of shot arranged in a complete 
pyramid the base of which is a rectangle. 


Let m and n be the number of shot in the long and short side 
respectively of the base. 


The top layer consists of a single row of m—(n—1), or 
m-n + l shot; 


in the next layer the number is 2 (m -n + 2); 


in the next layer the number is 3 (m-n +3) - 
and : | 


in the lowest layer the number is n (m ~n 4 αι) 
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A S=(m—n+1)+2(m—n+2)+3(m—n+3)+...+n(m—n+n) 
-(m—-n)(1l-243-...-n) c (1«2* +3 +... n?) 
(m-n)n(n+1) (η 1- 1) (2n 4 1) 

EM cud 6 


μον 1) {9 (m-n) + 2n 4 1} 


A (n 1) (ὅτι -- η 4 1) 
— μα. 


74. To find the number of shot arranged in an incomplete 
pyramid the base of which ts a rectangle. 


Let « and ὁ denote the number of shot in the two sides of the 
top layer, » the number of layers. 


In the top layer the number of shot is ab $ 
in the next layer the number is (a + 1) (b +1); 
in the next layer the number is (a + 2) (b + 2); 


&nd so on ; 
in the lowest layer the number is (a +n — 1) (b +n — 1) 
or ab + (a -- ὃ) (η -- 1) 4 (n — 1). 


ὃν -- αὖπ * (a- b) Z(n—1)- ἃ (η -- 1)’ 
(n-1) (av). (n—1)n(2.n—1+1) 
2 6 


= | {6ab + 3 (a +b) (n - 1) + (n — 1) (25 - 1). 


75. In numerical examples it is generally easier to use the 
following method. 


Example. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 


If we place on the given pile a square pile having u shot in each side of 
the base, we obtain a complete square pile of 27 courses; 
4, 21% 28x55 
and number of shot in the complete pile= ο Ξ- 6980; [Art. Τ1,] 


12 x 28 
Ὃν number of shot in the added pile= —— 506 ; 


number of shot in the incomplete pile = 0494. 
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EXAMPLES. VI.b. 


Find the number of shot in 
1. A square pile, having 15 shot in each side of the base. 
2. A triangular pile, having 18 shot in each side of the base. 


3. A rectangular pile, the length and the breadth of the base con- 
taining 50 and 28 shot respectively. 


4, An incomplete triangular pile, a side of the base having 25 shot, 
and a side of the top 14. 


5. An incomplete square pile of 27 courses, having 40 shot in each 
side of the base. 


6. The number of shot in a complete rectangular pile is 24395; if 
there are 34 shot in the breadth of the base, how mauy are there in ita 
length ? 


7. The number of shot in the top layer of a square pile is 169, 
and in the lowest layer is 1089; how many shot does the pile contain ? 


8. Find the number of shot in a complete rectangular pile of 
15 courses, having 20 shot in the longer side of its base. 


9. Find the number of shot in an incomplete rectangular pile, 
the number of shot in the sides of its upper course being 11 and 18, 
and the number in the shorter side of its lowest eourse being 30. 


10. What is the number of shot required to complete a rectangular 
pile having 15 and 6 shot in the longer and shorter side, respectively, of 
its upper course] 


11, The number of shot in a triangular pile is greater by 150 than 
half the number of shot in a square nile, the number of layers in each 
being the same; find the number of shot in the lowest layer of the tri- 
angular pile. 

12, Find the number of shot in an incomplete square pile of 16 
courses when the number of shot in the upper course is 1005 less than 
in the lowest course. 


19, Shew that the number of shot in a square pile is one-fourth the 
number of shot in a triangular pile of double the number of courses. 


14, If the number of shot in a triangular pile is to the number of 
shot in a square pile of double the number of courses as 13 to 175; find 
the number of shot in each pile. 


15. The value of a triangular pile of 16 Ib. shot is £51; if the 
value of iron be 10s. 6d. per cwt., tind the number of shot in the 
lowest layer. 


16. If from a complete square pile of n courses a triangular pile of 
the same number of courses be formed ; shew that the remaining shot 
will be just sufficient to form another triangular pile, and find the 
number of shot in its side. 


CHAPTER VII. 


SCALES OF NOTATION. 


76. The ordinary numbers with which we are acquainted in 
Arithmetic are expressed by means of multiples of powers of 10; 
for instance 

25 -2x10-45; 
4705 = 4x 10*.-7 x 10! -0x 1045. 


This method of representing numbers is called the common or 
denary scale of notation, and ten is said to be the radix of the 
scale. The symbols employed in this system of notation are the 
nine digits and zero. 


In like manner any number other than ten may be taken as 
the radix of a scaie of notation; thus if 7 is the radix, a number 
expressed by 2453 represents 2x 7°+4%x7°+5x7+3; and in 
this scale no digit higher than 6 can occur. 


Again in a scale whose radix is denoted by r the above 
number 2453 stands for 27° + 4r" + 5r+3. More generally, if in 
the scale whose radix is r we denote the digits, beginning with 
that in the units’ place, by a,, α,, α,,...α͵; then the number so 
formed will be represented by 


n n=) n= $ 2 
ar" ea, +a, r+. tar+ar+a,, 
where the coefficients «,, «, ,,...a, are integers, all less than r, of 
which any one or more after the first may be zero. 


Hence in this scale the digits are r in number, their values 
ranging from 0 to r — 1. 


ΤΊ. The names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary, and Duodenary 
are used to denote the scales corresponding to the values two, 
thiree,.. twelve of the radix. 
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In the undenary, duodenary,... scales we shall require symbols 
to represent the digits which are greater than nine, It is unusual 
to consider any scale higher than that with radix twelve; when 
necessary we shall employ the symbols ¢, e, 7’ as digits to denote 
‘ten’, ‘eleven’ and ‘twelve’. 


It is especially worthy of notice that in every scale 10 is the 
symbol not for ‘ten’, but for the radix itself. 


78. The ordinary operations of Arithmetic may be performed 
in any scale; but, bearing in mind that the successive powers of 
the radix are no longer powers of ten, in determining the carrying 
figures we 1nust not divide by ten, but by the radix of the scale 
in question. 


Example 1. In the scale of eight subtract 371532 from 530225, and 
multiply the difference by 27. 


530225 136178 

871532 27 

136473 1226235 
275166 
4200115 


Explanation. After the first figure of the subtraction, since we cannot 
take 3 from 2 we add 8; thus we have to take 8 from ten, which leaves 7; then 
6 from ten, which leaves 4; then 2 from eight which leaves 6; and so on. 

Again, in multiplying by 7, we have 

8 x T=twenly unez2 x8+5; 
we therefore put down 5 and carry 2. 

Next 7x 7--2- fifty onez6x8--3; 

put down 3 and carry 6; and so on, until the multiplication is completed. 


In the addition, 
3+6=nine=1x8+1; 


we therefore put down 1 and carry 1. | 


Similarly 24+6+1=nine=1x8+1; 
and 6+1+1=eight=1x8+0; 
and #0 on. 
Example 2. Divide 15et20 by 9 in the scale of twelve. 
9)15et20 
- 1ee90...6. 


Explanation. Since 15 =1 x T -- b - seventeen =] x 9 4-8, 
we put down 1 and carry 8. 
Also 8 x T +e sone hundred and seven =e x948; 
we therefore put down e and carry 8; and eo on, 


SCALES OF NOTATION. 59 


Example 8. Find the square root of 442641 in the scale of seven. 
449641(546 
84 — 
13411026 
602 


ui 12411 
12441 


EXAMPLES. VII a. 


Add together 23241, 4032, 300421 in the scale of five. 

Find the sum of the nonary numbers 303478, 150732, 264305. 
Subtract 1732765 from 3673124 in the scale of eight. 

From 376756 take 2616/2 in the ducdenary scale. 


. Divide the difference between 1131315 and 235143 by 4 in the 
scale of six. 


6. Multiply 6431 by 35 in the scale of seven. 
7. Find the product of the nonary ntuubers 4685, 3483. 
8. Divide 102432 by 36 in the scale of seven. 


9. In the ternary scale subtract 121012 from 11029901, and divide 
the result by 1201. 


10. Find the square root of 300114 iu the quinary scal’. 

11. Find the square of tttt in the scale of eieven. 

12. Find the G. C. M. of 2541 and 2102 in the scale of seven. 
19. Divide 14332216 by 6541 in the septenary scale. 


Subtract 20404020 from 103050301 and find the square root, of 
the result in the octenary scale. 


15. Find the square root of cef001 in the scale of twelvs. 
16. The following numbers are in the scale of six, find by the ordi- 
nary rules, without transforming to the denary scale: 
(1) the G. C. M. of 31141 and 3102; 
(2) the L. C. M. of 93, 24, 30, 32, 40, 41, 43, 50. 


c p» po 1ο -' 


T9. To express a given integral number in any proposed scale. 
Let WV be the given number, and r the radix of the proposed 
scale. 


Let am αι, @q)....a, be the required digits by which N is to be 
expressed, beginning with that in the unite’ place ; then 


N ma^ +6y 193+ ... αμ UP + Gy, 
We have now to find the values of ἄρ, 4,, @,,...8, | 
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Divide N by r, then the remainder is a,, and the quotient is 
ar κα T. + Or + Gy. 
If this quotient is divided by r, the remainder is a, ; 


if the next quotient ................. ο ο νο ον αι; 
and so on, until there is no further quotient. 


Thus all the required digits a,, αι, a,,...¢, are determined by 
successive divisions hy the radix of the proposed scale. 


Example 1. Express the denary number 5218 in the scale of seven, 


7)5213 
7)144......5 
7)106......2 
7)15......1 
κ. l 
Thus 5213 =2 x 7+1 x 741 7742x745; 


and the number required is 21125. 
Example 2. Transform 21125 from scale seven to scale eleven. 


e)21125 
e)1244......t 
“e)61......0 
9......t 


«^. the required number is 320¢. 
Explanation. In the first line of work 
21=2x7+1=fifteen=1xe+4; 
therefore on dividing by e wo put down 1 aud curry 4. 
Next 4x 7+1=twenty nine=2xe+7; 
therefore we put down 2 and carry 7; and so on. 


Example 8. Reduce 7215 from scale twelve to scale ten by working n 
scale ten, and verify the result by working in the scale twelve. 


7215 t)7215 j 
12 t)874......1 — 
86 tt ......0 
A sng 1 ji)... 4 °°" 
1038 ]......9 
13 
C 12401 


Thus the result is 12401 in each case, 


Explanation. 7215 in scale twelve means 7 x 12°+ 2x 129+1x1245 in 
scale ten, The calculation is most readily effected by writing this expression 
w ne form [1 x 322)! x 124-1] x 12.-5; thus we multiply 7 by 12, and 

dd 2 to the product; then we multiply 86 by 12 and add 1 to the probus; 
33 end BAAS Lo he product. — 
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80. Hitherto we have only discussed whole numbers; but 
fractions may also be expressed in any scale of notation ; thus 


25 in scale ten denotes — 4 — 


10 1υ7 
5 


-25 in scale six denotes 2 ds 


6” δ 


"25 in scale r denotes : + 2 : 
rv 
Fractions thus expressed in a form analogous to that of 
ordinary decimal fractions are called radix-fractions, and the point 
is called the radix-point. The general type of such fractions in 
scale r is 


where 6, b, 6,,... are integers, all less than r, of which any one 
or more may be zero. 


81. To express a given radix fraction $n any proposed scale, 


Let F be the given fraction, and r the radix of the proposed 
scale. 


Let b, ὃ,, 5,,... be the required digits beginning from the 
left ; then 


We have now to find the values of 5,, 5,, b,,...... 


Multiply both sides of the equation by r; then 


Hence 5, is equal to the integral part of r7; and, if we denote 
the fractional part by 7, we have 


Multiply again by r; then, as before, b, is the integral part 
of rF ; and similarly by successive multiplications by r, each of 
the digits may be found, and the fraction expressed in the pro- 


! posed scale. | - 


65 


HIGHER ALGEBRA. 


If in the successive multiplications by r any one of the 
products is an integer the process terminates at this stage, and 
the given fraction can be expressed by a finite number of digits. 
But if none of the products is an integer the process will never 
terminate, and in this case the digits recur, forming a radix- 
fraction analogous to a recurring decimal, 


Ezample 1. Express 


16 
13 


ο. the required fraction — 4 + H as 


1 
gst 


=°4513. 


13 as a radix fraction in scale six. 


3 
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Example 2. Transform 16064-24 from scale eight to scale five, 
We must treat the integral and the iractional parts separately, 


5)16064 
5)2641.. 
5) 440... 
5)71.. 
5)13.. 
Eom 


Hb 69 δε o 


After this the digits in 
number is 212340:1240, 


82. 


the fractional part recur; hence the required 


In amy scale of notation of which the radix is r, the sum 


of the digits of any whole number divided by r—1 will leave the 
same remainder as the whole number divided by r — 1. 


_ Let N denote the number, a,, a, ,,......0, the digits begin- 
ming with that in the unite place, and § the sum of the digits 
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Now every term on the right hand side is divisible by r—1; 


N- : 
— =-an Integer ; 
» N S 
that is, pal d al ! 


where J is some integer ; which proves the proposition 


Hence a number in scale r will be divisible by * — 1 when the 
sum of its digits is divisible by r — 1. 


83. By taking σ--10 we learn from the above proposition 
that & number divided by 9 will leave the same remainder as the 
sum of its digits divided by 9. The rule known as “casting out 
the nines" for testing the accuracy of multiplication is founded 
on this property. 


The rule may be thus explained : 


Let two numbers be represented by 9a +b and 9ο -- ὦ, and 
their product by P; then 


P = δ]αο + 9be + 9ad + bd. 


2 
Hence 3 has the same remainder as ad ; and therefore the 


9 
sum of the digits of P, when divided by 9, gives the same 
remainder as the sum of the digits of bd, when divided by 9. If 
on trial this should not be the case, the multipbeation must have 
been incorrectly performed. In practice b and d are readily 
found from the sums of the digits of the two numbers to bu 
multiplied together. 


Example. Can the product of 31256 and 8427 be 26839583127? 


The sums of the digits of the multiplicand, multiplier, and product are 17, 
21, and 34 respectively; again, the sums of the digits of these three numbers 
are 8, 8, and 7, whence bi=8x3=24, which has 6 for the sum of the 
digits; thus we have two different remainders, 6 and 7, and the multiplication 
is incorrect. | 


84. If N denote amy number in the scale of r, and Ὁ denote 
difference, supposed positive, between the sums of the digits in the 
and the even places; then N-D or N+D is a multiple of 
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Lot Gy, Oy, ας, ....-. a, denote the digits beginning with that 
in the units’ place; then 
N-a,-* ar ar! ar ...... -ᾱ, 7 +a r". 


^. N- a,-a,+4,—...=a, (r*1)*a,(r—1) «a, (P 4 1) ...; 
and the last term on the right will be «a, (r" 4 1) or a, (r' - 1) 
according as n is odd or even. ‘Thus every term on the right is 
divisible by r + 1; hence 


= ΑΠ integer. 


Now αρ — a, +a,- ᾱ, t.. = D; 


ND 


' rel 


is an integer; 


which proves the proposition. 


Cor. If the sum of the digits in the even places is equal to 
the sum of the digits in the odd places, D — 0, and V. is divisible 
by r +1. 


Example 1. Prove that 4:41 is a square number in any scale of notation 
whose radix is greater than 4. 


Let r be the radix; then 
3 
TURNS 
rr r 
thus the given number is the square of 2:1, 


- — 2. In what scale is the denary number 2°4875 represented by 


Let r be the scale; then 


1 8 7 

zd - mx — 

Pt 2°4375 16! 
whence Tr? - 16r - 48z0; 
that is, (Tr +12) (r - 4) 0. 


Hence the radix is 4. 
Sometimes it is best to use the following method. 


Hrample 8. In what scale will the nonary number 25607 be 
by 101215? á — 


The required scale must be less than 9, since the new number appears 
tho greater; also it must be greater than 5; therefore the req soale 
must be 6, 7, or 8; and by trial we find that it is 7. 
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Εσαπιρὶε 4. By working in the duodenary scale, find the height οἱ a 
rectangular relid whose volumc is 364 cub. ft. 1048 cub. in., and the area of 
whose base is 46 sq. ft. 8 sq. in. 


The volume is 364}94§ cub. ft., which expressed in the scale of twelve ig 
264-734 cub. ft. 


The area is 46,3, sq. ft., which expressed in the scale of twelve is 8t*08, 
We have therefore to divide 264°734 by 80:08 in the scale of twelve. 


8108)20178 4(T*e 
22148 


30274 
36274 
Thus the height is 7ft. 1111. 


EXAMPLES. VII.b. 


Express 4954 in the scale of seven. 

Express 624 in the scale of five. 

Express 206 in the binary scale. 

Express 1458 in the scale of three. 

Express 5381 in powers of nine. 

Transform 212231 from scale four to scale five. 

Express the duodenary number 398e in powers of 10. 
Transform 6:12 from scale twelve to scale eleven. 
Transform 213014 from the senary to the nonary scale, 
Transform 23861 from scale nine to scale eight. 
Trausform 400803 from the nonary to the quinary scale. 
Express the septenary number 20065152 in powers of 13, 
Transform ttteee from scale twelve to the common scale. 


6955 


j= T js 
ONDE Θωρ ςὤσιμ 


wm 
|. 


Express E as a radix fraction in the septenary scale. 


0 
15. Transform 17:15625 from scale ten to scale twelve. 

16. Transform 200°211 from the ternary to the nonary scale. 
17. Transform 71:03 from the duodenary to the octenary scale. 


18. Express the septenary fraction στ, ug as a denary vulgar fraction 


2626 
in its lowest terms. 


19. Find the denary value of the septenary numbers ἆ and :4$, 
20. In what scale is the denary number Es denoted by 2221 


91. In what scale is the denary fraction --- τ 28 29. denoted. by 0302 ? 
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22. Find the radix of the scale in which 554 represents the square 
of 24 

23. ln what scale is 511197 denoted by 1746335 | 

24, Find the radix of the scale in which the numbers denoted by 
479, 698, 907 are in arithmetical progression, 

25. In what scale are the radix-fractions 10, 90, 28 in geometric 
progression t 

26. The number 212542 is in the scale of six; in what scale will it 
be denoted by 174861 

27. Shew that 148°84 is a perfect square in every scale in which the 
radix is greater than eight. 

28. Shew that 1234321 is a perfect square in any scale whose radix 
is greater than 4; and that the square root is always expressed by the 
same four digits. 

29. Prove that 1:331 is a perfect cube in any scale whose radix is 
greater than three. 

30. Find which of the weights 1, 2, 4, 8, 16,... Ibs. must be used to 
weigh one ton. 

31. Find which of the weights 1, 3, 9, 27, 81,... lbs. must be used 
to weigh teu thousand Ibs., not more than one of each kind being used 
but in either scale that is necessary. 


32. Shew that 1367631 is a perfect cube in every scale in which the 
radix is greater than seven. 


33. Prove that in the ordinary scale a number will be divisible by 
8 if the number formed by its last three digits is divisible by eight. 

34, Prove that the square of rrrr in the scale of s is 77790001, where 
q, ", 8 are any three consecutive integers. 

35. If any number N be taken in the scale r, and a new number N’ 
be formed by altering the order of its digits in any way, shew that the 
difference between V αμ’ is divisible by r — 1. 


36. If a number has an even number cf digits, shew that it is 
divisible by r--1 if the digits equidistant from each end are the same. 

37. If in the ordinary scale S, be the stun of the digits of a number 
N, and 38, be the sun of the digits of the uumber 3X, prove that the 
difference between 5, aud ὅν is a multiple of 3. 


W. Shew that in the ordinary scale any number formed by 


ewe, down Lares digits and then repeating them in the sane order 
is a multiple of 7, 11, and 13. 


39. In a scale whose radix 14 odd, shew tl 
igi : ut 1 
digits of any number will be odd if the number he ή al i i 
the number be even. , evon 1 


40, If be odd, and a number in the de 
— ο. mary scal i 
writing down » digits aud then repeating thet "li the -- 


t it will be divisible by the number f an 
739091 containing η - 1 digita, ormed by the n digita, 


CHAPTER VIII. 


SURDS AND IMAGINARY QUANTITIES. 


85. In the Elementary Algebra, Art. 272, it is proved that 


the denominator of any expression of the form js ~7, can be 


rationalised by multiplying the numerator and the denominator 
by /b— Je, the surd conjugate to the denominator. 


Similarly, in the case of a fraction of the form ---------------- 
DIMI ys Jb + Je + Jd ' 
where the denominator involves three quadratic surds, we may by 
two operations render that denominator rational. 


For, first multiply both numerator and denominator by 
Jb+ Je — Jd; the denominator becomes (Jb + κο) —(Jd)* or 
b c—d 2, óc. Then multiply both numerator aud denominator 
by (b --ο-- d) - 2 Jic; the denominator becomes (ὁ + ὁ — d)* — 4be, 
which is a rational quantity. 


Example. Simplify + — 5 

-13 B+ 5 f) 

- Sx Jy - EN 

,, 12 (8+5 + 2/2) 

~ 64-96 

2 (8 +/5+ 2,/2) (6 - 1) 
(5 +1) (, 9 - 1) 


The expression 


ου... 


m1+,/5+,/10: νὰ. 
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86. To find the factor which will rationalise any gwen bino- 
mal surd, 
Case I. Suppose the given surd is 2/a— jb. 


Let 2/a=m, $/b =y, and let n be the L.o.m. of p and g; then 
æ" and y" are both rational. 


Now z^ — y" is divisible by x — y for all values of n, and 
a" — y" = (x — y) (ae) + a By + ar" MM -...... ty”). 
Thus the rationalising factor 18 
gm" gy κα vy + ...... -y" 5j 


and the rational product is z" - y". 


Case IL. Suppose the given surd is //a + 4/b. 
Let x, y, n have the same meanings as before; then 
(1) If» is even, z" — y" is divisible by æ + y, and 
æ — y" = (x + y) (ar æy +... HYT yy"), 
Thus the rationalising factor is 
ET = TY te eee H EYTT? Im YS 
and the rational product 18 z" — y”, 
(2) If n is odd, 2" + y" is divisible by æ+ y, and 


a + y" = (x + y) (8 — Fy ...... — gy"! ἠ- 7), 
Thus the rationalising factor is 
a gt ty ae uu... —ay y"; 


and the rational product is z^ + y". 
Example 1. Find the factor which will rationalise ,/3 + JG. 


1 1 
Let 2=3?, y=5*; then a* and y* are both rational, and 
aya (ety) (at -aty tat aby + ay y) 


thus, substituting for z and y, the required factor is 
B 4 l1 23 3 2 39 1 4 B 
85.33, 554.37, δὲ -- 83 , 554.32, δὲ -- δὲ, 
δ 1 5.3 1 4 5 
89. 53437, δὲ 15-83, δὲ δὲς 


s 6 
and the rational product is δὲ -- 55285. 52249. 
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1 1 1 ) 
Ezample 9. Express (ο. οὐ) + (si B οὔ) 
as an equivalent fraction with a rational denominator. 


1 1 1 
: To rationalise the denominator, which is equal to 5$—84 put 59-4, 
Bí-y; then since  z*—y*e (s — y) (2° + ety + ey - y?) 


1 $8 1 1 3 8 

the required factor is 54+ δῖ, 344 δὲ δὶ 84; 
4 4 

and tbe rational denominator is 5? — 384 = 5? - 8= 22. 


(bas) (Bad dad. Αι 


»*. the expression 22 


4 3 1 i3 1 8 $ 
02. 53.8442. 57, 9442. δ) 84. 94 
μιας μα 


5 1 1 1 s 
144-63. 85.5. 834. δὲ. δὲ 
μας, απ 


87. We have shewn in the Elementary Algebra, Art. 271, 
how to find the square root of a binomial quadratic surd. We 
may sometimes extract the square root of an expression contain- 
ing more than two quadratic surds, such as a --./ὅ 4- /c 4- d. 


Assume ab je Jd zy e; 
^a b+ Jo Jd 9 za y ez Duy 2. | mo - 2 | yn. 
If then 2 Jay - Jb, 9,/σα--./ο, 2,/yz=,/d, 


and if, at the same time, the values of z, y, z thus found satisfy 
&+y+z=a, we shall have obtained the required root. 


Example. Find the square root of 21 -- 4/5 + 8/3 — 4/15. 
Assume A/21 - 4/5 + 8/3 — 4/15 —/z Jy — 2; 
^21 2-46 - 8/3 -4 15-2 y +2+2,/ay - 2. ος — 2. ge. 
Pot 2, [ay -- 8/3, 2. [ae — 4/15, 2./γε--4./δ; 
by multiplication, ^ zyz—240; that is ./zyz=4/15; 
whence it follows that ./z=2,/3, /y=2, /z=./5. 


And since these values satisfy the equation z+y+2=21, the required 
root is 2,/3 +2 - y5. 
* 
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88. If Ja 4 Jb =X +y, then will Ja - Jb =x—,/y. 
For, by cubing, we obtain 
a+ /b-- a? + 32° Jy + 3cy+y y. 
Equating rational and irrational parts, we have 
a =a" + 3xy, b= δα Jy +Y Jy; 
εν α-- Jb a? — 32" Jy + 3xy-y Jy; 
that is, Ja- Jb x— Jy. 


Similarly, by the help of the Binomial Theorem, Chap. XIII, 
it may be proved that if 


lat J/b=a+,/y, then Ja~ Jb x — Jy, 
where 7 is any positive integer. 


89. Dy the following method the cube root of an expression 
of the form «= ,/ó may sometimes be found. 


Suppose Ja+ Jb xy; 
then Ja — Jb »x— Jy. 
"o co — d) 


Again, as in the last article, 
BSD EOS ο ο asus (2). 
The values of z and y have to be determined from (1) and (2). 
In (1) suppose that Ja" —b «c; then by substituting for y in 
(2) νο obtain 
a = 4 + 32 (x — c) ; 
that is, 4x* — Sox = a. 


lf from this equation the value of « can be determined by 
trial, the value of y is obtained from y =a" — c. 


Norge. We do not here assume j/r--4A/y for the cube root, as in the 
extraction of the square root; for with this ussuinption, on cubing we snould 


have 

a t [bz za [2  Szu fy Bye 2 4 yof y 
and since every term on the right hand side is irrational we cannot equate 
rational and irrational parta. 
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Ezample. Find the cube root of 72 — 32,/b. 


Assume 472 32,6 c — Jy; 

then J12-- 885 z 4- y. 
By multiplication, 2/5184 — 1024 x 852 z? — y; 

that is, ml ri slots ο ο ο ας (1). 
Again 72 — 32,/5 = T — 3V Y ὅσῃ — YNY ; 

whence (LL POLY ο ο sane std ο ο. (2). 
From (1) and (2), τὸ -- 23 + δα (z? ~ 4); 

that is, αὖ — 8x = 18, 


By trial, we find that 72:3; hence y=4, and the cube root is 8 --κ/δ. 


90. When the binomial whose cube root we are seeking 
consists of two quadratic surds, we proceed as follows. 


Ezample. Find the cube root of 9,/3 + 11,/2. 


ὑδηθττιῇβ--α./ 3/3 (αν 5) 


By proceeding as in the last article, we find that 


3 
/ 11 2 2 
πα να 


., the required cube root =,/3 (1 4 ν΄ 3) 
=/3 +,/2. 


91. We add a few harder examples in surds, 


à $ j 4 
Example 1. Express with rational denominator ΕΕ ἘΣ 


4 
The expression 


3? -- 33 +1 
4 (3841) 
+1) (d 3341) 
1 


ιν 
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Example 2. Find the square root of 


ὅία-1) [B "Ia - d. 
The expression —3(8z -3 +2 (2x - 1)(z -4)) 


=5{ (22 +1) e (2 - 4) -2/ G1) - 9). 
hence, by inspection, the square root is 
S REESENTET 
Example 3. Given ./5 =2-23607, find the value of 


/3 - B 
V2 +AT 3,85. 
Multiplying numerator and denominator by 4/2, 


the expression ξανα 


EXAMPLES. VIII. a. 


Express as equivalent fractions with rational denominator : 


1 J2 

ΠΩ > Jsrgs-q5] 

W αγ] 

T Jac b ad b 7 Wa-i-wW3a-4XatTl 
A/104- J5 — /3 (3+ Jb) (J5 4- /3 

δ. τις νο = Se 

Find a factor which will rationalise: 

T. J3- 3. 8. 454-J2. 9, al 


10. J3—1. 11. 2447. 19, 55-98. 
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Express with rational denominator : 


73-1 509 -- 98 J2. 3/3 
13. 3/84-1' 14. 8/9 + 5/8" 15. 33 +4) 19° 
3/3 J8 + V4 3/21 
1 J3 4- 5/9" 17. /8 - 34° 18. 3 8/9 9 


Find the square root of 

19. 16-2,20 2,428 + 24/35. 20. 24-415 —4421 -- 24230. 
21. 6-412 —./24 - 8. 22. 5- 10-15 + y6. 

23. a43b--4--4Ja - A 35 — 2 J/3ab. 

24. 21-4348 — 643 — 6,/7 — 24 — 560 - 24/21. 


Find the cube root of 


25. 104643. 26. 38417,/5. 27. 99-702. 
28. 38/14-100/2. 29. 54/34+41/5. 30. 135,8 —87,46. 


Find the square root of 


3i a-4zr4.J2az 4-2*. 32. 2a - 3a: -2ab - b*. 
33 1+a?-+(1+a!3 +a. 34. 14+(1- at)? 
35. If TW m b - find the value of 7a? + llab -- 18, 


2-3’ 343! 


/3 - 2 V3 Γκ/2 i à 
36. Ifz= Bie ῷ8' , find the value of 3z? — Bay + 3y*. 


Find the value of 
—— 38. | 
52 — 38 + 5/3 33-1943 


39. (28-103) -(744,3) d. 40. (26.-15,3)8 - (26 15,5) 0. 
41. Given 46 — 2.23607, find the value of 
10,2 | μ10--ψ18. 
J18-./8- 6. J84./3—- 5 
42. Divide 23 15] 1-3α8|2 by x - 1 - 2. 
43. Find the cube root of 9ab* + (b? + 24a?) /b3 — 391, 


Jæ -1 I 
44. Evaluate — s-JATl' when 2z = Sh inc 
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IMAGINARY QUANTITIES. 


92. Although from the rule of signs it is evident that a 
negative quantity cannot have a real square root, yet imaginary 


quantities represented by symbols of the form J-a, aro of 
frequent occurrence in mathematical investigations, and their 
use leads to valuable results. We therefore proceed to explain 
in what sense such roots are to be regarded. 

V7hen the quantity under the radical sign is negative, we can no 
longer consider the symbol ,/ as indicating a possible arithmetical 
operation ; but just as ,/a may be detined as a symbol which obeys 
the relation „/a x κ/α-- a, so we shall define J/—a to be such that 
M a x J— a - — a, and we shall accept the meaning to which this 
assumption leads us. 

It will be found that this definition will enable us to bring 
imaginary quantities under the dominion of ordinary algebraical 
rules, and that through their use results may be obtained which 
can be relied on with as much certainty as others which depend 
solely on the use of real quantities. 


93. By definition, | J-1xJ-1--1. 
^S Ja J- 1x Ja. J-1l=a(-1); 
that is, (Ja. -If - —- a. 


Thus the product ,/a.,/—1 may be regarded as equivalent to 
the imaginary quantity ,/—a. 


94. It wil gcrerally be found convenient to indicate the 
imaginary character of an expression by the presence of the 


symbol ,/- 1; thus 
τς JEx (71)- 2 71. 
J-a = lax (21) 3a JT J—1 


95. We shall always consider that, in the absence of any 
statement to the contrary, of the signs which may be prefixed 
before a radical the positive sign is to be taken. But in the use 
of imaginary quantities there is one point of importance which 
deserves notice. 


SURDS AND IMAGINARY QUANTITIES. 75 


Binoe (--α) x (- b) = ab, 
by taking the square root, we have 
J asd osida 


Thus in forming the product of ,/— a and «/-- ὁ it would appear 


that either of the signs + or — might be placed before „/ab. 
This is not the case, for 


dux buda JL Jol 
- Jab (J=1) 
- - Jab. 


96. It is usual to apply the term ‘imaginary’ to all expres- 


sions which are not wholly real. Thus σ:-δ — 1 may be taken 
as the general type of all imaginary expressions. Here a and b 
are real quantities, but not necessarily rational. 


97. In dealing with imaginary quantities we apply the laws 
of combination which have been proved in the case of other surd 
quantities. 


Ezamplel, a4bAJ -l&(codA/-1)-ase4 (bad). -- 1. 
Example 2. The product of a 4 b A/ - 1 and ecd -1 
z (a4- ὃ κ) - 1) (cd J| -1) 


—ac ~ bd + (bc -- ad) y —1. 


98. If a+b,/—1=0, then a0, and b - 0. 


For, if a+b,/-1=0, 
then b f/—-l=-a; 
ο. - za 
. a! - 0 -0. 


Now a’ and b' are both positive, therefore their sum cannot 
be zero unless each of them is separately zero; that is, æ= 0, 
and ὁ = 0. ' 


99. Ifa+b -1-o7d /- l, then a = ο, and b =d. 


For, by transposition, a—c+(b—d)/-1=0; 
therefore, by the last article, a—c=0, and b —d - 0; 
that is a =c, and b= d. ; 
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Thus tn order that two imaginary expressions may be equal 
is necessary and sufficient that the real parts should be equal, a, 
the tmaginary parts should be equal. 


100. Dermition. When two imaginary expressions diff 


only in the sign of the imaginary part they are said to | 
conjugate. 


Thus a—6,/—1 is conjugate toa+5,/—1. 
Similarly /2+3,/—1 is conjugate to /2 — 3,/— 1. 


101. The sum and the product of two conjugate imaginar 
expressions are both real. 


For a+b -I +a-b -1 =2a, 
Again (α ἡ ὁ J—-1) (α-- ὃ /—1)- αἲ-- (-- ὁ) 
=a" + δ". 


102. Derinition. The positive value of the square root o 
a*-- bi alled the modulus of each of the conjugate expression: 


a+b -I anda—6,/—1. 


103. The modulus of the product of two wmaginary expres 
sions is equal to the product of their moduli. 


Let the two expressions be denoted by a+b,/~—1 and cd / —1. 


Then their product = ac — bd + (ad + bc) / —l, which is an 
imaginary expression whose modulus 


- Jal Ba 
= AJ (a! + δ (οἱ + d*) 
za! D x eid; 


which proves the proposition. 


104. If the denominator of a fraction is of the form a +b /— 1, 
it may be rationalised by multiplying the numerator and the 


denominator by the conjugate expression a — b ,/— 1. 
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For instance 


οι όν] (οἱ ἄν -:)(α- ὃ J-i) 
a+b -I (a-b/-1)(a-b /-- 1) 
| ac +bd+ (ad — bo)./ - 1 

a’ + 6° 
ac+bd ad—be ,— 
sr RP 


Thus by reference to Art. 97, we see that the sum, difference, 
product, and quotient of two imaginary expressions 58 in each case 
an imaginary expression of the same form. 


105. To find the square root of a -bA/ — 1. 
Assume Jab -lsacyN-l, 
where x and y are real quantities. 


By squaring, ab, /-1 =x- y! 2zy J-1; 
therefore, by equating real and imaginary parts, 


qe e 66 
ZU) D Sie io ος ος (2); 
^ (ey = (y (p)! 
=q" eb; 


te e y! em fat Bee RM C): 
From (1) and (3), we obtain 
pa Etta y- — 


2 
sana σπα 


Thus the required root is obtained. 


Since α and y are real quantities, 24+" is positive, and ἐξ το πο in (7) 
the positive sign must be prefixed before the quantity Jat +b, 

Also from (2) we see that the product ey must have the same sign as b; 
— æ and y must have like signs if b is positive, and unlike signs if b ig 
negative. á 
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Ezample 1. Find the square root of — 7 —24,/ — 1. 
Assume J/ -7 -94ψ΄ -Ima+y J/ -1; 
then : ~7-24,/-1=29- y! -2zy J - 1; 
"e -y= - ος „(1) 
and λα = — 24. 
ο. (he 9)" = (n - yt) (zy)? 
z49 + 576 
= 626; 
wre SIGIR m (2). 
From (1) and (2), αὖ--0 and y*=16; 
"o 2 +3, y= 24, 


Since the product zy is negative, we must take 
x=38, y= -4; or z= -3, y=4. 


Thus the roots are 8-4 M - 1 and -3+4,/-1; 
that is, /-7-24,f—1= a (8-4 J 7T). 


Example 2. To find the value of / — 64a‘. 


r7 BN PIN i 


=a x κ) - L. 
4 — — mm — 
It remains £o find the value of αι x -1. 
Assume Jr -l=st+y/-1; 
then +a/-1=22-y242zy,/—1; 
^. 23-99 —0 and σα ; 
whence g= 1 — ore .Q.24 
JI * a Ja' "^7 Ji 


LN PI wi Ie (Leu 71 i). 
Similarly " 5 ανν 


e d-i 
and finally Nr Tr — 


-> -y 


SURDS AND IMAGINARY QUANTITIES. πο 


106. The symbol κ/ — 1 is often represented by the letter 7; but 
until the student has had a little practice in the use of imaginary 


quantities he will find it easier to retain the symbol / —1. It is 
useful to notice the successive powers of ,/ — 1 or ὁ; thus 


(V-11) 2-1, i-i 

(J - 1 --1, =l; 
(-1--ψ-ι, g--d 
(/ - 1-1, i=l; 


and since each power is obtained by multiplying the one before it 
by J/ — 1, or 2, we see that the results must now recur. 


107. We shall now investigate the properties of certain imagie 
nary quantities which are of very frequent occurrence. 


Suppose a= 3/1; then 2*=1, or 2*—-1=0; 


that is, (α-- 1) (αἳ - 24 1) Ξ0. ` 
. either g@-—-l=0, ora*+x+1=0; 
whence æ=], or τ. 


ad 


It may be shewn by actual involution that each of these 
values when cubed is equal to unity. Thus unity has three cube 
roots, 


9 3 


-l«J-3 -1-J-8 
3 " 3 ’ 


3 


two of which are imaginary expressions. 


Let us denote these by a and £ ; then since they are the roots 


of the equation 
z*4-54-1-0, 


their product is equal to unity ; 


that is, aB=1; 
." aĝ =a; 
that is, B =a, sincea’=1, 


Similarly we may shew that a = B*. 


108. Since each of the imaginary roots is the square of the 
other, it is usual to denote the three cube roots of unity by 1, w, af, 
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Also w satisfies the equation z*-- 92 -1«0; 
< lt+twt+w'?=0; 
that is, the sum of the three cube roots of unity is zero. 
Again, w. w =w =l; 
therefore (1) the product of the two imaginary roots is unity ; 
(2) every integral power of w? is unity. 
109. It is useful to notice that the successive positive 


integral powers of w are 1, w, and w? ; for, if n be a multiple of 8, 
it must be of the form 3m; and w” = w?™ =], 


If n be not a multiple of 3, it must be of the form 3m +1 or 
3m + 2. 

If n=3m+1, W” = Wt gom , ωξω. 

If n=3m +2, ω" -- WMH κκ ρε, (yy? κα ω". 


110. We now see that every quantity has three cube roots, 
two of which are imaginary. For the cube roots of a? are those 
of a? x 1, and therefore are a, aw, aw*. Similarly the cube roots 
of 9 are 2/9, «02/9, w*?/9, where 5/9 is the cube root found by the 
ordinary arithmetical rule. In future, unless otherwise stated, 
the symbol ł a will always be taken to denote the arithmetical 
cube root of a. 


Ezample 1. Redno (39 tothe form 4 «7T. 
41-9412) -1 

2244-1 | 

_(-5+12,/-1) (2- -4/ -1) 

— 


The expression 


- -10412 429. -1 
441 
a I; 
which is of the required form. 
Example 2. Resolve x? -- y* into three factors of the first deqree, 
Wince D c g* (zy) (a ay Hy’) 


S e 4! =(z +y) (z+ wy) (e+ ο); 
Δε. ? w -- c m — 1, and wl. 


SURDS AND IMAGINARY QUANTITIES. 


Fzample 3. Shew that 
(a + wb + wc) (a + wd + we) =a? +b? + οἳ - be -ca - ab. 
In the product of a+ «b + o*c and a+ wb + we, 
the coefficients of b? and c* are w, or 1; 
the coefficient of bc =w 4 w*-o-4 ux -1; 
the coefficients of ca and ab = w*-- «o — -1:; 
<. (@ + wb + oc) (a + wb + we) =a? +b +c - be -ca —- ab. 
Example 4. Shew that 
(l o - w?) -(1- w+ o?» x0. 
Since 1+w+w*=0, we have 
(1 +w- o? ~ (1 — cw + o9)? =( - 299) - ( — 2) 
= =- 8w? + 8w 
= -8+8 
20. 


EXAMPLES. VIII. b. 


1 Multiply 2./—-3+3/—2 by 4 -3—64 —& 
2. Multiply 34 —7- 54 —2 by 3/ —14-5W —& 
3. Multiply ev lpg 71 by ev 71 Le 7 71, 


Ley -3 yy g 128-8, 


4. Multiply z- 


Express with rational denominator: 

B 8 3/-2424—5 
cay ΤΕΕ 
ata -1 a—zw -1 


3424-1. 3-24-1 -1 _ 
a-zwW-l aerxwW-1l 


$2-54-1 2454-1 
g (t7) (G-/-1* 1 (etV -T-(a- V- IP 
s- -i ΖΕ 1 (a+ -1)}- (a-y —1)? 


7. 


11, Find the value of (--α/ - 1)**4, when n is a positive integer. 


12, Find the square of /9+40/ —14-./9 — 40 / —1. 


δι 
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Find the square root of 

13. -54«12/-l 14 11-60./-1. 15. -47+8y -δ 
16. -8./-1. 17. a*-142a d - 1. 

18. 4«b -2(a* -b*) / —1. 


Express in the form A +#B 
19. 3*5 20. N3-i42. a1, l**, 
ὃ -3i 2/3 -iN 1-3 
22, 119} gg, (C+D _ (a-b) 
ο 8-i. a—-ib a+ib ` 
If 1, w, w? are the three cube roots of unity, prove 
24. (1ro-)'—o. 25. (1-0 -o0*)(1 4-0 —0*) -4. 


| 26. (1-o0)(1-o*)(1-0*)(1-0*5) 9. 
4.27. (δω 20*)* (24-20 + 5w*)*=729. 
A 28. (]-w+w’)(l-w?+wt)(l-wt+w?)... to 2n factors —2tn, 
29. Prove that ES 
D yh +2 ovp (zy pz) (x d goo + zo?) (x go +20), 


, 9D. If z=a+b, y —ao t bo, 2Ξαω3 -Γδω, 
shew that 
(1) ayz—a* +b, 


(2) 2*+y*+z*=6ab. 
. (3) z*4y*-42*-3(a* -b*). 
91. If ax+ey+bz=X, cx+by+az= Y, be+ay+ez=Z, 
shew that (a? + 03 +c? -- be — ca — ab) (x? +y? +2? — yz — 2x — xy) 
= X34 Y24+Z!- YZ-XZ-XY. 


CHAPTER IX. 
THE THEORY OF QUADRATIC EQUATIONS. 


111. AFTER suitable reduction every quadratic equation may 
be written in the form 


ax! + bat =O ..........νενενόνονν. (1), 
and the solution of the equation is 
— be JU — tuc 
= — (2). 


We shall now prove some important propositions connected 
with the roots and coefficients of all equations of which (1) is 
the type. 


112. A quadratic .quation cannot have more than two roots. 


For, if possible, let the equation az*+ba2+c=0 have three 
different roots a, B, γ. Then since each of these values musi 
satisfy the equation, we have 


aa! -ὖα-!-οσ--.0........................ (1), 
αβ᾽-ὀβ--ο-0........................ (2), 
αγ᾽-ὖγ-εο-0........................ (5). 


From (1) and (2), by subtraction, 
a (a! --β') - b(a- f) -0; 
divide out by a — β which, by hypothesis, is not zero; then 
a (a 4- B) - 5 — 0. 
Similarly from (2) and (3) 
a (B y) - 520; 
.. by subtraction a(a—y)=0; 
which is impossible, since, by hypothesis, a is not zero, and « is 


not equa! to y. Hence there cannot be three different roots. 
D H. H. A. 
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113. In Art. 111 let the two roots in (2) be denoted by a and 
B, so that 
-b+ b- 4αο 


a= — 


B= -ὅ- bf — 4ac . 
2a : i αι. ’ 
then we have the following results : 
(1) 1f - 4αο (the quantity under the radical) is positive, 
a, and β are real and unequal. 


(2) If b'—4ac is zero, a and β are real and equal, each 
reducing in this case to — "E 
(3) I£6' — 4ac is negative, a and β are imaginary and unequal. 
(4) lf 6°—4ac is a perfect square, a and β are rational and 


unequal, 
By applying these tests the nature of the roots of any 
quadratic may be determined without solving the equation. 
Ezample 1. Shew that the equation 2z?— 6x 4-7—0 cannot be satisfied 
by any real values of z. 
Here a=2, b= --θ, c=7; so that 
| — 4ac =(—6)?-4.2.7= - 20. 
Therefore the roots are imaginary. - 


Example 2. If the equation a? 4- 2 (k +2) 2+9k=0 has equal 100ta, find k. 
The condition for equal roots gives 
(k + 2)? 9k, 
k$ —5k+4=0, 
(k — 4) (k - 1)2:0 H 
S. k=4, orl, 
Ezample 8. Whew that the roots of the equation 
x? — 2p tp? — g* + 2qr - r*z( 
are rational. wR A 
The roots will be rational provided (—2»)!—4(p*-— g*--2gr—r*) is a 
rect square. But this expression reduces to 4 (q* — 2gr -- r9), or 4 (q—r)£, 
the roots &re rational. 


; — b + JE- 4ac 
114. Since a= 2 pgs —- yy 
we have by addition 
| — 9. M -- emm AT 
α-β- b+ Jb- 4ac — b -- J6* — fac 


2a 
26 b 


2a a 


ο see son sso ecsssesecssses, (1)5 
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and by multiplication we have 
(-- ὁ -- b* — 4ac) (-- — AJ — 4ac 
aß = ν 2 $ : ) 


_ (8 - (0 — 4a0) 
T 


νον ο 


4a" a 
By writing the equation in the form 


eas” a 
o a 


these results may also be expressed as follows. 

In & quadratic equation where the coefficient of the first term és 
unity, 

(i) the sum of the roots is equal to the coefficient of a with 
its sign changed ; 

(1) the product of the roots is equal to the third term. 


Nore. In any equation the term, which does not contain the unknown 
quantity is frequently called the absolute term. 


115. Since a : z a4, and -= aß, 


the equation a:*+ 4 25 + -= 0 may be written 


£' -(α1-β)α!1-αβ-Ό..................... (1). 
Hence any quadratic may also be expressed in the form 
a’ — (sum of roots) æ + product of roots=0......... (2). 
Again, from (1) we have 
(a2 — α) (a2 — B) =O ......... eee (3). 


We may now easily form an equation with given roots, 


Example 1. Form the equation whose roots are 8 and — 2, 
The equation is (3 - 8) (4-2) 0, 
ος æ -4—620. 
When the roots are irrational it is easier to use the following 
method. 
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Example 2. Form the equation whose roots are 2+,/3 and 2 — ,/8. 


We have gum of roots = 4, 
product of roots=1; 
,". the equation is z?-4r412z0, 


by using formula (2) of the present article. 
116. By & method analogous to that used in Example 1 of 


the last article we can form an equation with three or more given 
roots, 


Ezample 1. Form the equation whose roots are 2, -- 3, and J. 
The required equation must be satisfied by each of the following sup- 
positions : 
z—2-—0, ++3=0, z- 1-0; 


therefore the equation must be 
(z — 2) (x -- ὃ) (=-5) =0; 


that is, (z - 2) (z+ 8) (δα -- 7) =0, 
or 523 — 2r? - 372 +42 =0. 


Example 2. Form the equation whose roots are 0, +a, 1 


The equation has to be satisfied by 


0 c 
t= 5 rua, z= -- íl, — 


therefore it is 
> (rr a) (x-a) ( - ) =0; 


that is, x (x? ~ a?) (bz -¢)=0, 
or bat — cz? ~ a?bz* + aex=0, 


117. The results of Art. 114 are most important, and they 
are generally suificient to solve problems connected with the 
roots of quadratics. In such questions the roots should never be 
considered singly, but use should be made of the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terms of the coefficients of the equation. 

Ezample 1. Ifa and B are the roots of x? - = 
1) yw eie B ts of x? — pz-- 4 —:0, find the valne of 
We have a+B=p, 
αβ--ῃ. 
. α" β'--(α-β)'-2αβ 
= p*-— 29. 
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Again, a? + B*— (a +p) (a? f — αβ) 
=p {ία -- BP - 3af; 
=p (p° - δη). 
Ezample 2. Ifa, B are the roots of the equation lz? -- mz +n=0, find the 
equation whose roots are z 


B'« 
We have sum of roots =“ + ple -Bg 
B a af * 
product of roots = He B =1; 
Ba 


ος by Art. 115 the required equation is 
; (+h E 
z (* ap z+1=0, 


or ap? — (a? + 8") x -- αβΞΞ 0. 
: m? — 2nl n 
As in the last example a? + 8*- ---- μ᾽» and αβ-- i 
*, the equation is ας — PE, 
l [3 DU 
or nlz? — (m? — 13) z -- n! —0. 
3+5, -1 


, find the value of 223 + 22°- Ία +723 


Ézample 8. When æ—— 
4 


and shew that it will be unaltered if MIL wv -1 be substituted for æ. 


Form the quadratic equation whose roots are — 
the sum of the roots z8; 
the product of the roots = zi 
hence the equation is 21? - 6z --17 -0; 
., 973 —6z--17 is a quadratic expression which vanishes for either'Qidihe 
values 825,/-1 . 


Now 229+ 22%—%e+72=2 (22° - 62417) +4 (22* — 62-17) -4 
=2x0+4x0+4 
md; 
which is the numerical value of the expression in each of the supposed canes, 
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118. To find the condition that the roots of the equation 
ax’+bx+c=0 should be (1) equal in magnitude and opposite 
ye sign, (2) rectprocais. 

The roots will be equal in magnitude and opposite in sign if 
their sum is zero; hence the required condition is 


- 2.0, or b -0. 


Again, the roots will le reciprocals when their product is 
unity; hence we must have 


—z]l, orc=a. 


The first of these results is of frequent occurrence in Analyti- 
cal Geometry, and the second is a particular case of a more 
general condition applicable to equations of any degree. 


Ezample. Find the condition that the roots of aa*-- bz +¢c=0 may be (1) 
both positive, (2) opposite in gign, but the greater of them negative. 


We have atp=-2, ap =<. 

(1) If the roots are both positive, a8 is positive, and therefore c and a 
have like signs. 

Also, since a + B is positive, — 2 is negative; therefore b and a bave unlike 
signs. 

Hence the required condition is that the aigns of a and ο should be like, 
and opposite to the sign of b. 


(2) If the roots are of opposite signs, a8 is negative, and therefore c and 
a have unlike signs, 


Also since a +8 has the sign of the greater root it ia negative, and there- 
fore - 2 positive; therefore b and a have like signs, 


— the required condition is that the signs of a and b should be like, 
and opposite to the sign of c. 


EXAMPLES. IX.a. 


Form the equations whose roots are 


4 ὃ m n - 4 
L. T3? 7° v, TA of 2:1, -P11. 


& 113.56. δ. x24/8-5 6 -pt2 Vig. 


THE THEORY OF QUADRATIO EQUATIONS. 89 


T. -3rb. 8. -ati 9, «Εἰ(α-- δ). 


2 ] 9 
100 -35,5- 11. 5) 0, =. 19, 2+,/3, 4. 


f jas that the roots of the following equations are real : 
(1) 2*—9az--a3—b:- «--0, 
di (a —5-- c) 3$ -- 4 (a — D) x -- (a - b — c) - 0. 


4 If the equation z?—15 — m (2x —8)=0 has equal roots, find'tl 
values of m. 


Jas. For what values of m will the equation 
a3—22(1-F3m)--7 (3--2m) 0 
have equal roots ? 


| For what value of m will the equation 


-br m-l 
ar-c m4l 


have roots equal in magnitude but oppusite in sign 1 
17. Prove that the roots of the following equations are rational: 
(1) (α--ο-- ὁ) 3$ --2ez 4- (b -- c — a) «0, 
(2) abea? + 3a?cr + ber -- 6a? αὖ 4- 2903-30. 
If a, B are the roots of the equation az? -+ bz -ἷ-ο--θ, find the values of 


2 
18. ate 19. αἲβῖ «αἴθε, 20. (-5)- 
Find the vaiue of 


21. +r- r+ when α--] 1-91, 
22. 25—343-8z-4-15.when r3 46 
03, a3—as34-9atr + 4a? when = "21-4-3. 
If a and B are the roots of ir oiu a form the equation 
whose are (a - 8)? and (a 4- 8)*. 
Prove that the roots of (z—a)(z — ὃ)-- 13 are always real. 
26. If σι, x, are the roots of az*-- bz +¢=0, find the value of 
(1) (az, 4-5) 32- (a2, +b), 
() (as. 0)- (an, +b), 
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97. Find the condition that one root of azt+be+c=0 shall be 
n times the other. 


28. If a, B are the roots of ax? + ὅτ -ἷ-ο--θ, form the equation whose 
roots are a +e and a7? +873, 


29, Form the equation whose roots are the squares of the sum and 
of the difference of the roots of 
923 -- 9 (m+n) x 4- m3 4-53 —0. 


90, Discuss the signs of the roots of the equation 
pz? 4-qz - r— 0. 


119. The following example illustrates a useful application 
of the results proved in Art. 113. 


2 = 
Example. If x is a real quantity, prove that the expression — 


| can have all numerical values except such as lie between 2 and 6. 


Let the given expression be represented by y, so that 
2422-11 
2(2-8) θ᾽ 
then multiplying up and transposing, we have 
æ+ 25 (1— y) -- 6y - 11-0. 

This is & quadratic equation, &nd in order that z may have real values 
4(1-y)f-4(0y—11) must be positive; or dividing by 4 and simplifying, 
y? — 8y +12 must be positive; that is, (y — 6) (y — 2) must be positive. Hence 
the factors of this product must be both positive, or both negative. In the 


former case y is greater than 6; in the latter y is less than 2. Therefore 
y cannot lie between 2 and 6, but may have any other value. 


In this example it will be noticed that the quadratic expression 
y’ — δν + 12 is positive so long as y does not lie between the roots 
of the corresponding quadratie equation y* — 8y + 12 = 0. 


This is a particular case of the general proposition investigated 
in the next article. 


^ 


120. For all real values of x the expression ax*-- bx --c has 
ehe same sign as a, except when the roots of the equation Αχ’ - bx --σο-0 
are real and wnequal, and x has a value lying between them, 

Case I. appose that the roots of the equation 
az! + ba+e=0 
are real; denote them by « and β, and let a be the greater, 
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Then as elo oma (αν m+s) 
=a |x" — (a+ B)x+af} 
= a (z — a) (z — B). 


Νου if a is greater than a, the factors æ- a, x -— β are both 
positive; and if æ is less than £, the factors z — a, x — β are both 
_ 2 therefore in each case the expression (æ — a) (x — B) is 
positive, and az*-- br -- ο has the same sign as a, But if æ has a 
value lying between a and f, the expression (x — a) (x—- β) is 
negative, and the sign of az" + bc + c is opposite to that of a. 


Case Il. Ifa and f are equal, then 
as’ + bx --ο--α(α-- af, 
and (x -- a)! is positive for all real values of x; hence as’ + bx +c 


has the same sign as a. 


Case III. Suppose that the equation aa*+ba+c=0 has 
imaginary roots; then 


act cler eca fats ως.) 
a a 


af vex) ed 
( 2a 4a} 
But b° --4αο is negative since the roots are imaginary ; hence 


4αο-- b. stad 
Zar is positive, and the expression 


b\* 4ac— 6° 
(z+) TM δε 


is positive for all real values of æ; therefore αα" + δα +o has the 
same sign as a. This establishes the proposition. 


121. From the preceding article it follows that the expression 
ασ) +bx -+c will always have the same sign whatever real value z 
may have, provided that δ΄ -- 4ac is negative or zero; and if this 
condition is satisfied the expression is positive or negative accord- 
Ing as a is positive or negative. 


Conversely, in order that the expression ax’ + δα -- c may be 
always positive, ὁ' — 4ac must be negative or zero, and a must be 
— ; and in order that az'--bx--c may be always negative 

— ac must be negative or zero, and a must be negative. 
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~ Ezample. Find the limits between which a must lie in order that 


απ] -- Τη « ὅ 
δαὶ --Ίσ-α 
may be capable of all values, z being any real quantity. 
ασ. Ίτ 4-6 
Put, berta S’ 
then (a — 5y)æ? - 7z (1- y) - (5- ay) 0. 


In order that the values of æ found from this quadratic may be real, the 
expression 

49 (1 - y)? — 4(a - 5y) (5 — ay) must be positive, 
that is (49 -— 20a) y?--2 (2a* - 1) y + (49 — 204) must be positive; 


hence (2a? + 1)*- (49 - 204)? must be negative or zero, and 49 — 20a must be 
positive. 


Now (2a* + 1)? — (49 — 20a)? is negative or zero, according as 
2 (a? — 10a + 25) x 2 (a? + 10a — 24) is negative or zero; 
that is, according as  4(a — 5)? (a + 12) (a@— 2) is negative or zero. 
This expression is negative as long as a lies between 2 and --12, and for 
such values 49 — 20a is positive; the expression is zero when a=5, — 12, or 2, 


but 49 - 20a is negative when a—5. Hence the limiting values are 2 and 
~ 12, and a may have any intermediate value. 


EXAMPLES. IX. b. 


1. Determine the limits between which n must lie in order that 
the equation 


/ 


2a (ax--nc)-4- (n? - 2) à --0 
may have real roots. 


; 1 
2 If x be real, prove that -; =z must lie between 1 and - i7 . 


Te — TEL 


η πα] 


5 Shew that `- lies between 3 and 5 for all real values of a. 


QA If x bo real, prove that — can have no value between 
b and 9. 


5. Find the equation whose roots are — 


€. Ifa, 8 are roots of the equation 2 — pr -- g «O0, find the value af 
ui (1) αἱ (ἳβ" 1 --β) Τβ' (Bat — a), 
(3) («a-57**(8-p)*. 
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if the roots of lr? -- nz 4-1 — 0 be in the ratio of p : g, prove that 


Ve e fto 

. 8. If x be real, the expression Qu admits of all values 
xcept such as lie between 2» and 2m. 

ν΄ If the rcots of the equation az*--9bx--c-—0 be a and 8, and 


hose of the equation 4277+2Br+C=0 be a-- 8 and β--δ, prove that 


10. Shew that the expression — will be capable of all 
'alues when 2 is real, provided that p has any value between 1 and 7. 


‘ 2 
11. Find the greatest value of — L3rl6 for real values of x. m 


12. Shew that if z is real, the expression 
"n (13 — bc) (2 — b — c)-1 
ias no real values between b and c. 
13. If the roots of az*+2br+c=0 be possible and different, then 
he roots of 
(a+ ο) (ax? + 205 +c) «2 (ac -- δῦ) (2241) 
will be impossible, and vice versd. 


14. Shew that the expression er err will be capable of all 


values when «2 is real, if a? — b? and c! —d* have the same sign. 


*122. We shall conclude this chapter with some miscellaneous 
heorems and. examples. It will be convenient here to introduce 
| phraseology and notation which the student will frequently 
αροῦ with in his mathematical reading. 


DEFINITION. Any expression which involves α, and whose 
alue is dependent on that of a, is called a function of x. 
"unctions of a are usually denoted by symbols of the form f(x), 
^ (2) $ (2). 


Thus the equation y =f (x) may be considered as equival.nt 
ο a Statement that any change made in the value of æ will pro- 
luce a consequent change in y, and vice vered. The quantities œ 
ind y are called variables, and are further distinguished as the 
ndependcnt variable and the dependent variable. 
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An independent variable is a quantity which may have any 
value we choose to assign to it, and the corresponding dependent 
variable has its value determined as soon as the value of the inde- 
pendent variable is known. 


*123. An expression of the form 


pz + pe + pe 
where n is a positive integer, and the coefficients p,, p,, p,,...p, do 
not involve z, is called a rational and integral algebraical function 
of ~ In the present chapter we shall confine our attention to 
functions of this kind. 


+... τρ ο τρ, 


*124. A function is said to be linear when it contains no 
higher power of the variable than the first ; thus az + b is a ‘inear 
function of x. A function is said to be quadratic when it 
contains no higher power of the variable than the second; thus 
ax’ -- δα -- c is a quadratic function of æ. Functions of the third, 
fourth,... degrees are those in which the highest power of the 
variable is respectively the third, Jowrth,.... Thus in the last 
article the expression is a function of x of the n degree. 


*125. The symbol f(x, y) is used to denote a function of two 
variables v and y ; thus ax + by +c, and σα’ - bay + cy! + dz ey +f 
are respectively .inear and quadratic functions of z, y. 


The equations f(x) -- 0, f (x, y) = 0 are said to be linear, quad- 
ratic,... according as the functions f (a), f(x, y) are linear, quad- 
ratic,.... 


*126. We have proved in Art. 120 that the expression 
ax'+bæ+c admits of being put in the form a (z-—a)(z- B) 
where a and f are the roots of the eguation az? + bz + c = 0. 

Thus a quadratic expression az'--bz c is capable of being 
resolved into two rationa] factors of the first degree, whenever 
the equation az'--bx--c- 0 has rational roots; that is, when 
δ᾽ — 4ac is a perfect square. 


*127. ` To find the condition that a quadratic function of x, y 
may be resolved into two linear factors. 
Denote the function by f(x, y) where 


Jf (m y) = ac άν + by" + ο Uy +o, 
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Write this in descending powers of z, and equate it to zero; 


thus 
ac + 2x (hy +g) + by’? + 2fyte= 


Solving this quadratic in « we have 


c Uy +9) | hy + g) — a (hy? + Bye) 
a 3 


or ax hy -g - πε) y! (h — ab) + 3y (Ag — αγ) + (g? — ac). 


Now in order that f(x, y) may be the product of two linear 
factors of the form pæ+gy +r, the quantity under the radical 
must be a perfect square ; hence 


(Ag — α’)' -.(h* — ab) (σ' — ac). 
Transposing and dividing by a, we obtain 
abc + 2fgh — - by’? - οἷν - 0; 
which is the condition requircd. 


This proposition is of great importance in Analytical Geometry. 


*128. To find the condition that the equations 
ax? + bx - c—0, αι + Ux c ~0 
may have a common root. 
Suppose these equations are both satistied by =a; then 
αα" 4- ba -- c — 0, 
a'a’ 4- ba c -: 0; 


ο, by cross multiplication 


bc --ὃο cad -c'a ab’ —ab. 
To eliminate a, square the second of these equal ratios and 
equate it to the product of the other two; thus 


(ca! =a)? ^ (be — b'e) ᾿.(αὐ' — a'b)’ 
'. (ew — cay = (bo — b'c) (ab' — a'b), 
which is the condition required. 


It is easy to prove that this is the condition that the two 
quadratic functions σα + bay + cy* and a'z! + b'zy + c'y* may have 
& common linear factor. 
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*EXAMPLES. IX.c. 


1, For what values of m will the expression 
y+ Quy 4- 29x 4- my — 8 
be capable of resolution into two rational factors t 


2. Find the values of m which will make 23 + mzy --3y* — 5y - 8 
equivalent to the product of two linear factors, 


3. Shew that the expression 
A (2? —3*) — zy (B - C) 
always admits of two real linear factors. 
4. Ifthe equations 
eB+pr+g=0, αἆλκρα--αφ-0 
have a common root, shew that it must be equal to 
PLP op LË. 
g-¢ P-P 
6. Find the condition that the expressions 
l+ may+nyt, Ust+macy+ny* 
may have a common linear factor. 
6. Ifthe expression 
Bx? | SPxy 1 293 1 2as-- Ay ΓΙ 
can be resolved into linear factors, prove that 7 must be one of the 
roots of the equation P?+4aP + 2a* 4- 6 — 0. 
7. Find the condition that the expressions 
ax +2hxy +by?, a+ 2/ ay -- by? 
may be respectively divisible by factors of the form y — mx, my 4-5. 
8. Shew that in the equation 
33 3xy + W? — 2 — By — 35m0, 
for every real value of « there is a real value of y, and for every real 
value of y there is & real value of x. 
9. If. and y are two real quantities connected by the equation 
9x? + Bry 4- y* — 92: — Wy + 244 0, 
then will v lie between 3 and 6, and y between 1 and 10, 


10, If (as!--br-- ο) y -a'2*--b2-- 6 m0, find the condition that # 
may be a rational function of y. 


CHAPTER ΣΧ. 
MISCELLANLOUS EQUATIONS. 


129. lw this chapter we propose to consider some mis- 
eellaneous equations; 1t will be seen that many of these can be 
solved by the ordinary rules for quadratic equations, but others 
requite some special artifice tor their solution. 


8 8 
Example1, Solve 829^ _ 8r 7^ 68, 
8 
Maltiply by z?* and transpose: thus 
$ 8 
82" — 0358»... β--0; 
8 8 
(35 — 8) (8755. 1) 20; 
* 1 
g4n —8, or- 8" 
* 1 
ολα ( -5) i 


ο. zz, or gun” 


Κααπιρὶε 2. Solve 2 af at 8 — 


r a 1 
Let νο... z"y 


>? 
2aby? — 6a*y - by + 3ab 0; 
(2ay - b) (by -- 9a) «0; 


b Ba 
y7355' or y? 


ELM Fort 
$a d p! 


bp 5 
that is, —28 
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Ezample 8. Solve (x—5)(z— 7) (1 1-6) (z -- 4) 2504. 
We have (ο - x — 20) (z? - x - 42) 2 504; 
which, being arranged as a quadratic in z* — x, gives 
(a? — x)? — 62 (x? — x) -- 8860; 
- (22-72-60) (2 -x - 56)=0; 
^ £s£1—-z—-6-0, or 22-2- 56=0; 
whence z=3, -2, 8, --τ. 


130. Any equation which can be thrown into the form 
ax? + bx - c p Jax! - bx - eg 


may be solved as follows. Putting y= az! + bx + c, we obtain 
y+ py-q=0. 
Let a and β be the roots of this equation, so that 
Jaat +bet+e=a, Jux'+be+c=B; 
from these equations we shall obtain four values of 2. 


When no sign is prefixed to a radical it is usuaily understood 
that it is to be taken as positive; hence, if a and β are both 
positive, all the four values of x satisfy the original equation. 
If however a or β is negative, the roots found from the resulting 
quadratic will satisfy the equation 

aa* + bx + c — p Jax’ -- bx 6 9, 


but not the original equation. 


Example. Solve z*-5z-2 n x? -δα--ᾱ--19, 
Add 3 to each side; then 
a? — bz-- 84-2 AJ a3 — ὅσ 82:15. 

Putting «αἱ - ὅσ --ὃΞψ, we obtain y*--2y —15z0; whence y=3 or --δ. 

Thus ,/z?-5c+8= +8, or a? bz 8- — D. 

Squaring, and solving the resulting quadratics, we obtain from the firat 
e=6 or --1; and from the second ge ENTIS, The first pair of values 
satisfies the given equation, but the second pair satisfies the equation 


at- δα -2 Jæ- ὅς 48212. 
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131. Before clearing an equation of radicals it is advisable 
to examine whether any common factor can be removed by 
division. 

Ezample. Solve J/z?— faz + 10a? — κ/οἳ Fas- Ga? — z - 4a, 
We have 
J (a - 2a) (z -- ^a) - af (z — 2a) (æ+ 3a) =z - 2a. 
The factor ,/z— 2a can now be removed from every term; 
^ Mz - Su - a 9a x- 2a; 
z - ba z--3a - 2 JJ (z - ba) (x -- 3a) - s - 2a; 
z-2 Ji x` — δας - loa) ; 
Ba? ~ Baz — 60a? =0; 
(z - 6a) (8z + 104) 0; 


10a 
z=6a, or - d . 
Also by equating to zero the factor Ri £- 2a, we obtain α--2α. 
On trial it will be found that z=6a does not satisfy the equation: thus 


the roots are — = and 2a. 


The student may compare a similar question discussed in the Elementary 
Algebra, Art. 281. 


192. The following artifice is sometimes useful. 


Ezample. Solve Sci - 42+ 34 4 κ) δα" -4α-Τί-9.................... (1). 
We have identically 
(Bar? — 4x + 84) - (32? — 4x — 11) 245.................. (2). 
Divide each member of (2) by the corresponding member of (1); thus 
»/ 3a? -- da 84 —,/ B28 - 4x — 1125 ee δν (ϐ). 


Now (2) is an identical equation true for all values of z, whereas (1) is an 
equation which is true only for certain values of x; hence also equation (8) 
18 only true for these values of z. 


From (1) and (3) by addition 
Ja- iz +34=7; 


b 
whence z=3, or - δ᾽ 
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133. The solution of an equation of the form 
ax’ + ba? = ex? & bx + a= 0, 
in which the coefficients of terms equidistant from the beginning 
and end are equal, can be made to depend on the solution of a 
quadratic. Equations of this type are known as reciprocal equa- 
tions, and are so named because they are not altered when œ is 


changed into its reciprocal 2 


For a more complete discussion of reciprocal equations the 
student is referred to Arts. 568—570. 
Ezample. Solve  19z*- 56x? +8923 δὂσ 4-12 — 0. 


Dividing by a? and rearranging, 


12 (it^ a) — 66 (2+ :) + 89=0. 
a z 


1 1 
Put α---ᾱ then zb αἱ 
^. 12 (2 — 2) — 562+ 89=0; 
5 3 
whence we obtain Στον or T ‘ 
; ee or 3 
me agg ο ο 


By solving these equations we find that «=2, : , 2^ 3' 


134. The following equation though not reciprocal may be 
solved in a similar manner. 


Example. Solve Gat — 2525 + 1223 + 25x + 6 =0. 


We have 6 (2 3) -25 ( ~ 5) +1850; 
z c 
1M 1 

whence 6(2- 3 — 25 (2-=)+24=0; 
æ z 

sts 2 (a-;)- 3-0. or 8( 2-5) ~8=0; 
æ x 

" 1 1 
whence we obtain 242, -3 8-3 


135. When one root of a quadratic equation is obvious by 
inspection, the other root may often be readily obtained by 
making use of the properties of the roots of quadratic equations 
proved in Art. 114. 
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Ezample. Solve (1 - a?) (z--a) - Za (1 — 2*) «0. 
This is a quadratic, one of whose roots is clearly a. 
Also, since the equation may be written 
2az* + (1 αὖ) z — a (1 --a?) 0, 
14a! 


2 
the product of the roots is - ο. ; and therefore the other root is -- 73a ^" 


EXAMPLES. X.a. 


[When any of the roots satisfy a modified form of the equation, the student 
should examine the particular ari angement of the signs of the 1adicals to which 
each solution applies.) 


Solve the following equations : 


1. z-$—9273128. 9, Ὁ--α” Απκ]0α” 1, 
1 3 1 1 
8. 2J/z 25 3x5. 4. 671-75 — 92 4 
9 1 1 1 

D. 2"46e52z*. 6. 39^ — 7% — 2m0, 

3 T o a l-g 
7. ον) 8. af ae 
9. O/z—bx 1—13. 10, 1482549427 «0. 
ll. 3%+4+9=10.3% 19. 5(57.-5-2)— 96. 
13. 2%+84.1=32. 27, 14. 22+3—57=65(27—1} 

Ex de 3 2r 


17. (x-7)(x—3)(z-5)(x--1)— 1680. 
18. (z--9)(z—3) (x -- 7) (x-- 0) - 3805. 
19. z(àr4-1)(r-2)(2z—3)-63. 
20. (22-7) (αἳ -- θ) (55 +5)=91. 

21. 234-9,/25 4-02: 24 — 62. 

22, 3233--Am 3T — Ar —6— 18. 

23. 329-743 ./323— 167+ 212162. 
24. 8+9 /(37—1) (z- 2) - 32 - 7a. 


— το -- 4 
25, -- 34 Jis - bz cau UP 


02 
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209 Roa T 2 
---, ΠΟΙ 
πε. 


& 
νἀ —13 —15 — a3 — 8a — AJ 43 — 9. 
Jai 9243 Σο 1— ext iT. 
AJ 223 5x — 1 - [3 (33 — 12 3-6) — [123 — 6x -1=0. 
Jo? + 3a2 — 3:3 - Jay as Eh Sh Y Sas Sa. 
MJ 223 tbs- 9 — 933 +r -9=1. 
AJ da — 2e 9 + κ) 3a — 2x; — 4-- 13. 
— — 
JaA . 
AHP — 443 4+ 4-120. 
ott gat 1o S29 Be. 37. 2541-3 (234-2) - 22 


10 (2*-- 1) — 63x (z3 — 1) + 5223 — 0. 


w+ 120—z | atl 40 —— δα 
T- J12u—2 -x Va- 1) ^ &*9r—Ja?—4x$ a 
— Xx -- —— 

τ siya] — V es JA r3 
v- P1 αγ κα 

να-1 65 rl 6 
MEORUM g' 43. MEA A 
θα; gn. :]. 45. a(a?--1)-(a?* +a*)a, 
B /z—b ψᾶε-Τ 47. 1802-3) 250/221 
δν —'7 4 --ὂ d Qa+1 Ἢ 372-3 i 


9 2 1 
(a+ 54-4 (a — z)5 5 (a3 — 2). 
| 2i d-ax — 1 — a3 -- ὅσ--1καλ/α-- «/ὃ 


s+ ναᾶ--] -1 ᾱ-- -l 
AY Z 1 l s+ ψαᾶ-1 
a4 — 935-2 κα 380, δὰ, 2733--91z--8«0, 


MISCELLANEOUS EQUATIONS. 103 


136. We shall now discuss sume simultaneous equations of 
two unknown quantities. 
Example 1. Solve z--2--y--3-r/(z 4-2) (y - 8) 39. 
(a+ 2)* - (y --8)? -- (z - 2) (y - 8) 2 141. 
Put z -2—u, and y+3=v; then 


uc + uv 239 ο ο να. (1), 
ω!-υὐ-υν--4],...............ιιωνεννεννονοννι (3), 
hence, from (1) and (2), we obtain by division, 
uv — Juv 219 μμ μυ” (8). 
From (1) and (3), u+v=29; 
and fuv — 10, 
or uv -:100; 
whence u-25, or 4; v—4, or 25; 
thus ῶΞ 95, or 2; y=1, or 22. 
Example 2. Solve T 435842... i ο ο. ἐν (1), 
BY Lr MEME EET f 
Put z=u+v, and y=u-v; 


then from (2) we obtain 
Substituting in (1), 


Ezample 8. Solve 


vl. 
(u - 1)* - (v - 1)4— 82; 
^... 2 (uf + 693 4-1) 282; 
ut -+ 6u? - 4020; 
u’=4, or —10; 
w=: £2, or + κ/ — 10. 
28, -1,1+,/-10; 
y=1, -8, -1+,/-10. 


2x--y ᾱ-Ἡ κ 
82 -y "ziy" e 11) «οσο (1), 
72 --0y ο se (2). 


From (1), 15 (224+ 8zy +y? — 92? + 4zy — 3?) =88 (323 + 22y — y?) ; 


ο. 12923 — 20zy -- 883 0; 
ο. (82 — 2y) (482 + 19y) =0. 


— — Á——— | 


ABs = — μμ” η 
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From (8), ος 


Again, from (4), æ _ Y | rt5y 
=- e , by equation (2), 


551 1941 
827 83 


551 1941 
82 ° 95-53’ 


s". Sa 
Hence £22,428; or z=- 


Example 4. Solve 428 + 823y + y? —8, 
229 -- 243) + zy* = 
Put y=mz, and substitute in both equations. Thus 
23 (4+38m+m')=8 ....... — esee 


Ίο νο μμ. eec (1). 


.449m^om* ,. 
— ^ 
m? — 8*4. 19m. — 120; 


that is, (m ~ 1) (m - 8) (m - 4) 0; 
+, m=1, or 8, or 4, 


(i) Take mz 1, and substitute in either (1) or (2). 
From (2), g*zl;.. 2-1; 

and y=mr=uz=1, 
(ii) Take m=8, and substitute in (2); 

thus δα-1; .. σα ΝΗ 


and yzmzrzzbBzz- i 
(iii) Take m=4; we obtain 


10251; "*. ε-λ/το 


and yamenteni, / 7. 
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Hence the complete solution is 
1 ./1 8/1 
iius J 5 ΝΕ 
8/1 8/1 
y=1, 8 NES 4 WET 


Norm. The above method of solution may always be used when the 
equations are of the same degree and humogenevus. 


Ezample δ. Solve 8]σϑῃ..7ῃ4..119σγ-{6ἑ--0........................ (1), 
πετ πω (2). 
From (2) we have --θΞ-αἳ -- 7zy +4y?; and, substituting in (1), 
Bly? - Tyt + l4zy (x? — Try + 4y*) + (2? ~ Try + 4y ) «0; 
e BITY? -Tyt + (22 — 7zy + 45?) (14ry + 22 — Try + 4?) «0; 
^. BITY? — Tyt + (27 + 4y*)? - (71y)? 0; 


that is, ο μμ μμ. (8). 
(2-3) (x? 7997) 0; 
hence r= +y, or z= +3y. 


Taking these cases in succession and substituting in (2), we obtain 


g-y- +2; 


/ 4 4 
qu x3 -y VHF -T7° 


Norz. It should be observed that equation (3) is homogeneous, The 
method here employed by which one equation is made homogeneous by a 
suitable combination with the other is a valuable artifice, It is especially 
useful in Analytical Geometry. 


Example 6. Solve (c+y)t+2 (z- γ)2--8 (23 y95 ess (1). 
πρ ο πια (3. 


Divide each term of (1) by (2* - y, or (z +y)? (z- yt 


1 1 
. (259 Y ον) -* 
68 ulis 


(06 


This equation is a quadratic in 


t 
(559) =2orl; whence Ty 
z-—y z—y 
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i 
(2t) , from which we easily find, 


=8orl; 


«. Te=9y, or y=0. 
as these equations with (2), we obtain 


2=9, y= 


EXAMPLES. 


=7; or s= 


— 


=O. 


Χ. b. 


Solve the following equations : 


1. 37—-2y-', 


xy = 20. 

4, t+ a%y'+7*=931, 
z3— xy +y=19. 
£ +Jxy+y =65, 
322 —55*—7, 
ary — 4y? = 

37 + zy +y? = 15, 
Slay — 3r? — by = 45. 


zy 708, 14, 
z-4-y-8. 


9. 


11. 


13. 


16. 245-1, 11. 
y 


4 


19. #+y=1072, 
1 1 
αὖ + 35216. 


2. 


5r—y-—3, 
y? — 62* = 25. 


3. -ϑγ--], 


12zy + 13y? — 25. 
δ. æ+ ay +y%= 
2 -- ay +y --6. 


Ἱ. £ +y =T7+0/cy, 
z9-- y= 133 — xy. 


5y* — 722=17, 
Sry — 623-6. 


10. 323--165 —16zy, 


Tay + 3y* — 132. 


12, 2354y3—3-z3zxy, 
2x? — 6 + 7? —0. 


15. 


18. 


1 1 
23 }- γὲ--δ, 
6(7 My i=, 


21. 
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92. «πεν. -y=4, 23. y -129, 
x2 — 3-9. Ja+l—/e-1l=dSy. 
z y 10 Jandy sety 17 
24, Jet. r 3? 25. Jur y deny δ, 
24-9 =19. 2? 4. y? = 706. 


26. 2z35--4/?5—15:—10(39y-8) σγ--6, 

27. 29y)--400—41laoy, y2=5ry — 42%. 

28. 4r? +5y=6+20ry —253?--9r, Te—lly=1%. 
29. 92°+33x -- 125-120 —4y?4+22y, x*— xy = 18. 
30. (z$—9?)(r—y)—16zy, (a4 —y*) (24 — y*) = 640239, 
91. 22*— zy-Fy3—9y, 203 + dry =—5y. 

ty , Pe _ Oe 
(ο) (z-9"? 8" 
33. y(y!—-3zy—2?)--24—0, v(y3—4xy 22?) 4-820. 
94. 325 —8zy*-F,5--21—0, z? (y — 2)--1. 

35. y* (407-108) =x (23—94),  9z!--Ozy + y?= 108. 
96. 624+ x4y? + 16=2¢ (1214-4), 224+ xy —yi=4, 
97. w(atax)=y(b+y), az4by-(x4yY. 

38. ry-Fab-2az, xy? + ab? = 2b. 

39, 7-4 y—b 1 1 1 


bz —'1y —4. 


— 9 


uw turbet 0547-579 
40, bz3—10abz--3a^y, αγὶ-- l0abty + 353. 
2 
4. ga (7 --ᾱ darn a -h =n, 
a c 


137. Equations involving three or more unknown quantities 
can only be solved in special cases. We shall here consider some 
of the most useful methods of solution. 


Εσαπιρὶε 1. Solve Fy te Slb Pee ο ο ei ri ος (1), 
ατα σσ etii ο (2), 
rt. LP Pee ^. (8). 

From (2) and (3), (z 4 y)? 232: 85. 


Put u for z--y; then this equation becomes 
ut + 23:85. 
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Also from (1), u +z =13; 
whence we obtain «—7 or 6; 2 —6 or 7. 
Thus we have z4y- 7, t+y= 6, 
zy=10 | ang xy=10 
Hence the solutions are 
z2=65, or 2, z 84-1, 
y=2, or 5, or y=3e/-1, 
6-6; 2-7. 
Ezample 2. Solve (z +y) (5 +z) =30, 
(y +2) (y +x) =15, 
(z +x) (2-9) 18. 


Write u, v, w for y +z, z+2, x+y respectively ; thus 
vw= 30, wu=1d, uv—18 .................. 
Multiplying these equations together, we have 
u*v*w3 = 30 x 15 x 18= 15? x 6; 
t. Uvw= + 90. 


— 


Combining this result with each of the equations in (1), we have 


u=8, 026, w=5; or uz-8, v=-6, w=- 5; 


«“. stezo —— 


2---6, or 2 -----θ, 
2+y=5; z+y=-5, 
whence v=4, y=1, 2-2; or 2. --ᾱ, yx -1, z=-2. 
Example 8. Solve y? yz +2? =49 ....... aUe ο ον (I) 
να αἱ ο πο αν (2), 
B+ ry 4-y*-89 ........... eere — (8). 
Subtracting (2) from (1) 
y? -æ -z(y — 2) =80; 
that is, ελ τμ σα 
Similarly from (1) and (3) 
| (s — z)(z-- y 48) 1O ..........Le ee rs reeee se (D). 
Hence from (4) and (5), by division 
earns 


whence y =8s~— 22, 
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Substituting in equation (3), we obtain 
z? — Bre --322—18. 
From (2), x24 zrz-- 22-19. 
Solving these homogeneous equations as in Example 4, Art. 136, we obtain 
z= +2, z= +8; and therofore y= +5; 


1 " 19 
or wg pos! and tk ‘refre y= 
Example 4. Solve 2*-yz=a’, y? - zz - U*, 23 -ry — c5. 


Multiply the equations by y, z, α respectively and add; then 


C33 -batyd oc, | J ων Pee ee (1). 
Multipiy the equations by z, x, y respectively and add; then 
biz + chy -αε--Ὁ ,............ονννοον.εοοιν... (2). 


From (1) and (2), by cross multiplication, 


8 
ai pa T Bh etaa aqua! suppose. 


Substitute in any one of the given equations; then 
K* (a6 + 05 4- c5 — 3a7b2c2) —1 ; 
᾿ æ ην u a 1 
l aa ὑἱ-οἷαἳ Aabi Jae. 04 οὐ. 3a 


EXAMPLES, X.c. 
Solve the following equations : 


1, 9x+y—8=0, 2 3r+y—22=0, 
4r — 8y + 120, 4r — y — 32-0, 
yz+ out xy = 4T. +93 + = 467, 

3 “w-y—z=2, 4, ᾳ|-2υ --ᾱ---}}, 
234-93 — 222, ας — 4y 4- 2,231, 
xy =. X z: 24, 

5 4-5 --ἲ-- 21, 6. οἱ +2y+272=13, 
3x2+3y2 — Qry=18, y! cyst yz d 1290, 
z+y-r=5, δὲ + εὐ + zy = 30. 

T. «+227 +3rs=50, 8. (y—s) (12-25, 
29! -- 3ys +yz 5 10, (¢+2) (2— 9) -33, 


399+ δα: }- 309 πα 10, ` (z—9) (y— 5) 6. 
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9. 2257542192, 2222438, Pyu =], Iry u= 4, 
10. 34-12, yz —b4, 219372 —792. 


ll wy+7+y=23, 12. Q9xy—4r4y-l, 
24-24-2241, 3yz -- y — 02-52, 
yz 2-27. 622+ 32+ 21 —: 299. 


19. wety=72, yz+ v=8z, 4 y 4 2—12. 

M. B+P4+3=a3, 234-322 —0?, x 594 2-9. 

15. 24-424 2=y2+er+ry=a", Be-yt+z2=a,/3. 

16. +y +2=2la?, y zz —axy --θαλ, 3z y —22—3a. 


INDETERMINATE EQUATIONS. 

138. Suppose the following problem were proposed for solu- 
tion : 

A person spends £461 in buying horses and cows; if each 

horse costs £23 and each cow £16, how many of each does he buy? 


Let z, y be the number of horses and cows respectively ; then 
23x + 16y — 461. 


Here we have one equation involving two unknown quantities, 
and it is clear that by ascribing any value we please to z, we can 
obtain a corresponding value for y; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that z and y must 
be positive integers; and with this restriction, as we shall see 
later, the number of solutions is limited. 


If the number of unknown quantities is greater than the 
number of independent equations, there will be an unlimited 
number of solutions, and the equations are said to be indeter- 
minate. In the present section we shall only discuss the simplest 
kinds of indeterminate equations, confining our attention to posi- 
tive integral values of the unknown quantities; it will be seen 
that this restriction enables us to express the solutions in a very 
simple form. 


The general theory of indeterminate equations will be found 
jn Chap. xxvi. 
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Ezample 1. Solve 7z+12y =220 in positive integers. 


Divide throughout by 7, the smaller coefficient ; thus 


s+y+ egli; 
by ~3 
5, sty = $3] »**»99 —— 6.686 & (1) 


Since x and y are to be integers, we must have 
5y -3 


* integer ; 
and therefore cL = integer; 
that is, 2y-14 vas = integer ; 
and therefore e a integer = p suppose. 
- y- 2=1p, 
or ο ο ον ο ο. (2). 


Substituting this value of y in (1), 
r+ip+2+5p+1=31; 
that iz, ο En) . (3). 
If in these resulte we give to p any integral value, we obtain corresponding 
integral values of z and y; but if p > 2, wo see from (3) that v is negative ; 


and if p is a negative integer, y is negative. Thus tho only positive integral 
values of æ and y ure obtained by putting 20, 1, 2. 


The complete solution may be exhibited as follows: 
p-0, 1, 2, 
r=28, 16, 4, 
y= 2, 9, 16 


Nore. When we obtained 24 integer, we multiplied by 3 in orcer 


to make the coefficient of y differ by unity from a multiple of 7. A simikr 
artitice should always be employed before introducing a &yinbol to denote 
the integer. | 


Example 2. Solve in positive integers, 141 - 11y —29.................. (1). 
Divide by 11, the smaller coefficient; thus 
ὃσ m 4. 
do E EL 


ee κκ -æ + y-integer; 
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hence — integer; 
11 
, ᾱ-6 . 
that is, z~ 24^ =sinteger 5 
E r-6 . 
. ——— minteger = p suppose; 
11 
ὃν £= 11» +6 
and, from (1), y=14p4+5 


This is called the general solution of the equation, and by giving to p 
any positive integral value or zero, we obtain positive integral values of z 
and y; thus we have 


9-0. 1, 9, 93,4: e 
x=6, 17, 28, 89, ............ | 
y =5, 19, 83, 47, ............ 


the number of solutions being infinite. 
Example 3. In how many ways can £5 be paid in half-crowns and florins? 
Let x be the number of half-erowns, y the number of florins; then 
52 + 4y=200 ; 
oe 4 9 -- i= 50; 


To. 
= Integer = p suppose; 


. i 
2 8 ᾱ--4Ρ, 
and y = 50 — 5p. 


Solutions are obtained by ascribing to p the values 1, 2, 8, ...9; and 
therefore the number of ways is 9. If, however, the sum may be paid either 
in half-crowns or florins, p may also have the values 0 and 10. If p—0, 
then x — 0, und the sum is paid entirely in florins; if p=10, then y=0, and 
the sum is paid entirely in half-crowns. Thus if zero values of z and y are 
admissible the number of ways is 11. 


Example 4. The expenses of a party numbering 48 were £5. 14s. 6d.; if 
vach man paid 5s., each woman 2s. 6d., and each child 1s., how many were 
there of each? 

Let z, y, z denote the number of men, women, and children, respectively; 


then we have 
BEY ASH ΠΟ d) 


10ᾳ + by + 22 = 229. 
Eliminating z, we obtain 8z +8y=148. 
The general soiutiou of this equation is 

z=3p+1, 
y=45- 8p; 
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Hence by substituting in (1), we obtain 
£-bp-3. 
Here p cannot be negative or zero, but may have positive integral values 
from 1 to 5. Thus 


2 


να mi 
eu 
e 
eO 


Ke & VS 


— 
ho 
19 σι ὦ 5 


[51 TA 
EE. 
pà pad fet 


eN 
vS 

o 
= 


EXAMPLES. X. d. 
Solve in positive integers: 
1. 3¢+8y=103. 2. bu+2y = 53. 3. 144-12 —152. 


4. 13:c--11y-414. δ, 23v+25y=915. 6. 4lz-4-47y-—2191. 
Find the general solution in positive integers, and the least values 
of x and y which satisfy the equations: 
T. 5e-Ty=3. 8. 62-13y-1. 9. 8»-9]γ--38. 
10, 174 -- 18ς--0. 11. 19y—23z-7. 12. 77y — 30x =295. 


18. A farmer spends £752 in buying horses and cows; if each horse 
costs £37 and each cow £23, how many of each does he buy ? 


14. In how many ways can £5 be paid in shillings and sixpences, 
including zero solutions ? 


15. Divide 81 into two parts so that one may be a multiple of 8 
and the other of 5. 


16. What is the simplest way for & person who has only guineas 
to pay 10s. 6d. to another who has only half-crowns ? 


17. Find a number which being divided by 39 gives a remainder 16, 
and by 56 a remainder 27. How many such numbers are there? 


18, What is the smallest number of florins that must be given to 
— a debt of £1. 6s. 6d., if the change is to be paid in half-crowns 
omy 

19. Divide 136 into two parts one of which when divided by 5 
leaves remainder 2, and the other divided by 8 leaves remainder 3. 


20. I buy 40 animals consisting of rams at £4, pigs at £2, and oxen 
at £17: if I spend £301, how many of each do I buy i 


21. 
or shillings, and the amount I have is £5. 0s. 6d.; how many coins of 


In my pone I have 27 coins, which are sovereigns, half-crowns 
t 
each sort have 1? 


CHAPTER ΧΙ. 


PERMUTATIONS AND COMBINATIONS. 


139. Each of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 


Each of the groups or selections which can be made by taking 
some or all of a number of things is called a combination. 


Thus the permutations which can be made by taking the 
letters a, b, c, d two at à time are twelve in number, namely, 


ab, ao, ad, be, bd, cd, 
ba, ca, da, cb, db, de; 


each of these presenting a different arrangement o£ two letters. 


The combinations which can be made by taking the letters 
a, b, c, d two at a time are six in number: namely, 


ab, ac, ad, be, bd, cd; 
each of these presenting a different selectvon of two letters. 


From this it appears that in forming combinazions we are only 
concerned with the number of things each selection contains; 
whereas in forming permutations we have also to consider the 
order of the things which make up each arrangement; for instance, 
if from four letters a, b, c, d we make & selection of three, such 
as abe, this single combination admits of being arranged in the 
following ways : 

abe, acb, bea, bac, cab, cba, 


and so gives rise to six different permutations, : 
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140. Before discussing the general propositions of this 
chapter there is an important principle which we proceed to 
explain and ihustrate by a few numerical examples. 


If one operation can be performed in m waya, and (when Mi 
has been performed in any one of these ways) a second operation | 
can then be performed in n ways ; the number of ways of per- 
forming the two operations will bem x n. 


If the first operation be performed in any one way, we can 
associate with this any of the η ways of performing the second 
operation : and thus we shall have οὐ ways of performing the two 
operations without considering more than one way of performing 
the first; and so, corresponding to each of the m ways of per- 
forming the first operation, we shall have n ways of performing 
the two; hence altogether the number of ways in which the two 
operations can be performed is represented by the product 
mM X ἠὲ, 


it2zample 1. There are 10 steamers plying between Liverpool and Dublin; 
in how many ways can a man go from Liverpool to Dublin and return by a 
diferent steamer? 


There are ten ways of making the first passage; and with each of these 
thcre is a choice of nine ways of returning (since the man is not to come back 
Betas same steemer); hence the number of ways of making the two journeys 
is 10 x 9, or 90. s 


This principle may easily be extended to the case in which 
there are more than two operations each of which can be per- 
formed in a given number of ways. 


Example 2. Three travellers arrive at a town where there are four 
hotels; in how many ways can they take up their quarters, each at a 
different hotel? 


The first traveller has choice of four hotels, and when he has made his 
selection in any one way, the second traveller has a choice of tliree; there- 
fore the first two can make their choice in 4 x 3 ways; and with any one such 
choice the third traveller can select his hotel in 2 ways; hence the required 
number of ways is 4 x 8 x 2, or 24. 


141, To find the number of permutations of n dissimilur things 
taken τ at a time. 


This is the same thing as finding the number of ways in which 
we can fill up r places when we have n different things at our 
disposal. 


The first place may be filled up in n ways, for any one of the n 
things inay be taken; when it has been filled up in any one of 
Β H.H.A, 
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these ways, the second place can then be filled up inn — 1 ways; 
and since each way of filling up the first place can be associated 
with each way of filling up the second, the number of ways in 
which the first two places can be filled up is given by the product 
*(n—1) And when the first two places have been filled up in 
any way, the third place can be filled up in n —2 ways. And 
reasoning as before, the number of ways in which three places can 
be filled up is n (n — 1) (n — 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place filled up, aud that at any stage the number 
of factors is the same as the number of places filled up, we shall 
have the number of ways in which r places can be filled up 
equal to 

t (n — 1) (n — 2)......to r factors ; 


and the 7 factor is 
&-(r-1, or n-r+1. 
Therefore the number of permutations of » things taken r at 


a time is 
n (n — 1) (n — 2)......(n - r * 1). 


Cor. The number of permutations of n things taken all at 
a time is 
n(n- 1) (n — 2)......to n factors, 


or χο (n — 1) (n — 2)...... 9. 2. I. 


It is usual to denote this product by the symbol jn, which is 
read ‘“‘iuctoriai n.” Also οι! is sometimes used for jn. 


142. We shall in future denote the number of permutations 
of n things taken r at a time by the symbol "2. , so that 


"P,-n(n-1)(n-2)......(n r1); 
also "P, = |n. 
In working numerical examples it is useful to notice that the 


suffix in the symbol "7, always denotes the number of factors in 
the formula we are using. 


143. The number of permutations of n things taken r at 
& time may also be found in the following manner, 


Let "P, represent the number of permutations of i 
taken r at a time. ᾽ — 
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Suppose we form all the permutations of n things taken r — 1 
at a time; the number of these will be "ο, 


With each of these put one of the remaining n—r +1 things, 
Each time we do this we shall get one permutation of n things 
rata time; and therefore the whole number of the permutations 
of n things r at a time is "P, , x (n- r 4 1); that is, 


"Po-— 
By writing r — 1 for r in this formula, we obtain 
"P, am" P ax (n-74 2), 


Ld 


,*X(n- m1) 


similarly, "P_,="P_,x(n-r+ 3), 


"P, 2*P.x(n- 2), 
"P,z"^ P, x(n- 1), 
"P =n. 


Multiply together the vertical columns and cancel like factors 
from each side, and we obtain 


"P, -n(n-— 1) (n —2) ...... (n — r4 1). 
Example 1. Four persons enter a railway carriage in which there are six 
seats; in how many ways can they take their places ? 


The first person may seat himself in 6 ways; and then the second person 
in 5; the third in 4; and the fourth in 3; and since each of these ways may 
be associated with each of the others, the required answer is 0x 5x 4x8, 
or 860. 


Example 2. How many different numbers can be formed by using six out 
of the nine digits 1, 2, 8,. .9? 


Here we have 9 different things and we have to find the number of per- 
mutations of them taken 6 at a time; 


.". the required result =P, ΕΙ 
z0x8x7x6xb5x4 
= 60480. 


144. To find the number of combinations of n dissimilar 
things taken r at a time. 


Let "C, denote the required number of combinations. 


Then each of these combinations consists of'a group of r 
dissimilar things which can be arranged among themselves in 
r way& [Art. 142.] I | B 
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Hence "C, x ir is equal to the number of arrangements of n 
things taken r at a time; that is, 


"C x Ir = T. 
-n1(n-1)(n—2)...(n-r41); 
— D-3..(n-re1) 55 . (1). 


: is 


Con. This formula for "C, may also be written in a different 
form ; for if we multiply the numerator and the denominator by 
|n — 7 we obtain 


n(n-1)(n—2)...(n-r*l)x n-r 


aus om o —— — 


Ir i-r 


The numerator now consists of the product of all the natural 
numbers from « to 1 ; 


It will be convenient to remember both these expressions for 
"ο, using (1) in all cases where a numerical result is required, 
and (2) when it is sufficient to leave it in an algebraical shape. 


Νοτε. Ifin formula (2) we put r=n, we have 


but *C, —1, so that if the formula is to be true for r=2, the symbol |o must 
be considered as equivalent to 1. 


Example. From 12 books in how many ways can a selection of 5 be 
made, (1) when one specified book is always included, (2) when one specified 
book is always excluded ? 


(1) Since the specified book is to be included in every selection, we 
have only to choose 4 out of the remaining 11. 


Hence the number of ways="u, 
_i1x10x9x8 
~ Lx2xdxa 


= 380. 
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2) Since the specified book is always to be excluded, we have to 
select the 5 books out of the remaining 11. 
Hence the number of ways 16, 
ον οι 
~ 1x2x8x4x5 
= 462. 


145. The number of combinations of n things v at a time is 
equal to the number of combinations of n things n — τ at a time. 


In making all the possible combinations of » things, to each 
group of r things we select, there is left a corresponding group of 
n -T things; that is, the number of combinations of n things 
r at a time is the same as the number of combinations of n things 

a "77 at a time; 
^s "O =" C . 
The proposition may also be proved as follows : 


In 
Ὁ = - ώς 
m 


ner 


[Art. 144.] 


hrir 
="C. 


Such combinations are called complementary. 
Norte. Put r=n, then *C,="C,=1. 


The result we have just proved is useful in enabling us to 
abridge arithmetical work. | 


Ezample. Out of 14 men in how many ways can an eleven be chosen? 
The required number = “C, 


1 x18x 12 
"7 1x2x8 


= 364. 


If we had made use of the formula 1*C,,, we should have had to reduce an 
expression whose numerator and denorhinator each contained 11 factors. 
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146. Το find the number of ways in which m +n things can be 
divided into two groups containing m and n things respectively. 

This is clearly equivalent to — the number of combi- 
nations of m+n things m at a time, for every time we select 
one group of things we leave a group of n things behind. 
m+n 
[m In ; 

Nore. If n=m, the groups are equal, and in this case the number ol 

2m 

different ways of subdivision is ame for in any one way it is possible 
io interchange the two groups without obtaining & new distribution. 


Thus the required number = 


147. Το find the number of ways in which m +n + p things can 
be divided into three groups containing m, n, p things severally. 


First divide m+ n+ p things into two groups containing m 
and n + p things respectively : the number of ways in which this 


. mM+nt+p 
can be done is pes ------- 


Then the number of ways in which the group of n+p things 
can be divided into two groups containing n and p things respec- 


"à + p 
pe 

Hence the number of ways in which the subdivision into three 
groups containing m, n, p Llinys can be made is 


m+ n+p n+p m+nrp 
mer P Per’ 


: s 


tively is 


3m 
Nore. If we putn=p=m, we obtain —— but this formula regards 


as different all the possible orders in which the three groups can occur in 
any one mode of subdivision. And since there are 9 Buch orders cor- 


responding to each mode of subdivision, the number of different ways in 
|3m 


mies 
Esample, The neri ways in which 16 recruits can be dividod into 


which subdivision into three equal groups can be made is 


5 
three equal groups is FEE and the number of ways in which they 


1’ 
ean be drafted into three different regiments, five into each, is js z E. 
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148. In the examples which follow it is important to notice 
that the formula for permutations should not be used until the 
suitable selections required by the question have been made. 


Ezample 1. From 7 Englishmen and 4 Americans a committee of 6 is to 
be formed; in how many ways can this be done, (1) when the committee con- 
tains exactly 2 Americans, (2) at least 2 Americans ? 


(1) We have to choose 2 Americans and 4 Englishmen. 
The number of ways in which the Americans can be chosen is “ορ; and 
the number of ways in which the Englishmen can be chosen is 7C,. Each of ' 


the first groups can be associated with each of the second ; hence 
the required number of waysz*C, x ’C, 


|4 7 


(2) The committee may contain 2, 3, or 4 Americans. 


We shall exhaust all the suitable combinations by forming all the grou 
containing 2 Americans and 4 Englishmen : then 8 Americans and 8 Linylish- 
men; and lastiy 4 Americans aud 2 Englishmen. 


The sum of the three results will give the answer. Hence the required 
number of ways = 40, x! C, C, x *C, 4 0, x 7C, 


πμ... m 
E cm Kc rS A πρ 
B ee we qu us 
z:210 + 140 + 21 2: 871. 


In this Example we have only to make use of the suitable formule for 
combinations, for we are not concerned with the possible arrangements of the 
members of the committee among themselves, 


Ezample 2. Out of 7 consonants and 4 vowels, how many words can be 
made each containing 8 consonants and 2 vowels? 


The number of ways of choosing the three consonants is 7C, and the 
number of ways of choosing the 2 vowels is *C,; and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, eacu containing 8 consonants and 2 vowels, is C, x *C,. 


Further, each of these groups contains 5 lettera, which may be arranged 
amung tuemselves in |ὅ ways. Hence 


the required number of words —7C; x *C, x |5 


Tou ou 
"Ba 2a” [δ 
=5x |7 
= 25209, . 
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Ezample 8. How many words can be formed out of the letters article, so 
that the vowels occupy the even places? 


Here we have to put the 3 vowels in 3 specified places, and the 4 conso- 
narts in the 4 remaining places; the first operation can be done in 8 ways, 
and the second in |4. Hence 


the required number of words = [8x4 
= 144, 


In this Example the formula for permutations is immediately applicable, 
vecause by the statement of the question there is but one way of choosiug the 
vowels, and one way of choosing the consonants, 


EXAMPLES. XI. a. 


l. In how many ways can a consonant and a vowel be chosen out of 
the letters of the word courage? 


2. There are 8 candidates for a Classical, 7 for a Mathematical, and 
4 for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded | 


3. Find the value of 8Ρ,, 35P,, ἌΡ, 19C,,. 


4 How many different arrangements can be made hy taking 5 
of the letters of the word equation ? 


5. If four times the number of permutations of 2 things 3 together 
is equal to five times the number of permutations of 2-1 things 
8 together, find ». 


6. How many permutations can be made out of the letters of 
the word triangle? Ilow many of these will begin with ¢ and end 
with e? 


7. How many different selections can he made by taking four of 
the digits 3, 4, 7, 5, 8,1? How many different numbers can be formed 
with four of these digits? 

8. If *C, : *C,=44 : 3, find x. 

9. How many changes can be rung with a peal of 5 bells? 

10. How many changes can be rung with a peal of 7 bells, the tenor 
Jways being last ! 


11. On how many nights may a watch of 4 men be drafted from a 
crew of 24, so that no two watches are identical? Ou how many of these 
would any one man be taken? 


12 How many arrangements can be made out of the letters of the 
word draught, the vowels never being separated 1 
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13. In a town council there are 25 councillors aud 10 aldermen ; 
how many committees can be formed each consisting of 5 councillors 
and 3 aldermen ! 


14, Out of the letters A, B, C, p, q, τ how many arrangements can 
he — (1) beginning with a capital, (2) beginning and ending with a 
capita 


15. Fiud the number of combinations of 50 things 46 at a time. 
16. If C= "Coy find "Cr 2C. 


17. In how many ways can the letters of the word vowels be 
arranged, if the letters oe van only occupy odd places 1 


18. From 4 officers and 8 privates, in how many ways can 6 be 
chosen (1) to include exactly one officer, (2) to include at least one 
otticer ? 


19. Jn how many ways can a party of 4 or more be selected from 
10 persons ! 


20. If 90,2 *C,,,, find 'C,. 


21. Out of 25 consonants and 5 vowels how many words can be 
formed euch consisting of 2 consonants and 3 vowels? 


22. Ina library there are 20 Lutin and 6 Greek books; in how 
many ways can 8 group of 5 consisting of 3 Latin and 2 Greek books be 
placed on a shelf? 


23. In how many ways can 12 things be divided equally among 4 
persons ? 


24. From 3 capitals, 5 consonants, and 4 vowels, how many words 
can be made, each containing 3 consonants and 2 vowels, and beginning 
with a capital ? 


25. At an election three districts are to be canvassed by 10, 15, and 
20 men respectively. If 45 men volunteer, in how many ways can they 
be allotted to the different districts? 


26. In how many ways can 4 Latin and 1 English book be placed 
on ὃ shelf so that the Euglish book is always in the middle, the selec- 
tion being made from 7 Latin and 3 English books? 


27. A boat is to be manned by eight men, of whom 2 can only row 
on bow side and 1 can only row on stroke side; in how many ways can 
the crew be arranged ? 


28. There are two works each of 3 volumes, and two works each of 
2 volumes ; in how many ways can the 10 books be placed on a shelf so 
that volumes of the same work are not separated? 


29. In how many ways can 10 examination papers be arranged so 
that the best and worst papers never came together 1 | 
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90. An eight-oared boat is to be manned by a crew chosen from 11 
men, of whom 3 can steer but cannot row, aud the rest can row but can- 
not steer. In how many ways van the crew be arranged, if two of the 
men can only row on bow side? 


$1, Prove that the number of ways in which p positive and n 
negative sgns may be placed in a row so that no two negative signs shall 
be together is ? *1C,. 


32, 1£55p,,,:9/.,4- 30800 : 1, find r. 


33. How many different signals can be made by hoisting 6 differ- 
ently coloured flags one above the other, when any number of them 
may be hoisted at once? 


94, If BC, : 40, 122925 : 11, find r. 


149. Hitherto, in the formule we have proved, the things 
have been regarded as unlike. Before considering cases in which 
some one or more sets of things may be like, it is necessary tc 
point out exactly in what sense the words like and unlike are 
used. When we speak of things being dissimilar, different, un- 
like, we imply that the things are visibly unlike, so as to be 
easily distinguishable from each other. On the other hand we 
shall always use the term dike things to denote such as are alike 
to the eye and cannot be distinguished from each other, For 
instance, in Ex. 2, Art. 148, the consonants and the vowels may 
be said each to consist of a group of things united by a common 
characteristic, and thus in a certain sense to be of the same kind; 
but they cannot be regarded as like things, because there is an 
individuality existing among the things of each group which 
makes them easily distinguishable from each other. Hence, in 
the final stage of the example we considered each group to 
consist of five dissimilur things and therefore capable of | ὅ 


arrangements among themselves. [Art. 141 Cor.] 


150. Suppose we have to find all the possible ways of arrang- 
ing 12 books on a shelf, 5 of them being Latin, 4 English, and 
the remainder in different languages. 

The books in each language may be regarded as belonging to 
one class, united by a common characteristic; but if they were 
distinguishable from each other, the number of permutations 
would be 19, since for the purpose of arrangement among them- 
selves they are essentially different. i 
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If, however, the books in the same language are not dis- 
tinguishable from each other, we should have to find the number 
of ways in which 12 things can be (rranged among themselves, 
when 5 of them are exactly alike of one kind, and 4 exactly alike 
of a second kind: a problem which is not directly included in any 
of the cases we have previously considered. 


151. To find the number of ways in which n things may be 
arranged among themselves, taking them all at a time, when p 
of the things are exactly alike of one kind, q of them exactly 
alike of another kind, τ of them exactly alike of a third kind, and 
the rest all different. 


Let there be n letters ; suppose p of them to be a, q of them 
to be b, r of them to be c, and the rest to be unlike. 


Let α be the required number of permutations; then if the 
p letters a were replaced by p unlike letters different from any 
of the rest, from any one of the æ permutations, without alter- 
ing the position of any of the remaining letters, we could 
form jp new permutations, Hence if this change were madé 
in each of the w permutations we should obtain a x |p permuta- 
tions. 


Similarly, if the g letters b were replaced by g unlike letters, 
the number of permutations would be 


e x |p x |g. 


In like manner, by replacing the r letters c by * unlike letters, 
we should finally obtain æ x |p x |g x 'r permutations. 


But the things are now all different, and therefore admit of In 
permutations among themselves. Hence 


ax |p x |g x |r = I; 
that i = "T ; 
* "hr! 
which is the required number of permutations. 


Any case in which the things are not all different may he 
treated similarly. — 
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Example 1. How many different permutations can be made out of the 
letters of the word assassination taken all together? 


We have here 18 letters of which 4 are s, 8 are a, 2 are i, and 2 are n. 
Hence the number of permutations 
|13 
ERE 
=18.11.10.9.8.7.3.6 
= 1001 x 10800 = 10810800, 


Example 2. How many numbers can be formed with the digits 
1, 2, 8, 4, 8, 2, 1, so that the odd digits always occupy the odd places? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 


Each of the ways in (1) can be — with each of the ways in (2). 
1 == --πε--- [ine = = 
Hence the required number = HE x 2 =6 x 3=18. 


(mn Jind the number nf permutations of n things r at a 


Mhen each thing may be repeated once, twice,...... up tor 
times in any arrangement. 


Here we have to consider the number of ways in which r 
places can be filled up when we have « different things at our 
disposal, each of the things being used as often as we please in 
any arrangement. 

The first place may be filled up in n ways, and, when it has 
been filled up in any one way, the second place may also be filled 
up in n ways, since we are not precluded from using the same 
thing again. Therefore the number of ways in which the first 
two places can be filled up is « x n or n’. The third place can 
also be filled up in » ways, and therefore the first three places in 
n’ ways. 

Proceeding in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, 
we shall have the number of ways in which the r places can be 


flied up equal to n”. 
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Ezample. 1n how many ways can 5 prizes be given away to 4 boys, when 
each boy is eligible for all the prizes? 


Any one of the prizes can be given in 4 ways; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by the 
boy who has already received a prize. Thus two prizes can be given away in 
43 ways, three prizes in 43 ways, and so on, Hence the 5 prizes can be given 
away in 4°, or 1024 ways. 


153. To find the total number of ways in which ἐξ ἐν possible 
to make a selection by taking some or all of n things. 


Each thing may be dealt with in two ways, for it may either 
be taken or left; and since either way of dealing with any one 
thing may be associated with either way of dealing with each one 
of the others, the number of ways of dealing with the » things is 

νο κα νο to n factors. 

But this includes the case in which all the things are left, 
therefore, rejecting this case, the total number of ways is 2" — 1. 


This is often spoken of as “the total number of combinations” 
of n things. 


Example. A man has 6 friends; in how many ways may he invite one or 
more of them to dinner? 


He has to select some or all of his 6 friends; and therefore the number of 
ways is 29 — 1, or 63. 


This result can be verified in the following manner. 


The guests may be invited singly, in twos, threes,...... ; therefore the 
number of selections =°C, +°C, + °C, +°C,+ *C, 9C, 


7 =6+15+20+15+6+1=683, 


154. To find for what value of τ the number of combinations 
of n things r at a time is greatest. 


! 


ου ecce) 
«c a ΡΕ 
oC AN. — 
The multiplying factor 7 may be written "+ la 


which shews that it decreases as r increases. Hence as r receives 
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the values 1, 2, 3...... in succession, "C, is continually increased 
until " - — 1 becomes equal to 1 or less than 1. 
Now nei —-1»1, 
T 
so long as p i > 2; 
that is, 3 j ο 


We have to choose the greatest value of r consistent with 
this inequality. 


(1) Letn be even, and equal to 2m; then 


n+l 2m+l mal. 
RES να 
and for all values of r up to nm inclusive this is greater than r. 


Hence by putting r= m= j: we find that the greatest number of 
combinations is "C. 
3 


(2) Let n be odd, aud equal to 2m+1; then 


n+] 2m42 
> -=m+1; 


and for all values of r up to m inclusive this is greater than v; 
but when r= m+ 1 the multiplying factor becomes equal to 1, and 


κ uas that is, "C= °C 
= 


B=1? 
2 


and therefore the number of combinations is greatest when the 
things are taken A: s , or nc at a time; the result being the 


2 
same in the two cases. 


155. The formula for the number of combinations of n things 
rat a time may be found without assuming the formula for the 
number of permutations. 

Let "C, denote the number of combinations of n things taken 
r at a time; and let the n things be denoted by the lettera 
& b, c, d,....... 
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Take away a; then with the remaining letters we can form 
"C , combinations of n — 1 letters taken r — 1 at a time. With 
each of these write æ; thus we see that of the combinations 
of n things r at a time, the number of those which contain 
æa is "'Ο ,; similarly the number of those which contain 
bis" 6. ,; and so for each of the γι letters. 


Therefore n x "^'C, , is equal to the number of combinations 
rata time which contain a, together with those that contain J, 
those that contain c, and so on. 


But by forming the combinations in this manner, each par- 
ticular one will be repeated r times. For instance, if r= 3, the 
combination abc will be found among those containing a, among 
those containing b, and among those containing c. Hence 


= 79 
"C= ? ο Χ T e 


By writing n — 1 and r—1 instead of n and r respectively, 


EN F n=l 
ο = δν ^ zl" 
— 9 
Similarly, VU ο οκ — 
-7*2. 


ids ^ s — 67 x 


and finally, "πο = n—r+l. 


Multiply together the vertical columns and cancel like factors 
from each side ; -thus 


Ag aS il ο ών) 
r r(r—1)(r—2)...... 1 i 


156. To find the total number of ways in which it is possible 
to make a selection by taking some or all out of p+q+rt...... 
things, whereof p are alike of one kind, q alike of a second kind, r 
alike of a third kind; and so on. 

The p things may be disposed of in p+1 ways; for we may 
take 0, 1, 2, 3, ...... p of them. Similarly the g things may be 
disposed of in g+1 ways; the r things in r+] ways; and 
RO On. V a : à ; 
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Hence the number of ways in which all the things may be 
disposed of is (p 1) (q * 1) (r* 1) ...... 

But this includes the case in which none of the things are 
taken; therefore, rejecting this case, the total number of 
ways is | 

(p *1)(g * 1) (r* 1) ...... - ]. 


157. A general formula expressing the number of permuta- 
tions, or combinations, of n things taken r at a time, when the 
things are not all different, may be somewhat complicated ; but a 
particular case may be solved in the following manner. 

Ezample. Find the number of ways in which (1) a selection, (2) an ar- 
rangement, of four letters can be inade from the letters of the word 
proportion. 

There are 10 letters of six different sorts, namely o, 06,0; p, p; r,r; t; i; R. 

In finding groups of four these may be classifled as follows: 

(1) Three alike, one different. 

(2) Two alike, two others alike. 

(8) Two alike, the other two different. 
(4) All four different. 

(1) The selection can be made in 5 ways; for each of the five letters, 
p, T, ἐν ἐν n, can be taken with the single group of the three like letters o. 


(2) The selection can be made in 3C, waya; for we have to choose two out 
of the three pairs o, 0; p, p; r,r. This gives 8 selections. 


(8) This selection can be made in 8x 10 ways; for we select one of the 
8 pairs, and then two from the remaining 5 letters, This gives 80 selections. 


(4) This selection can be made in °C, ways, as we have to take 4 different 
letters to choose from the six o, p. r, t, i, n. This gives 15 selections. 


Thus the total number of selections is 5 --8-- 80-- 16; that is, 53, 


In finding the different arrangements of 4 letters we have to permute in 
all possible ways each of the foregoing groups. 


4 
(1) gives rise to 5 x à , or 20 arrangements. 


ctae dt 
(2) gives rise to 8 x 9 3*9! 18 arrangements, 


4 
(8) gives rise to οκ , or 860 arrangements. 
(4) gives rise to 15 x (4 or 360 arrangements, 
Thus the total number of arrangements is 20 + 18 + 860 4. 860; that is, 168, 
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EXAMPLES. ΧΙ. Ὁ. 


1. Find the number of arrangements that can be made out of the 
letters of the words 
(1) independence, (2) superstitious, 
(3) institutions. 
2. In how man y ways can 17 billiard balls be arranged, if 7 of. 
therm are black, 6 red, and 4 white? 


3. A room is to be decorated with fourteen flags; if 2 of them are 
blue, 3 red, 2 white, 3 green, 2 yellow, and 2 purple, 1n how many ways 
van they be hung? 


4. Ilow many numbers greater than a million can be formed with 
the digits 2, 3, 0, 3, 4, 2, 31 
5. Find the number of arrangements which can be made out of the 


letters of the word algebra, without altering the relative poritions of 
vowels aud consonants. 


6. On three different days a man has to drive to a railway station, 
and he can choose froin 5 conveyances; 1n how many ways can he make 
the three journeys ? 


7. Ihave counters of n different colours, red, white, blue,...... ; in 
how many ways can 1 make an arrangement consisting of r counters, 
supposing that there are at least r of each different colour? 


8. In a steamer there are stalls for 12 animals, and there are 
cows, horses, and calves (not less than 12 of each) ready to be shipped; 
in how many ways can the shipload be made? 

9. In how many ways can n things be given to p persons, when 
there is no restriction as to the number of things each may receive? 

10. In how many ways can five things be divided between two 
persons ? 


11. How many different arrangements can be made out of the letters 
in the expression a35?c* when written at full length? 


12, A letter lock consists of three rings each marked with fifteen 
different letters; find in how many ways it is possible to make an 
unsuccessful attempt to open the lock. 


19. Find the number of triangles which can be formed by joining 
three angular points of a quindecagon. 

14. A library has a copies of one book, b copies of each of two 
books, c copies of each of three books, nnd single Sopa of d books. In 
how many ways can these books be distributed, if all are out at once? 

. 15. How many numbers less than 10000 can be made with the 
eight digits 1, 9, 2, 0, 4, 5, 6, 71 

16. In how many ways can the following prizes be given away to a 
class of 20 boys: fret and second Glaeaioel first and second the- 
matical, first Science, and first French ? 
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17. A telegraph has 5 arms and each arm is capable of 4 distinct 
positions, including the ΗΝ of rest; what is the total number of 
signals that can be made 

18. In how many ways can 7 persons form a ring? In how many 
ways can 7 Englishmen aud 7 Americans sit down at a round table, no 
two Americans being together? 

19, In how many ways is it ible to draw a sum of money from 
8 bag containing a sovereign, a half-sovereign, a crown, a florin, a shilling, 
& peuny, and a farthing? 

20, From 3 cocoa nuts, 4 apples, and 2 oranges, how many selec- 
tions of fruit can be made, taking at least one of each kind 


21. Find the number of different ways of dividing ma things into 
2 equal groups. 

22. How many signals can be made by hoisting 4 flags of different 
colours one above the other, when any number of them may be hoisted 
at once? Ilow many with 5 flags? 

93. Vind the number of permutations which can be formed out of 
the letters οἱ the word series taken three together? 

24, There are p points in à plane, no three of which are in the same 
straight line with the exception of g, which are all in the same straight 
line; find the number (1) of straight lines, (2) of triangles which result 
from joining them. 

25. There are p points in space, no four of which are in the same 
p with the exception of g, which are all in the same plane; find 

ow many planes there are each containing three of the points. 

26. There are n different books, and p copies of each; find the 
number of ways in which a selection can be made from them, 

27. Find the number of selections and of arrangements that can be 
made by taking 4 letters from the word expression. 


98. How many permutations of 4 letters can be made out of the 
letters of the word examination ? 

29. Find the sum of all numbers greater than 10000 formed by 
using the digits 1, 3, 5, 7, 9, no digit being repeated in any number. 

90, Find the sum of all numbers greater than 10000 formed by 
using the digits 0, 2, 4, 6, 8, no digit being repeated in any number, 

31. If of p=+g+r things p be alike, and g be alike, and the rest 
different, shew that the total number of combinations is 


(p+1)(g+1) 2^ -- 1. 

32. Shew that the number of permutations which can be formed 
from 2n letters which are either a’s or δ 8 is greatest when the number 
of a's is equal to the number of b's, 

33. Ifthe n--1numbers a, b, c, d, ...... be all different, and each of 
them a prime number, prove that the number of different factors of the 
expression a" bod...... is (m 4- 1) 9*— 1. 


CHAPTER XII. 


MATHEMATICAL INDUCTION. 


158. Many important mathematical formule are not easily 
demonstrated by a direct mode of proof; in such cases we fre- 
quently find it convenient to employ a method of proof known as 
mathematical induction, which we shall now illustrate. 


Ezample 1. Suppose it is required to prove that the sum of the cubes 


of the first n natural numbers is equal to fz στο 


9 è 

We can egsily see by trial that the statement is true in simple cases, such 
as when n=1, or 2, or 8; and from this we might be led to conjecture that 
the formula was true in all cases. Assume that it is true when x terms are 
taken; that is, suppose 


1 
18 + 25+ 85 4. ...... to n terms= 71 . 
Add the (n +1) term, that is, (n + I)? to euch side; then 


5 -- 22 - 89 4 ...... ton+1 κ. 
zz (n - 1)? (F+n+1) 
_(n+1)? (n?+4n+4) 
τ 4 
— SIE 
-- 9 ᾽ 


vhich is of the same form as the result we assumed to be true for n terms, 
t+ taking the place οἵ n; in other words, if the result is true when we take 
| certain number of terms, whatever that number may be, it is true when we 
ncrease that number by one; but we see that it is true when 3 terms are 

n; therefore it is true when 4 terms are taken; it is therefore true when 
| terms are taken; and so on. ‘Thus the result is true universally. 
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Ezample 3. Το determine the product of n binomial factors of the form 
+a. 


By actual multiplication we have 
(z +a) (5 -- b) (z -- c) 2 x + (a -- b +c) αὖ + (ab+ be + ca) + abe; 


(z+ a) (z -- ὁ) (z- ο) (2 -- d) 2 z*- (a-- b ---ο-- d) z? 
+(ab+ac+ ad 4- be+ bd. -- cd) z? 
+ (abe 4- abd + acd + bed) x + αὐσᾶ. 
In these results we observe that the following laws hold: 


l. The number of terms on the right is one more than the number of 
binomial factors on the left. 


2. Tie index of z in the first term is the same as the number of 
binomial factors; and in each of the other terms the index is one less than 
that of the preceding term. 


8. The coefficient of the first term is unity; the coefficient of the second 
term is the sum of the letters a, b, c, ...... ; the coefficient of the third 
term is the sum of the products of these letters taken two at a time; 
the coefficient of the fourth term is the sum of their products taken three at 
& time; and so on; the last term is the product of all the letters. 


Assume that these laws hold in the case of n -— 1 factors; that is, suppose 
(z -- α) (c+ b)...(z + h) 2 271 +p, 29-2 + pa" + pyt" +... + Dar) 
where Py=atb+c+...h; 


Pg= ab + ac 4- ... taht be + bd 4- ...... : 
p347abc--abd- , .; 


Pa~=abe...h, 


Multiply both sides by another factor æ +k; thus 
(z t a) (a+b)... (a+h) (z - K) 
zz + (p, k) z*714- (p, p, k) α” 3 ( p, E pak) ο” 3+... + κι. 
Now Pitk=(atbt+e+...+h)+k 
=sum of all the n letters a, b, ¢,...k; 
PotD k=pyt+k(at+ob+,.. +h) 
=sum of the producta taken two at a time of all the 
n letters a, b, c, ... k; 


Bs 23k p+ k (ab -- ac - ... Ἔ ah -- be 4...) 
=sum of the products taken three at a time of all 
the n letters a, b, c, ... k; 


Pa-15 = product of all the n letters a, b, c, ... k. 
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If therefore the laws hold when n-1 factors are multiplied together, 
they hold in the case of n factors. But we have seen that they hold in the 
case of 4 factors; therefore they hold for 5 factors; therefore also for 6 
factors; and so on; thus they hold universally. Therefore 

(£z -- a) (x -F b) (e+e) ... (z-- k) za" - S71 4 Sar" + S234 +S), 
where S,=the sum of all the n letters a, b, ¢ ... k; 
S= the sum of the products taken two at a time of these n letters. 


S, tho product of all the » letters. 


159. Theorems relating to divisibility may often be esta- 
blished by induction. 


Example. Shew that z*—1 is divisible by z—1 for all positive integral 
values of n. 
— z-1 .1,,77'-1 
By division 22] 5570 στη 


if therefore z^-! — 1 is divisible by z — 1, then z^ -1 is aleo divisible by z- 1. 
But z?—1 is divisible by z—1; therefore z*—1 is divisible by z—1; there- 
fore z*— 1 is divisible by z — 1, and so on; hence the proposition is established. 

Other examples of the same kind will be found in the chapter on the 
Theory of Numbers. 


160. From the foregoing examples it will be seen that the 
only theorems to which induction can be applied are those 
which admit of successive cases corresponding to the order of 
the natural numbers 1, 2, 3, ...... qi. 


EXAMPLES. XII. 


Prove by Induction : 


1. 14-345-4.....--(2n — 1) 2 n3. 
2. 12-93-93 .- ..... nies cn (n D n 1). 
9. 92.-23.-99..,..... --9^— 2(2^ — 1), 
] 1 1 n 
4. J ee to n terms = ~~. 
5. Prove by Induction that 2*— y* is divisible by x+y when nis 
even. 


CHAPTER XIII. 
BINOMIAL THEOREM. POSITIVE INTEGRAL INDEX. 


161. Ir may be shewn by actual multiplication that 
(x + a) (a+b) (x +c) (x+ d) 
=x + (a +b+0e+d)x + (αῇ + ac + ad + be + bd + ced) αἱ 
+ (abe + abd + αοἱ!-δοἆ)α--αὐοᾶ........................... (1). 


We may, however, write down this result by inspection ; for the 
complete product consists of the sum of a number of partial pro- 
ducts each of which is formed by multiplying together four 
letters, one being taken from each of the four factors. If we 
examine the way in which the various partial products are 
formed, we see that 

(1) the term a* is formed by taking the letter z out of each 
of the factors. | 

(2) the terms involving 2? are formed by taking the letter a 
out of any three factors, in every way possible, and one of the 
letters a, b, c, d out of the remaining factor. 

(3) the terms involving x° are formed by taking the letter x 
out of any two factors, in every way possible, and two of the 
letters a, b, c, d out of the remaining factors. 

(4) the terms involving æ are formed by taking the letter x 
out of any one factor, and three of the letters a, b, ο, d out of 
the remaining factors. 


(5) the term independent of æ is the product of all the letters 
a ὃ ο ἆ ' 
| Edample 1. (z - 2) (z +3) (z - 5) (2 +9) 
zai (-24-8-549)22 +(-6+10-18~ 15427 — 45) 24 
+ (30 - 54 + 90 — 196) æ +270 
ot 523 - 472- 69z +270. 
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Esample 2. Find the coefficient οἵ z? in the product 
(x — 8) (2+ o) (z - 1) (2 +2) (2 - 8). 

The terms involving z? are formed by multiplying together the z in any 
hree of the factors, and two of the numerical quantities out of the two re- 
naining factors; hence the coefficient is equal to the sum of the products 
X the quantities —8, 5, —1, 2, —8 taken two at a time. 

Thus the required coefficient 

= -1564+3-6+424-—5410-40-24+8~-16 
zz — B9. 


162. If in equation (1) of the preceding article we suppose 

=c=d=a, we obtain 
(x + a)‘ 2 a* + 4aa? + 6a^z* + 4αω--α.. 

The method here exemplified of deducing a particular case 
‘rom & more general result is one of frequent occurrence in 
Mathematics ; for it often happens that it is more easy to prove 
v general proposition than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
ν formula known as the Binomial Theorem, by which any binomial 
X the form «+a can be raised to any assigned positive integral 
ower, 


163. To find the expansion of (x+a)" when n ts a positive 
nteger. 
Consider the expression 
(x+ a) (x +b) (ᾳ -- ο) ...... (x +k), 
ihe number of factors being n, 


The expansion of this expression is the continued product of 
he n factors, c +a, x+ 5, 24- c, ...... æ+ k, and every term in the 
'Xpansion is of n dimensions, being a product formed by multi- 
lying together n letters, one taken from each of these n factors. 

The highest power of œw is z", and is formed by taking the 
etter æ from each of the n factors. 

The terms involving c"! are formed by taking the letter x 
‘rom any n—1 of the factors, and one of the letters a, b, c, ... k 
‘rom the remaining factor; thus the coefficient of z"'! in the 
ang product is the sum of the letters a, b, c, ...... k; denote it 
oy $,. 

The terms involving 2*~* are formed by taking the letter x 
from any n —2 of the factors, and two of the letters a, b, c, ... k 
trom the two remaining factors; thus the coefficient of z"^* in 
ihe final product is the sum of the products of the letters 
3, 5, c, ... ἆ taken two at a time;. denote it by S,. ` 
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And, generally, the terms involving z"^' are formed by taking 
the letter x from any n — v of the factors, and r of the letters 
t, b, c, ... k from the r remaining factors; thus the coefficient of 
0." in the final product is the sum of the products of the letters 
1, b, c, ... k taken r at à time; denote it by S_. 

The last term in the product is abc ... k; denote it by δ, 


Hence (ω 4-α)(α + b) (x 4- c) ...... (x+ k) 
— a" + Sax δα) tS + eS S.. 
In S, the number of terms is n; in S, the number of terms is 


the same as the number of combinations of n things 3 at a time; 
that is, "C, ; in S, the number of terms is "C, ; and so on. 


Now suppose 6, ο, ... k, each equal to a; then S becomes 
Οία» δ, becomes "C,a*; S, becomes "C"; and so on; thus 
(ar + a)" = a? + "C az" ^! + "C,a'z"* -"C αὖ” V... -"Ca*; 


substituting for "Οι, "C.,... we obtain 


= SOR .9 
(a+a)"= z'"- πια” + pei ax" 14. da Ὁ bs a wa +. an 
the series containing n + 1 terms. 
This is the Binomial Theorem, and the expression on the right 
is said to be the expansion of (x + a)". 


164. The Binomial Theorem may also be proved as follows: 


By induction we can find the product of the n factors 
z+a, +b, x+c,...%+k as explained in Art. 158, Ex. 2; we 
can then deduce the expansion of (x+a)" as in Art. 163. 


165. The coefficients in the expansion ‘of (r--a)" are very 
conveniently expressed by the symbols "C,, "C,, "ο, ... "C . 
We shall, however, sometimes further abbreviate them by omitting 
^, and writing C,, Cp C,, ... C... With this notation we have 

(x +a)" = 2° + Cla! + C ao"? + C az? n + Ca. 

If we write — a in the place of a, we obtain 

(œ —a)'- a" C, (~a) 2^ * C, (- afa" +C -a.C (-ay 
=o — Can" + Cauw t - Cata +... + (-1)"C a". 

Thus the terms in the expansion of (x +a) and (x —a)" are 
numerically the same, but in (z—«)" they are alternately, positive 
and negative, and the last term is positive or negative according 
as » is even or odd, 
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Example 1. Find the expansion of (z ἠ- y. 
By the formula, 
(+y) =x + *C, ry + 5C, ry? + SC, 22y9 9C ry 9C xy C yt 
= 25 + Or5y + 15z*y* + 2023y? + 15z?y* + bxy? + y’, 
on caloulating the values of 9C, , Cg, 9C,, ......... ; 


Ezample 2. Find the expansion of (u — 2z)’. 
(a - 35} =a? -70 a® (22) +7C, a^ (22)? -7C, a* (22)? 4- ...... to 8 terms. . 
Now remembering that *C,—"C, ,, after calculating the coefficients up to 


7C,, the rest may be written down at once; for 70,27C,; 70, =7C,, and so on. 
Hence 


(a - 2zy =a? -- 1a* (21) + —* a5 (27)? - Το : at (2α)Ὶ + 
=a? — la’ (35) + 21a’ (22)? — 35a‘ (2x)? + 35a? (27)4 
— 21a? (2x)? + 7a (22)5 — (22) 
=a’ — 14α62 + 84a5x? — 280a‘4z5 + 560324 
— 673a*z + 448az5 ~ 12827, 


Ezample 8. Find the value of 
(a+ J«* - 1)7 +(a- Ja - 1y. 


We have here the sum of two expansions whose terms are numerically 
the same; but in the second expansion tie second, fourth, sixth, and eighth 
terms are negative, and therefore destroy the corresponding terms of the first 
expansion. ence tle valus 

= 2 (a? + 21a? (a? -- 1) + 85a? (a? -- 1)* + Τα (u? -- 1)*] 
= 2a (4a — 112a* + 56a? — 7). 


166. In the expansion of (x + a)", tha coefficient of the second 
term is "C, ; of the third term is "C, ; of the fourth term is "C,; 
and so on; the suffix in each term being one less than the 
number of the term to which it applies; hence "C, is the co- 
efficient of the (r+ l1)" term. This is called the general term, 
because by giving to r different numerical values any of the 
coefficients may be found from "C,; and by giving to z aud a 
their appropriate indices any assigned term may be obtained. 
Thus the (r + 1)* term may be written 


"σα. or n (n - 1) (n- 2)... n- r+ 1) aa’. 


ζ 


In applying this formula to any particular case, it should be 
observed that the index of a is the same as the sufix of C, and 
that the sum of the indices of x and a ia n. ; 
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Ezample 1. Find the fifth term of (a -- 22?)7, 
The required term zYC, a" (Παλ 
17.16.15.14 


φομ ώσπου. 18 413 
αμ καλα 


= 9808041? 2”, 
Example 2. Find the fourteenth term of (3 — α)15. 


The required term =15C,, (3)? (- a) , 
=150, x ( — 9a!) [Art. 145.] 
= — 945a”, 


167. The simplest form of the binomial theorem is the ex- 
pansion of (1 +x)”. This is obtained from the general formula 
of Art. 163, by writing 1 in the place of z, and z in the place 
ofa. Thus 


(1+æ)"=1 +C æO τε... . CO 2" 


n(n-1)5, 4-2: 


the general term being 
n (n — 1) (n— 2) ...... (n—T 41) 
MI UE D ree x. 


The expansion of & binomial may always be made to depend 
upon the case in which the first term is unity ; thus 


(æ +y) = [5 (1 » 4 
= 2*(1 +2)", where z=*, 


Ezample 1. Find the coefficient of αἲθ in the expansion of (z* -- 24)19, 
| We have (zt- 9)! =u (a : 3) 3 
and, kinee <% multiplies every term in the expansion of ( 1- τ)» we have ig 
this expadidn to seek the coeffioient of the term which contains E. 


Hence the required coefficient ==!°C, ( — 2) 
,19.9.8.7 16 
~ 1.3.8.4 


== 8860. 
In some cases the following method is simpler, 
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Example 2. Find the coefficient of æ” in the expansion of (2: 2)- 
Suppose that αἵ occurs in the ( p +1)" term. 


112 
The (p +1)" term -- "Ορ (z3)^-P (2) 
= "Ορ gqin-5n. 


But this term contains z”, and therefore 21 -- 5p —r, or p =i- ο 


Thus the required coefficient ^C, —*C,, , 
δ 


sae 


gn - 7) Κως 


Unless mat is a positive integer there will be no term containing #* in 


the expansion. 

168. In Art. 163 we deduced the expansion of (z+ αὐ" from 
the product of n factors (x +a) (z+b)... (z-- k), and the method 
of proof there given is valuable in consequence of the wide gene- 
rality of the results obtained. But the following shorter proof of 
the Binomial Theorem should be noticed. 


It will be seen in Chap. xv. that & similar method is used 
to obtain the general term of the expansion of 


(a - b -- c ...... ae 


169. 7ο prove the Binomial Theorem. 


The expansion of (x + a)" is the product of n factors, each 
equal to w+a, and every term in the expansion is of n dimen- 
sions, being a product formed by multiplying together » letters, 
one taken from each of the n factors. Thus each term involving 
æa" is obtained by taking a out of any r of the factors, and x 
out of the remaining n—r factors, Therefore the number of 
terms which involve 2*~’a’ must be equal to the number of ways 
in which r things can be selected out of n; that is, the coefficient 
of α"-'α’ is "Ὁ, and by giving to r the values 0, 1, 2, 8, ... n in 
succession we obtain the coefficients of all he terms. Henge 


(x +u) = ae + "C aha σα... 4-0, 


since "C, and "C, are each equal to unity. 
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EXAMPLES. XII. a. 
Expand the following binomials: 


1. (ᾱ- 3). 2. (3r--2y)*. 3. (2v-y)& 
4. (1 - θα). 5. (zz). 6, (1-zy). 
374 9X 6 aNT 
7. (s- 3) 8. (30-3). 9. (1) 
3 3w 1 \8 TNCS 
10. (2773:) : 11. (2*9) : 12. ( -ᾱ) : 
Write down and simplify : 


13. The 45 torm of(z—5)9. 14, The 10 term of (1— 8214, 
15. The 1923 term of (2r —1)?. 16. The 28* term of (52+ 8y)™. 


" a 10 
"M. The 48 tcrm of (5 + 9b) : 


8 
18. The 5* term of (2a -- ) ; 


9 
19. The 7* term of ($-Z ----). 


£0. The 5 term of (5 -5 ] 

Find the value of 

($4-/2)* + (x — ψ2)'. 22, (/29— at + 2)§ — (xt — al zy 
(/2+1)8 - (2 — 1)5. 94. (2-1-zy--(2--1- y. 
Find the middle term of E + ) 


oM 


Find the middle term of (1 -$) ; 


m ; : 3a\ 15 
Find the coefficient of 25 in s+) i 
Find the coefficient of x!* in (az4 — br). 
Find the ΠΝ ΠΕΡ of z% and ο 1 in (s- sd 


#8 BBN 


Find the two middle terms of us of (3a -= 
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91. Find the term independent of v in E x! σα) 


32. Find the 13 term of (s«- E y 
3yr 
33. If 27 occurs in the expansion of ( x +) ν find its coefficient, 


3a 
34. Find the term independent of x in (s - 3) 5 
x 
: 1133 : 
35. If xP occurs in the expansion of (s) , prove that its co- 


efficient is EN 


ia (4n 4n7 p)l; nep) 


170. In the expansion of (1 + x)" the coeficients of terms equi- 
distant from the beginning and end are equal. 


The coefficient of the (r +1) term from the beginning is 
"C, 

The (r + 1)^ term from the end has n + Ἱ-- (r+1), or n-r 
terms before it; therefore counting from the beginning it is 
the (n—=r + 1) term, and its coefficient is "C, |, which has been 
shewn to be equal to "C. [Art. 145.) Hence the proposition 
follows. 


11]. To jind the greatest coefficient in the expansion of 
(1 * x)". 


The coefficient of the general term of (1+2)* is "C, ; and we 
have only to find for what value of r this is greatest. 


By Art. 154, when n is even, the greatest coefficient is "C, i 
and when n is odd, it is "C, ,, or "C, t ; these two coefficients 
* 


being equal. 
172. To find the greatest term in the expansion of (x +a)’, 
We have (2+ a)" =x" t * =) ; 


therefore, since æ” multiplies avery term in (1+ + =) , it will be 
sufficient to find the greatest term in this latter expansion. 
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Let the τῇ and (4 1) be any two consecutive terms. 
The (r--1)* term is obtained by multiplying the r term by 


"-—T-l a ; n+l a 
ETTET 5; that is, by CI 5 1) : [Art. 166.] 
The factor *— : —1 decreases as r increases; hence the 


(r +1)" term is not always greater than the r* term, but only 
+] 
until (* 


- 1) : becomes equal to 1, or less than 1. 


T 
n+l a 
Now ( - 1) -»}, 
T £ 
n+l æ 
so long as : —-1--; 
that i n+l æ] 
8, ve PE 
or REL X 9959999669 ουσ. 
x 
-+1 
α 
n+l : : i 
If — be an integer, denote it by p; then if r — the 
-+1 
a 


multiplying factor becomes 1, and the (p + 1)" term is equal to the 
.p*^ ; and these are greater than any other term. 


Tf as? be not an integer, denote its integral part by q; 


x 
a + 1 

then the greatest value of r consistent with (1) is g; hence the 
(q+ 1)* term is the greatest. 


Since we are only concerned with the numerically greatest 
term, the investigation will be the same for (α-- a)"; therefore 
in any numerical example it is unnecessary to consider the sign 
‘of the second term of the binomial. Also it wil be found best 
to work each example independently of the general formula, 
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1 
Example 1. If 3-3: find the greatest term in the expansion of (1 -+ 4z)f. 


Denote the rè and (r+1)** terms by T, and T,,, respectively; then 


8- 
Tr = rH dex Ty 
-r 4 
πας ως 
hence Ina Tes 
9-r 4 
so long as ZUM 371i 
that is 86 — 4r 3r, 
Or i 86>7r. 


The greatest value of r consistent with this is 5; hence the greatesı term 
is the sixth, and its value 


4\5 4\5 57344 
zz - = 8 — SS — — 


νε 2. Find the greatest term in the expansion of (8 -- 2x)’ whem 
gml, l 
2r V9. 


(3 — 21)?—39 (2 d ru 


thus it will be sufficient to consider the expansion of (1 - 3) . 


Here Tepa tti . * x Tp, numerically, 
10- 2 
= — x 8 X T. 
hence τωι» Τρ, 
10-r 2 
so long as : xg7li 
that is, 20> ὄγ, 


Hence for all values of r up to 8, we have T,,,>T,; but if r=4, then 
T.+ = Tp, and these are the greatest terms. Thus t dh and δὲ terms are 
numerieally equal and greater than any other term, and their value 


8 
289 x'C, ne -» x 84 x 8 2489688: 
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173. To find the sum of the coefficients in the expansion 
of (l+ xY. 
In the identity (1 +æ) =1 +C æ+ Ca € Cur erc. 
put z = 1; thus 
2214€, 40,-C,9...* C, 


= sum of the coefficients. 


Cor, C, XC, C, +... ο 2-10 
that is “the total number of combinations of n things" is 2" — 1. 
[Art. 153.] 


174. To prove that in the expansion of (1+x)", the sum of 
the coefficients of the odd terms is equal to the sum of the coefficients 
of the even tirms. 


In the identity (142) 1+C,2+C,%+Cy'+...+C02', 
put α----{; thus 
.  021-0€,«0€,-0,4 0, -C, ...... i 
ee JACO +o =C, +C +O, Ho 


-i (sum of all the coefficients) 
ud 
175. "The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 


Example, Find the expansion of (z? 4-27 - 1). 
Regarding 2z — 1 as a single term, the expansion 
= (£?) +8 (22)? (2z — 1) - 82? (Qa — 1) - (2x - 1)? 
za 6254+ ur* — Az* — 9x1 1-67 — 1, on reduction. 
176. The following example is instructive. 
Example. lf  (1+2z)"=c)+e¢,7+¢_2"+...... +c, 2, 


find the value of Cy + 2c, + 9e, + 4cy+...... T (n 4-1) e,........... ee. (1), 
and οὐ + 90,5 4 Bey? +...... PROD v n (2). 
The series (1) -- (co -- δι - cg t ...... T Cy) + (οι + 204 3e, ...... T no) 

=i tn been P3 ο uan, +f 


= ον +2 (1+1)"") 
ze 4,8 9, 27-2, 
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To find the value of the series (2), we proveed thus: 


c£ + 20,22 t 8e, 25 4 ...... T neu z^ 
=nx fı + (n1) + Urs des 2) X ous + zi 
—-nz(l-z)"!; 


hence, by changing τ into : , we have 


e, , 2e, , Bey ne, πι 1" 
9 ic Ἡν, tacit eeeeee (8). 
Also ορ T C Z-b C42? +... Ἔεια”--(]--α)".................. (4). 


If we multiply togethe~ the two series on the left-hand sides of (8) and (4), 
we see that in the product the term independent of z is the series (2); hence 


-1 
the series (2) = term independent of z in - (1-Εα)" (1 +3)" 


= term independent of x in E (1 --α) νὰ 


z- coefficient of z” in n (1 -- )t^71 
=n x2"-1C, 
|21-1 


EXAMPLES. XIII. b. 


In the following expansions find which is the greatest term: 
1, (x-y) when z—11, y —4. 
2, (2r—3y)? when c=9, ψ--4. 
3. (2a--5)* when a= 4, b=5. 
4. 


(3 +2x) when x= ; 
In the following expansions find the value of the greatest term : 


5. (1--x)* when — π--6. 


3 ) 
6. 1 1 

(a+2)" when a=5 » my HD. 
F H.H.A. 
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7. Shew that the coefficient of the middle term of (1+.)™ is 
equal to the sum of tho coefficients of the two middle terms of 
(1) 71, 


8. If A be the sum of the odd terms and B the sum of the 
even terms in the expansion of (z-4-a)", prove that A? — B? (1? — αἲ)", 


9, The 2^4 374, 4è terms in the expansion of (z--y)" are 240, 720, 
1080 respectively ; find z, y, n. 


10, Find the expansion οἵ (1 --25-- 491. 
11, Find the expansion of (34? —2ax 4- 3a? 
12, Find the rt term from the end in (x +a}. 


an +1 
13, Find the (p--2) term from the end in (2-5) . . 
. In the expansion of (1 +.x)® the coefficients of the (37 -- 1)^ and 
the (74-2) terms are equal; find r. 


15. Find the relation between r and n in order that the coefficients 
of the ἂν’ and (r+2)™ terms of (1 +x)" may be equal. 


16. Shew that the middle term in the expansion of (1 +.)™ is 


1.3.5... (2n- 1) 
N 


2ny^, 


If cy, c, Cys ... c, denote the coefficients in the expansion of (1+.)*, 
prove that 


1T. cT206T36-...... Ro mnn, 
€ ê e, — $**1—] 
18. Ota tot ΠΤ tal n+l 
19, GEN 98, -- pa Lh OE) 
Co oq Cg Ca -1 
TETN 1)» 
20, (otc) (Gtt)... E τε 
9%, 98 οι, Q»*1.  Ágn*l.-] 
a. Stee 3.594. d ut -- 
, 22 
90. cro) oe οι... T6, "μα. 
4 i jan 
23. Qe Ete y Gf ean nn t E pr pit 


CHAPTER XIV. 
BINOMIAL THEOREM. ANY INDEX. 


177. In the last chapter we investigated the Binomial 
Theorem when the index was any positive integer ; we shall now 
consider whether the formule there obtained hold in the case 
of negative and fractional values of the index. 


Since, by Art. 167, every binomial may be reduced to one 
common type, it will be sufficient to confine our attention to 
binomials of the form (1 +)". 


By actual evolution, we have 


à — ι 1 1 
(142) - Vlez-legz-gza eq, - — j 


2 8 
and by actual division, : 


(1 —a)7? =: = l 230 t 90) 4 42? uu... ; 
Compare Ex. 1, Art. θ0.] 
[Compa 


and in each of these series the number of terms is unlimited. 


ES 
4-α) 


In these cases we have by independent processes obtained an 
1 


expansion for each of the expressions (1 + œ) and (1-2) *. We 
shall presently prove that they are only particular cases of the 
general formula for the expansion of (l--z)', where » is any 
rational quantity. 


This formula was discovered by Newton. 


178.. Suppose we have two expressions arranged in ascending 
powers of x, such as 


=] —1)(n-2 
and lng £20 Du ner D 9 e Fee eee ees ces(i) 


150 HIGHER ALGEBRA. 


The product of these two expressions will be a series in as- 

cending powers of x; denote it by 

1 + Ax Βα" CoD... ; 

then it is clear that A, B, C, ...... are functions of m and x, 
and therefore the actual values of A, B, €, ...... in any particular 
case will depend upon the values of m and x in that case. But 
the way in which the coefficients of the powers of x in (1) and (2) 
combine to give A, B, C, ...... is quite independent of m and » ; 
in other words, whatever values m and n may have, A, B, C, ...... 
preserve the same invariable form. If therefore we can determine 
the form of 4, B, C,...... for any value of m and », we conclude 
that 4, B, C, ...... wil have the same form for all values of m 
and n. 

The principle here explained is often referred to as an example 
of “the permanence of equivalent forms ;" in the present case we 
have only to recognise the fact that in any algebraical product the 
Jorm of the result will be the same whether the quantities in- 
volved are whole numbers, or fractions ; positive, or negative. 

We shall make use of this principle in the general proof of 
the Binomial Theorem for any index. The proof which we 


give is due to Euler. 
κ, To prove the Binomial Theorem when the index is a 


positive fraction. 
Whatever be the value of m, positive or negative, integral or 
fractional, let the symbol f (m) stand for the series 


m(m—1) ν "1 (πι-- 1) (m—2) 
1 + max + πο ο αμ σποτ - a 4... j 


then f(n) will stand for the series 
l +200 + "ως νο DO Dey ids 
.2 i .2. ᾿ 


If we multiply these two series together the product will be 
another series in ascending powers of x, whose coefficients will be 
unaltered tn form whatever m and n may be. 


To determine this invariable form of the product we may give 
to m and n any values that are most convenient; for this purpose 
suppose that m and n are positive integers. In this case f(m) 
is the expanded form of (1 + x)", and (n) is the expanded form of 
(1 +œ)"; and therefore 
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ο) (πι) x f (n) (1 + x)" x (1-2) - (1 -a)"**, 
but when m and n are positive integers the expansion of (1 + z)"*" 


is 1 + (09 +) α + pet eoi ids 1) μ re 


This then is the form of tho product of f (m) xf (n) $n all 
cases, whatever the values of m and n may be; and in agreement 
with our previous notation it may be denoted by JS (m+n); there- 
fore for all values of m and n 


S (m) κ. Γ(ου) =f (m+n). 
Also f (m) xf (n) xf (p) =f (m+n) xJ(p) 
=f(m+n+p), similarly. 


Proceeding in this way we may shew that 
Jf (m) x f (n) x f(p)...to k factors =f (m+n +p +...to k terms). 


Let each of these quantities na 2, p, ...... be equal to τν 


where ἦν and X are positive integers ; 
ο) =r 

but — h is a positive integer, f (4) = (1 - x); 
ο. u ay 
(13 -/(1); 

but f (2) stands for the series 


leje* HO)... E 


ΠΟ 


gps proves the Binomial Theorem for any positive fractional 
Inaex 


e (Le oji- ] +7 — 
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180. To prove the Binomial Theorem when the index is any 
negative quantity. 
Tt has been proved that 
| I (m) xf (n) =f (m+n) 


for all values of m and n. Replacing m by —n (where n is 
positive), we have 


f (70) xf (n) =f(~n +n) 
=f (0) 
si 
since all terms of the series except the first vanish : 
l 
.. f) =f (- n); 
but f (n)=:(1 + a)", for any positive value of n ; 
l 
πα) zf(-n), 
or (1+ a)"*=f(—n). 
But f (~n) stands for tho sorios 


1«(-9)a 4 £927 gy ΠΠ Η 


λα. £4 ...... ; 


which proves the Binomial Theorem for any negative index, 
Hence the theorem is completely established. 


181. The proof contained in the two preceding articles may 
not appear wholly satisfactory, and will probably present some dif- 
ficulties to the student. There is only one point to which we 
shall now refer. 


In the expression for f(m) the number of terus is finite when 
m is a positive integer, and unlimited in all other cases. See 
Art, 182. It is therefore necessary to enquire in what senge We 
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are to regard the statement that f (m) xf (n) zf(m--n) It will 
be scen in Chapter ΣΧΙ., that when x < 1, each of the series f (m), 
Γ (n), f (m + n) is convergent, and f (m +n) is the true arithmetical 
equivalent of f(m) xf(n) But when z-]1, all these series are 
divergent, and we can only assert that if we multiply the series 
denoted by f(m) by the series denoted by /'(1), the first r terms 
of the product will agree with the first r terms of f(m+ m), 
whatever finite value r may have. [See Art. 308.] 


3 
Ezample1l. Expand (1 -- x)? to four terms. 


3 (8 8 (8 
5 alari ST 
W TONS SR à 


1.2 


μα 


8 8, 1 
-l-gz-gz ΤΝ T 


Example 2. Expand (2+82)~ to four terms. 


Ν - 
(2--8αγ-4--9-- (a+ x 


ο ος ο. 


1 45, 135. 
ΠΟΣΕΣ — e: 


182. In finding the general term we must now use the 
formula 


n(n- 1)(n — 2) ...... (n-r*1), 

ΠΝ ΑΝ 
written in full; for the symbol "C, can no longer be employed 
when n is fractional or negative. 


Also the coefficient of the general term can never vanish unless 
one of the factors of its numerator is zero; the series will there- 
fore stop at the r term, when n—r+ 1 is zero; that is, when 
f» 71-1; but since r is a positive integer this equality can never 
hold except when the index n is positive and integral. Thus the 
expansion by the Binomial Theorem extends to n+ l terms when 
n is a positive integer, and to an infinite number of terms in all 
other cases, - — | — 
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1 
Ezample1. Find the general term in the expansion of (1+2)4. 


The (r 4 1)'^ term = 


QiCc)n(ome (mes, 
2" i" 
The number of factors in the numerator is r, and r - 1 of these are nega- 


tive; therefore, by taking -- 1 out of each of these negative factors, we may 
write the &bove expression 


ο 4 . (27-3) r 


(- 1) or τ 


i 
Example 2. Find the general term in the expansion of (1- πα)», 


: G I 2) ο) (nr) 


The (r+ 1)^ term = — i" 


1(1-2)(1-29 ....(1- r-1.9), 4, , 
ση (= 1)? ata 
1 (1-1) (1- 2n) ..... (l-r-1.n) 5 

Ir T 


— p- (0-1) (2n-1)......(r-1.n-1 
=(-ur(-yr 6 Ens etn 


-(-1)᾽ 


_ (n-1) (2n - 1)... ... (r-1-n-1) 
E του 


since (-1 (- 9 2(- 19» -1. 


Hæumple 8. Find the general term in the expansion of (1— r)~%, 


s ο... 
spes με 
oy 9.4. b...... (r+2) , 
TOU as er ο E er T 
ΤΟΝ 


by removing like factors from the numerator and denominator, 
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EXAMPLES. XIV. a. 
Expand to 4 terms the following expressions: 


L αφ. 2. (+a). 
1 

4. (11.55) 3, δ. (1-345. 

T (12/4, 8. (ος) 


] πι M 
10. (1450) , 11. (4273. 


à E. 
19. (8+12a)*. 14 (9- 65) ἃ, 
Write down and simplify : 
16. The 8 term of (1-- 2») ἃ, 


n 
17. The 11193 term of (1- 2.2°)2. 


18. The 10° term of (1+ —* 
19. The 5 term of (3a — 90)”. 
20. The (r+1)* term of (1—2)73, 
21. The (r+1)™ term of (1—2)7*. 


1 
22, The (r-41)* term of (1-4-2)*. 
n 
23. The (r4-1)*^ term of (1--2)?. 
13 
24. The 1405 term of (2!°— 275)2, 


" 
25. The 7 term of (38 + 64z)4, 


3 
9. (i $ "i 
3 
1 
12. (9-22). 


15. (4a — Bs) À, 


NG. If we expand (1—2)'* by the Binomial Theorem, we 


obtain 


(1 -x)= 1+ 2α + δα) + 4a? 4 


— 


but, by referring to Art. 60. we see that this result is only true 
when z is less than 1, This leads us to enquire whether we are 
always justified in assuming the truth of the statement 


(1+a)*=1 λα, 


a* + 9559098 
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and, if not, under what conditions the expansion of (1 +æ)" may 
be used as its true equivalent, 


Suppose, for instance, that » -- 1; then we have 


(1-2)! -ltet F0 em uus. . (1) 
in this equation put α -2; we then obtain 
(-- 111 -- 1 -- 2 -- 93 e 294 2* 4 ...... 
This contradictory result is sufficient to shew that we cannot 


take 


1) 


n(n- 
1 + m0 + ( LB AM 
1.2 


as the true arithmetical equivalent of (1 +2)" in all cases. 


Now from the formula for the sum of a peometrical pro- 
gression, we know that the sum of the first r terms of the 
1-2" 
]--ᾱ 
] 4 
-1-α 1-3’ 


series (1) 


and, when œ is numerically less than 1, by taking r sufficiently 
large we can make * as small as we please ; that is, by taking 
a sufficient number of terms the sum can be made to differ as 


little as we please from — . But when œ is numerically 


greater than 1, the value of της increases with r, and therefore 


no such approximation to the value of D is obtained by taking 


any number of terms of the series 


l+x+at+ar+...... ] 
It will be seen in the — on — and Diver- 
gency of Series that pe exr the Binomial Theorem 
οἵ (1 +7)” in ascending powers of 2 3 always antbmetioslly. in: 


lligible when x is less than 1. 
But’ if r is greater than 1, then since the general term of 
the series 


n(n—1) 
l tnry l. το 2... 
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contains 2*, it can be made greater than any finite quantity by 
taking r sufficiently large ; in which case there is no limit to the 
value of the above series ; and therefore the expansion of (1 +z)" 
as an infinite series in ascending powers of z has no meaning 
arithmetically intelligible when z is greater than 1. 


184. We may remark that we can always expand (z-y)" 
by the Binomial Theorem ; for we may write the expression in, 
either of the two following forms: 


y n T n 
e” 11), 1+-); 
(O2. ο 
and we obtain the expansion from the first or second of these 
according aa z is greater or less than y. 


185. To find in its simplest form the general term in the 
expansion of (1 --κ)-ὰ 
The (r + 1)" term 
-n)(-^n-1)(-7n-2)..(-n-r-41 E 
, (σπί-π-1)( E" (-n—r+ ΤΆΣ 
mA (n 1) (η 1-2)... (n- -- 1) 


= (- “μυ - 


σος 1) (αν 2)... (m+r-1) y 


From this it appears that every term in the expansion of 
(1 —2)** is positive. 


Although the general term in the expansion of any binomial 
may always be found as explained in Art. 182, it will be found 
more expeditious in practice to use the above form of the general 
term in all oases where the index is negative, retaining the 


form 
n(n- 1) (η -- 2)... (n—7 +1) 
d 


only in the case of positive indices, 
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. 9 1 
Example. Find the general term in the expansion of n i 


-L 
If the given expression had been (1 +32) ὃ we should have used the same 
formula for the general term, replacing 3x by — 8z. 


186. The following expansions should be remembered : 


(1-a)'zlezr-c-w Ha io... HEH.. 
(1 =x) = 1 + Qa -- 3o? + 42? t ...... +(r+1)a%+...... 
(1-a) = 1 + δα + 62* + 102? 4 ...... + SS = - E SPPPER 


187. The general investigation of the greatest term in the 
expansion of (l--z)'" when n is unrestricted in value, will be 
found in Art. 189; but the student will have no difficulty in 
applying to any numerical example the method explained in 

2. 


Example, Find the greatest term in the expansion of (1--2)-* when 
s=-, and n=20. 


3 
We have Tins gas LL . x Tp, numerically, 
19+r 2 m. 
= F x 8 I 
Team Tp 
80 long as | aor, 1; 
that is, 88r. 


Hence for all values of r up to 87, we have 7,,,>T7,; but if 1288, then 
μμ Tp, and these are the greatest terms. Thus the 88 and 89% terms 
are equal numerically and greater than any other term. | 
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188. Some useful applications of the Binomial Theorem are 
explained in the following examples. 


Example 1. Find the first three terms in the expansion of 
1 1 
(1+3z)* (1— 22) ὁ. 


iixpanding the two binomials as fur as the term containing z?, we have 


(1+5 2-22. 9) (145 zt Bg. ) 
3 2 ,/8,9 2 9 
=1+2 (3+5) ἘΣ 9*3: 3 P — 
zl D ero gt 
= 72 


If in this Example α-- 002, so that x*— 000004, we see that the third 
terin is a decimal fraction beginning with 5 ciphers. If therefore we were 
required to find the numerical value of the given expression correct to 5 places 


of decimals it would be sufficient to substitute “002 for x in 1+ T c, neglect- 
ing the term involving z?. 


Example 2. When z is so small that its square and higher powers may 
be neglected: find the value of 


-ᾗ 
(145 z + O4 2x 


— 


Since z? and the higher powers may be neglected, it will be sufficient to 
retain the first two terms in the expansion of adn binomial. "Therefore 


9 1” z M 


F ἃ 
8 (14 i) 
10 


ths .i pression = 


=; (8-3 —X e) 
ies A «) 
-5 (8-5 


TERUEL 
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Example 8. Find the value of i7 to four places of decimals. 


To obtain the values of the several terms we proceed as follows: 
7)1 1 
7 ) -142807...... eere =z 


7 ) 020408 1 
7 ) 092916. *002915 ρου Φα οὐ 5000790000 zm gi , 


7 ) *000416 i 
*000069..................... = FE 


and we can see that the term e πι is & decimal fraction beginnimg with 
6 ciphers, 


=i 2915 -+ 000088 
^E 142857 + 002915 + 
=2°14586, 


and this result is correct to at least four places of decimals, 
Ewample 4. Find the cube root of 126 to 5 places of decimais. 


1 1 
(1263 = (9 1) 


1 ο 
"ποτ οι 19" 


'04 00062 «0000128 


6+ - t+ T 


: j 5i ss 
= 5 + 018338 ... — 000085 ...+ 
= 501329, to five places of decimals, 
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EXAMPLES. XIV.b. 


Find the (r+ 1)^ term in each of the following expansions: 


11 1 
1, (1+) ἃ, 2. (1-2)-5 3. (1 --δα)δ. 
: 2 .8 
i (stays. ^ δ, (Lat) 73, 6. (1-22) ἃ, 
7. (ad bz)-i. 8. (2-2)-* 9, (a! — x3) 
1 1 1 

e — Fs 11, να — » 
ic: «1-82 X (1 — 3a) a: 


Find the greatest term in each of the following expansions ; 


13. (1-2)? when res ‘ 


14, (14-2)? when sm5 ξ 


11 
15. (1 --Ἰα) * when 2--- 


16, (2v+5y)" when Z8 and y=3, 
11. (5-42)-7 when --ᾱ- 
18, (827+ ἀγϑ)-" when v9, y=2, n=15. 
Find T five places of decimals the value of 
19. 4/98. 90. 4/998. 21, 41003. 22, 9400. 
25. — 24 (uk. 936. (303. 96. aise 


Tf x be so small that its square and higher powers may be neglected, 
find the value of 


QT, ι-- πω e 22) *. p^ — (3-3) - 


9 -$ 1 ` h τ. 
J E 44-32 
— S Qe) xn 


(8-80) VA - ὅσ᾽ (4+3) 
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NB -ᾱτ- ΝΙ- ο 


3 2M 
(1 r5rj4 (4+3) 
33. Prove that the coefficient of 4” in the expansion of (1 —4x) 4 
_ lèr 
18 (r y . 
— ]-z mn(n41)fl-2M 
34. Prove that (1 + 2)*-2* fı TH ee + 7179 ( 2 -]. 
35. Find the first three terms in the expansion of 
1 
(142) Ν1 1 ἀν᾽ 


36, Find the first three terms in the expansion of 
8 
(02a ν] δα 
(1-2) 
37, Shew that the »™ coefficient in the expansion of (1 — x)7* is 
double of the (n — 1)*^. 
189. Το find the numericully greatest term in the expansion 
of (1 + x)^, for any rational value of n. 


Since we are only concerned with the numerical value of the 
greatest term, we shall consider æ throughout as positive. 


Όλες I. Let n be a positive integer. 
The (r+ 1)" term is obtained by multiplying the r'' term 
by uem . ©; that is, by (= re 1) a; and therefore the 


terms continue to increase so long as 


(= -1}551; 


r 
that is, UD Ίνα, 
(n *1)z 


l¢+az 
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(n+1)2 

l+a 
multiplying factor is 1, and the (p+ 1)" term is equal to the 
p", and these are greater than any other term. 


If = ? be not an integer, denote its integral part by q ; 


then the greatest value of r is g, and the (7+1) term is the 
greatest. 
Case II. Let » be a positive fraction. 
As before, the (r+ 1)" term is obtained by multiplying the 


τι 


r*^ term by ( : -1)« 


be an integer, denote it by p; then if r= p, the 


(1) If x be greater than unity, by increasing r the above 
multiplier can be made as near as we please to — ο; so that after 
a certain term each term is nearly z times the preceding term 
numeriealy, and thus the terms increase continually, and there 
is no greatest term. 


(2) If x be less than unity we see that the multiplying 
factor continues positive, and decreases until r>n+1, and from 
this point it becomes negative but always remains less than 1 
numerically ; therefore there will be a greatest term. 


As before, the multiplying factor will be greater than 1 
(η 1)x m 


so long as or 
Tf mtie be an integer, denote it by p; then, as in Case I., 


the (p--1)* term is equal to the p*, and these are greater than 
&ny other term. 


If inthe he not an integer, let ᾳ be its integral part ; then 
the (g + 1) term is the greatest. 

Case IIL Let n be negative. 

Let n=- m, so that m is positive; then the numerical 


value of the multiplying factor i mera . 2%; that is 


DE 
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(1) 1 α be greater than unity we may shew, as in Case II., 
that there is no greatest term. 


(2) If be less than unity, the multiplying factor will be 
greater than 1, so long as 


(ez + 1]551; 
r 


that is, np. l-g, 
or j >T. 
. ]-α 
(m -- “le 
If = be a positive integer, denote it by p; then the 


(p +1) — is equal to the pt term, and these are greater than 
any other term. 


m - 1l)x 


If B 
gral part; then the (g +1) term is the greatest. 


be positive but not an integer, let g be its inte- 


I? m D be negative, then m is less than unity; and by 


writing the multiplying factor in the form (1 - um a, we 


see that it is always less thun 1: leuce each term is less than 
the preceding, and consequently the first term is the greatest, 


190. To find the number of homogeneous products of r dimen- 
sions that can be formed out of the n letters a, b, o, ...... and thew 


powers. 
By division, or by the Binomial Theorem, we have 
1 


= —— ren st eeqeeey 
l ~ ax 


LE 1 + δα + ῥ'α) + ὁ ο + »»»45094 


1 
Lm ag Lt ος} οἷα) + «αγ... 
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Hence, by multiplication, 
1 1 


l-az 9 1-2 . l = συ 99590998 
= (1 -- az -- az! +...) (1 ζω ba +...) (1 -- cm e ett e ...) ... 
.1 --α (α Ἡ- ὃ --ο-- ...) +a (αἱ - ab + ac b! be cte uu) ue. 


-- 1 α- θα ETE -Sx -.... suppose ; 
where S,» S, δι, ...... are the sums of the homogeneous pro- 
ducts of one, two, three, ...... dimensions that can be formed of 
a, b, c, ...... ^nd their powers. 

To obtain the number of these products, put a, b, c, ...... each 
equal to 1; each term in S,, Sys S,, ...... now, becomes 1, and the 
values of S,, Sys S,, ...... so obtained give the number of the 
homogeneous products of one, two, three, ...... dimensions. 

1 1 ] 
Also τα ° the . το. covers 
1 ES 
j)mes (sy or (1—2)^". 


Hence  $,- coefficient of x” in the expansion of (1 — æ) 


-r-]l 
ER 
191. To find the number of terms in the expansion of any 
multinomial when the index is a positive integer. 
In the expansion of 
(a, +A, +O, + ....-- * a)", 


every term is of n dimensions; therefore the number of terms is 
the same as the number of homogeneous products of n dimensions 
that can be formed out of the r quantities a,, ας, ...4,, and their 
powers; and therefore by the preceding article 1s equal to 


*+n—1 


el 
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192. From the result of Art. 190 we may deduce a theorem 
relating to the number of combinations of n things. 


Consider n letters a, b, c, d, ...... ; then if we were to write 
down all the homogeneous products of r dimensions which can be 
formed of these letters and their powers, every such product 
would represent one of the combinations, r at a time, of the? 
letters, when any one of the letters might occur once, twice 
thrice, ... up to times. 


Therefore the number of combinations of n things r at a timi 
when repetitions are allowed is equal to the number of homo 
geneous products of r dimensions which can be formed out of 7 

[n - 7-1 


letters, and therefore equal to i =j οἳ ΡΕ 
. l 


That is, the number of combinations of « things r at a timi 
when repetitions are allowed is equal to the number of com 
binations of n--r—1 things r at a time when repetitions ar 
excluded. 


193. We shall conclude this chapter with a few miscel 
laneous examples. 


2929 
Example 1. Find the coefficient of z” in the expansion of πο . 


The expression = (1 — 4g + 4z?) (1 + p, -- pt? + ... +p,t"+...) suppose. 
The coefficient of ο” will be obtained by multiplying Pp, p,—,: P,., by 1, 
=- 4, 4 respectively, and adding the results; hence 
the required coefficient = p, — 4p,_, + 4p,..,. 

But p,s(-iy CDF [Ex. 8, Art. 182.] 
Hence the required coefficient 

-(-y Ct +9) -4(- 1px €? 4 — pes Er 

- 1)» 
μον 


m C2 (ort + Br +2), 
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Ezample 2. Find the value of the series 
5 5.7 5.7.9 


P ee 
"μις * [8.23 * Tra 
8.5 1 8.5.7 1 8.5.7.9 1 
The expres p πο ὃν πο quad τος 
xpression UB gi B c |: ‘gate 
8 5 857 8579 
9,2 2 2 2'2'2 9 99939 9 
"μας ἈΠῸ git 4 git -- 
8 835 557 
142.7422 2v 2'2'2 2 
i's* 2 (8 8 κα) 4 
-3 2 
2 3. [11 3 
αν) τς 
8 
= 3?=8,/8. 


Ezample 3. If nis any positive integer, shew that the integral part of 
(8 +,/7)" isan odd number. 

Suppose I to denote the integral and f the fractional part of (3+,/7)* 
Then [+f23*+C,3*714,/7+ 0,997.74 0,9" (VT)? + «νι. wee (A). 

ἃ < sis "η 
i n RA ap and less than 1, therefore (3-,/7)" is a proper 
ota f= B*— 0,8071,/7 + Cg B28. T— 0,8979 (TBF Lue (2). 
Add together (1) and (2); the irrational terms disappear, and we have 
I+ f+f'=2(8"+ C,3"-2.7+ ...) 
=an even integer, 
But since f and f' are proper fractions their sum must be 1} 
ο. I=an odd integer. 


EXAMPLES. XIV.c. 


Find the coefficient of 


; ‘ 3-52 
100 — 
1. z3% in the expansion of {Ξαβ᾽ 


2. a! in the expansion of Ma ‘ 


3. ο in the expansion of — 
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4. Find the coefficient of z* in the expansion of * Nu . 


5. Prove that 


1.1 11.3 1 -1.8.51 1.3.5.7 1_ - 
d 2*9.4'33 3.4.6: 8 * 3.4.6.8' οι 3° 
6. Proveithat 
3 3.5 3.5.7 
Μπεν tase jet 60.606 . 


7. Provethat 
2n Qn an Gn +9) 2) Qn (5η + 2) Get, 
Peg deg s στη, 


n(n+1) «eedem, 
— μπαλα 2) 


n 
= 2" hanten 


Prove that 


ço 


a & (n—1) , &(n-1)(n—-2) 
Pez πρ" η] οἱ 6s } 


n (n 1) "oat 
ο πω 


9. Prove that approximately, when x is very small, 
1 


1 
4\3 3 8 
3(2+5) (1-14) 
9 4 we [= 307 s 


— 7 ) 956 
3 (14 16" 


10. Shew that the integral part of (5 +26)” is odd, if n be a 
positive integer. 


ll. Shew that the integral part of (8-.3./7)* is odd, if n be a 
positive integer. 
12. Find the coefficient of z^ in the expansion of 
(1 — 9a + 323 — 423 4. ...... y^^. 


manag ες 


an 
13. Shew that the middle term of (s 4 ) is equal to the coeficient 


of z” in the expansion of (1 ας). 
14. Prove that the expansion of (1 - #*)* may be put into tbe foem 


(1-2 καί] -ajena POR 3) 3 AU - a4... 
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15. Prove that the coefficient of z* in the expansion IT De is 
1, 0, — 1 according as n is of the form 3m, 3m — 1, or 3n 4- 1. 


16. In the expansion of (2+5-+c)§ find (1) the number of terms, 
(2) the sum of the coethcients of the terms. 


17. Prove that if n be an even ΤΉΝ 


1 Doo $i 
||» -1 + gang? TE in -! =o" κκ σπα | ^ 
18, If Co, €; Cyy ...... c, are the coefficients in the expansion of 


(1+.7)", when » 18 a positive integer, prove that 


|n — ] 
(1) Cy — Cy +g — Cg 4 ...... T(-lyez(-1)y--- 


Ir a 

(2) «9c + 3c, — 4c, 4- ...... - (- 1)^ (n -- 1)e, 9 0. 
(3) ερς--οὐ-ο)ἳ--οςδ-...,.. +(-—1)*c,2=0, or (-1)?e,, 
3 


according as 7 is odd or even. 
19, If δ. denote the sum of the first » natural numbers, prove that 
(1) (1—2)7?2s sq + αμ t LL... +80" 114... 


(2) 92(8554-t 558 -1t -.-.-- + 8452 4.1) 7 17 Bin 1 


20. If nes m — — prowe that 


] 
(1) dw ei Vids" Jomi t -ee Quid Inari 5 
(2) 3(g9.—4:9: -1- 40 -3 (C7 D" Qa - ide 
za +/( ~ L~ 1g, 3, 
21. Find the sum of the products, two at a time, of the coefficients 
in the expansion of (1-- z)*, when n is a positive integer. 


22, If (7-4 J3) e p-- B, where n and p are positive integers, and 8 
a proper fraction, shew that (1 - 8) (p 4 8)--1. 


23, If e, οι, €, ...... c, are the coefficients in the expansion of 
(1+2), where n is à positive integer, shew that 


&-3*2- ; 


999955 UP οα σα ta e 
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194. We have already seen in Art. 175, how we may 
apply the Binomial Theorem to obtain the expansion of a multi- 
nomial expression. In the present chapter our object is not 
so much to obtain the complete expansion of a multinomial as 
to find the coefficient of any assigned term. 


Example. Find the coefficient of a4b?c3d" in the expansion of 
(a t b c 4- dy'*. 


. The expansion is the product of 14 factors each equal to a-- b -- c -- d, and 
every term in the expansion is of 14 dimensions, being & product formed by 
taking one letter out of each of these factors. Thus to form the term a*b?c3d*, 
we take a out of any four of the fourteen factors, b out of any two of the re- 
maining ten, c out of any three of the remaining eight. But the number of 
ways in which this can be done is clearly equal to the number of ways of ar- 
ranging 14 letters when four of them must be a, two b, three c, and five d; 
that is, equal to T 


CHJA 


This is therefore the number of times in which the term a*b*c3d? appears 
in the final product, and consequently the coefficient required is 252-520. 


195. To find the coefficient of any assigned term in the ex- 
pansion of (à b - c 4 d  ...)^, where p is a positive integer. 

The expansion is the product of p factors each equal to 
a+b+c+d+..,, and every term in the expansion is formed by 
taking one letter out of each of these p factors; and therefore 
the number of ways in which any term a*bÉcYd* .., will appear 
in the final product is equal to the number of ways of arranging 
p letters when a of them must be a, β must be 6, y must be c; 
and so on. That is, 


[Art. 151.] 


| p 
the coefficient of — a*bPerd? ... is ua 
| le Fly | 


where a+B+yto+ =p 
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Oor. In the expansion of 
(0 + bos + ex ea + ...)?, 


the term involving adFerd® ... is 


Ip — 
ag = y | MA (be) (ὠνὴν (da?) ..., 
or qr asbBcvaq? ht 2y +38 + 
ωχ | i 
where a+B+y+6+... -- p. 


This may be called the general term of the expansion. 


Example. Find the coefficient of 2° in the expansion of (a + ba ἠ- οα3]8, 


The general term of the — is 


s γα κ ο ο (U, 
where a+ 8 4- y — 9. 


We have to obtain by trial all the positive integral values of 8 and y 
which sati-fy the equation 8+2y=5; the values uf a can then be found com 
the equation a B y. 


Putting y=2, we have β-- 1, and a=6; 
putting y —1, we have 8-3, and a=5; 
putting ΥΞ0, we have 8 = 5, and a —4. 


The required coefficient will be the sum of the corresponding values of the 
expression (1). 


Therefore the coefficient required 
9 êpe? 9 αὖ) |? 4p 
= ea" c ti 5,8 c+ 48 α 
= 252afbc? + 504a5b*c + 126a*55. 
66. To find the general term in the expansion of 
(a+ bx -- ex! + dx? & ...n 
where n ts any rational quantity. 
By the Binomial Theorem, the general term is 
- —2)... (n- p*1l) .. 
ΝΕ ; (n — 1) go> (bm 4 ox + de + ... 


where p is a positive integer. 
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And, by Art. 195, the general term of the expansion of 
(δα + ex + da? +...) 


18 ῥβουιῖδ.,. α Hey E., 


lp 
i IB | [È --- 


where f, y, ὃ... are positive integers whose sum is p. 


Hence the general term in the expansion of the given ex- 
pression is 


n (n—1)(n—2)...(n—p- 1) α"-»ῥβοιάξ.' gf 9 

a ο 
where Bryt+dt... =p. 

197. Since (a + bx + σα + di? + ..)" may be written in the 
form 
a" (1 — tae ds ^): 
a a a 

it will be sufficient to consider the case in which the frst term 
of the multinomial is unity. 


Thus the general term of 
(1 + ba + ca? dx! uuu)" 


is & (n - 1) (η -- 9) ... (n-p+ 1) Dr 
I£ |y |è 
where B+y+ +... =p. 
Example. Find the coefficient of z* in the expansion of 


3 
(1— 82 ~ 2a? + 623)*. 
The general term is 


2/2 2 2 
(3-1) 0-9) (1-9) 
δ 18 8 3 Pi Y (gy) ght 188 
— 7— (-8) (-9) (6) a "^... . (1). 
Wb-have to obtain by trial all the positive integral values of β, y, 3 which 
satisfy the equation 8+ 2y+38=3; and then p is found from the equation 
p=8+y+8. The required coefficient will bs the sum of the corresponding 
valties of the expression (1). i — 
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In finding B, y, ô, ... it will be best to commence by giving to ὃ successive 
integral values beginning with the greatest admissible. In the present case 
the values are found to be 


ózl, 0, 

ὃ-θ, y=1, 

é=0, y=0, B=3, p=3, 
Substituting these values in (1) the required coefficient 


= (5) 6) +(5) ( -3) -9« πω 3), 2n 
ME δ/ \ 8)! E xii 


4 


4 4 
—— ο, 


198. Sometimes it is more expeditious to use the Binomial 
Theorem. » 
Example. Find the coefficient of z* in the expansion of (1 — 2x--327")-*. 


The required coefficient is found by picking out the coefficient of z* from 


the first few terms of the expansion of (1-2x2-3z%)-* by the Binomial 
Theorem; that is, from 


1+8 (2x — 827) +6 (2x — 823): + 10 (2 -- 82°)® +15 (2 — 82)*; 


kid stop at this term for all the other terms involve powers of x higher 
than zi. 


The required coefticient-6 . 9 4-10. 8 (2)? (— 8) + 15 (2)* 
= — 66. 


EXAMPLES. XV. 


Find the coefficient of 
«1, acd in the expansion of (a —5— c-4-d)'*. 
-2 ahd in the expansion of (α--ὃ —c— d). 
a*b*c in the expansion of (2a--5-rSc.. 
41y5; in the expansion of (ax — by ἠ- σε)”. 
43 in the expansion οἵ (1-- 3v — 2233. 
6. αἱ in the expansion of (1--2z--32?)10, 
7, «5 in the expansion of (1 2z — z?)5. 
8. « in the expansion of (1— 2s -4-348 — 42%); 


^ 


mee p 
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Find the coefficient of 
9, οὐδ in the expansion of (1 - 2x +3? — ή — 25)5, 


2» οὗ jn the expansion of (| - 27325) 3 
711. x in the expansion of (1 - arut- 49 
e 412. ο in the expansion of ( a ων 
13, ο) in the expansion of (2 — 424-37) 7, 
Φ΄ 14, οὐ in the expansion of (1+ 422+ 1044 4- 2045) å, 
15, at! in the expansion of (3 — 1527+ 182?) - !, 
is. Expand (1 - 2z— * as far as ο, 


2 
17. Expand (1 +32- 64?) 3 as far as ο. 


i 
18. Expand (8—945-4-1825)* as far as 2°, 


19 If (l4+r+4.7+...... Ta? a, dave + auri + usua ua09, 
prove that 
(1) ao, T2, ......- a, (p4- 1)". 
(2) a, +2dy+ 3a, 4- ...... FNP. Aa = ; »p (p 1)» 


20, If αρ αι, ἄν, αι... are the coefficients in order of the expansion 
of (1-- z--23)^, prove that 


αρ — Oy? +. as! — dg? + ...... +- 1-ta? ina, U- (71704) 


21, If the expansion of (1 + 2 ἠ-α3)» 


be Oy GE aude ... Opt? uus aa ron, 
shew that 
ἄρ - 03 ας + ... Ξ αι tO tart ... -- ds IURE ... mary, 


CHAPTER XVI. 


LOGARITHMS. 


199. DzriNiTION. The logarithm of any number to a given 
base is the index of the power to which the base must be raised 
in order to equal the given number. Thus if «^ — N, æ is called 
the i04 4rithm of JV to the base a. 


Ezamples. (1) Since 84=81, the logarithm of 81 to base 8 is 4. 
(2) Since 10! — 10, 10? 2100, 10* — 1000, ...... 


the natural numbers 1, 2, 3,... are respectively the logarithms of 10, 100, 
1000,...... to base 10. 


200. The logarithm of N to base a is usually written log. Δ, 
so that the sume meaning is expressed by the two equations 


a* : ΑΛ; xæ- log. 
From these equations we deduce 
A α΄ Ν 
an identity which is sometimes useful. 
Example. Find the logarithm of 32,/4 to base 24/2. 
Let z be the required logarithm; then, 


by definition, (2 ΕΞ 
. (2. Peer. 35 
: y" - "i. 
: ἢ 8 27 
hence, by equating the indices, gy! 
1 


"e ony 084, 
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201. When it is understood that a particular system of 
logarithms is in use, the suffix denoting the base is omitted. 
Thus in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3,...... instead of log ,2, log,,3,...... 


Ary ‘number might be taken as the base of logarithms, and 
corresponding to any such base a system of logarithms of all 
numbers could be found. But before discussing the logarithmic 
systems commonly used, we shall prove some general propositions 
which are true for all logarithms independently of any particular 


202. The logarithm of 1 is 0. 42 i 


For a?--1 for all values of a; therefore log1=0, whatever 
the base may be. | 
203.' The logarithm of the base itself ἐν 1. 


For αἱ =a; therefore log,a — 1. 


204. To find the logarithm of a product. 


Let MN be the product; let a be the base of the system, and 
suppose 
x :- log, M, y -log,AN; 


so that a° = M, a= NV, 
Thus the product MN =a" xa 


whence, by definition, log, MN = æ + y 
= log, M + log, JV. 
Similarly, log, MNP — log, M+ log, N + log, P; 
and so on for any number of factors. 


Example. log 42 =log (2 x 8 x 7) 
=log 2+ log 8 + log 7. 


205. To find the logarithm of a fraction. 


Let F be the fraction, and sùppose 


æ = log, M, y = lag, N; 
so that a” = M, a = JY. 
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Thus the fraction — 


whence, by definition, log, = =% y 


= log, M - log, N. 


Ezample. log (43) z log il 


=log 80 - log 7 
=log (2 x 3 x õ) - log 7 
= log 2 + log 3 + log 5 - log 7. 
206. To find the logarithm of a number raved to any power, 
integral or fractional. 
Let log,(.M") be required, and suppose 
æ == log, M. so that α"-- M; 


then M’ = (ay 
whence, by definition, log,( M”) = pa; 
that is, — log, (44?) = plog, M. 
1 
Similarly, log, (M^) = f log, Μ. 


207, It follows from the results we have proved that 

(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 

(2) the lògarithm of a fraction is equal to the logarithm of 
the numerator diminished by the logarithm of the denominator ; 

(3) the logarithm of the p'è power of a number is p times the 
logarithm of the number ; | 


(4) the logarithm of the ri^ root of a number is equal to “th 


of the logarithm: of the number. 


Also we see that by the use of logarithms the operations of 
multiplication and division may be replaced by those of addition 
and subtraction; and the operations of involution and evolution 
by those of multiplication and division. E 
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8 
Ezample 1, Express the logarithm of να in terms of Ίομα, logd and 


εδ) 
log c. 
s 
la? a? 
NT oun 
log c log eha 
3 
= log a? - log (c5h*) 


=5 loga- (log οὔ + log 53) 


= 5 log a - 5logc - 2 log 6. 


Example 2. Find x from the equation a* .c~* = Lt, 
Taking logarithms of both sides, we have 
z log a - 2z log c= (32 +1) log b; 
^. £ (log a—2 loge -- 3 log b) =log b; 


— log b 
'*U" lega -21oge = 8 log b° 


EXAMPLES. XVI. a, 


Find the logarithms of 
1. 16 to base «/2, and 1728 to base 28. 
9. 125 to base 54/5, and "ὑὺ to base 4. 


1 
25 


0625 to base 2, and 1000 to base ‘01. 
δ. '0001 to base 001, and ‘i to base 9,/3. 
πι Ae 
6. a, η» nf a to ase a 
a? 
7. Find the value of 


1 1 
log, 128, logy 9 logs, 8i 9 logs, 49. 


3. 6 to base 24/2, and 'à to base 9, ° 


Express the following seven logarithms in terms of loga, logd, and 
loge. 
8, Ἰορίναΐδθγ, 9. Ιορίϑ/αξ x Yd), 10, log(Va-555. 
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11. log(4a^35xab-5). 12, log(4a-!,J53--/ Ja). 
13. log — 1. 14. log (5 κε κ + E —— 
ια” 1” 1ο” 4)" 
15. Shew that log Ac =} logs —5 log 
15 Bimniity log af τ ΝΗΡ 


32 


7 F 
17. Prove that log a -2 log ;--log 2 --]ορ9, 


43 
Solve the following equations: 

18. αἲ-- οὐ”. 19. a”. b=, 
21. a?. dest 


αἲ *1 ás 
i bit i ax δὲν =m] ` 


DK If log (z*y*)=a, and loge =o, find log: and logy. 


93,1 ai-%, b5x—az*5, Dz, shew that x log (=) =loga. 


Α΄. Solve the equation 


(at — 9α3δ3 + 55571 (a — b)**(a.4- b) 8. 


Common LOGARITHMS. 


208. Logarithms to the base 10 are called Common 
ithms ; this system was first introduced, in 1615, by Briggs, a 
contemporary of Napier, the inventor of logarithms. 

From the equation 105 — N, it is evident that common logar- 
ithms will not in general be integral, and that they will not 
always be positive. 


For instance 3154 >10 and « 10*; 


.. log 5154 =3 +a fraction, _ 
G Dee. μα. | H.H.A. 
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Again, 06 > 107* and < 107! ; 
.. log 06 = — 2 + a fraction. 


209. Derinition. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa. 


The characteristic of the logarithm of any number to the 
base 10 can be written down by inspection, as we shall now shew. 


210. To determine the characteristic of the logarithm of any 
number greater than unity. 


Since 10' = 10, 
10: = 100, 
10° = 1000, 


it follows that a number with two digits in its integral part lies 
between 10' and 10°; a number with three digits in its integral 
part lies between 10” and 10°; and so on. Hence a number 
with n digits in its integral part lies between 10"^' and 10". 


Let M be a number whose integral part contains n digits; 
then 
-1) +a fracti 
N= 10” ) +a frac ion., 


^. log N = (n — 1) +a fraction. 


Hence the characteristic is n — 1; that is, the characteristic of 
the logurithm of a number greater than unity Ὁ less by one than 
the numbor of digita in vis tnteyral puri, and is positive. 


211. To determine the characterístie of the logarithm of a 
decimal fraction. 


Since 10°= 1, 
1 
mi ο 
107 = rel, 
a l1. 
10 = Του = 01, 
10" 1. = 001, 
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it follows that a decimal with one cipher immediately after the 
decimal point, such as :0324, being greater than Οἱ and less 
than *1, lies between 107" and 107'; a number with two ciphers 
after the decimal point lies between 10^* and 107*; and so on. 
Hence a decimal fraction with n ciphers immediately after the 
decimal point lies between 10-*” and 107". 


Let D be a decimal beginning with n ciphers; then 
D- 10-61) + a fraction , 


-. log D=—(n+1) +a fraction. 


Hence the characteristic is — (n + 1) ; that is, the characteristic 
of the logarithm of a decimal fraction is greater by unity than the 
number of ciphers immediately after the decimal point, and is 
negative. 


212. The logarithms to base 10 of all integers from 1 to 
200000 have been found and tabulated; in most Tables they are 
given to seven places of decimals. This is the system in practical 
ase, and it has two great advantages : 


(1) From the results already proved it is evident that the 
characteristics can be written down by inspection, so that only 
the mantissæ have to be registered in the Tables. 


(2) The mantisse are the same for the logarithms of all 
numbers which have the same significant digits; so that it is 
sufficient to tabulate the mantissæ of the logarithms of integers. 


This proposition we proceed to prove. 


213. Let M be any number, then since multiplying or 
lividing by a power of 10 merely alters the position of the 
lecimal point without changing the sequence of figures, it follows 
that Vx 10", and Y+10', where p aud g are any integers, are 
numbers whose significant digits are the same as those of JV. 


Now  log(N.x10^-zlog N +p log 10 


zlog AV ο ο ο ο (1) 
Again, log (V +10% - log N — glog 10 
slog N κε ο cito videte (2). 


In (1) an integer is added to log Ñ, and in (2) an integer is 
jubtracted from log N; that is, the mantissa or decimal portion 
of the logarithm remains unaltered. " 
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In this and the three preceding articles the mantisse have 
been supposed positive. In order to secure the advantages of 
Briggs’ system, we arrange our work so as always to keep the 
mantissa positive, so that when the mantissa of any logarithm 
has heen taken from the Tables the characteristic is prefixed 
with its appropriate sign according to the rules already given. 


214. In the case of a negative logarithm the minus sign is 
written over the characteristic, and not before it, to indicate that 
the characteristic alone is negative, and not the whole expression. 


Thus 4:30103, the logarithm of 00032, is equivalent to —4 + 30103, 
and must be distinguished from — 4:30103, an expression in which 
both the integer and the decimal are negative. In working with 
negative logarithms an arithmetical artifice will sometimes be 
necessary in order to make the mantissa positive. For instance, 
a result such as — 3909897, in which the whole expression is 
negative, may be transformed by subtracting 1 from the 
characteristic and adding 1 to the mantissa. Thus 


— 3:69897 = — 4 + (1 — 69897) = 4-30103. 


Other cases will be noticed in the Examples. 


Example 1. Required the logarithm of -0002432. 


In the Tables we find that 8859636 is the mantissa of log 2432 (the 
decimal point as well as the characteristic being omitted); and, by Art. 211, 
the characteristic of the logarithm of the given number is — 4; 


.. log 0002482 = 4-3859030. 


Example 2. Find the value of 00000165, given 
log 165 = 22174839, log 697424 = 5°8434968, 


Let z denote the value required; then 
1 
log æ log (-00000165)5 = 5 log (00000165) 
Pc 
= 5 (62174939); 


the mantissa of log -00000165 being the same as that of log 165, and the 
characteristic being prefixed by the rule. 


Now ως = ; (10+ 42174889) 


an 2°8484068 
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and «84949068 is the mantissa of log 607424 ; hence z is a number consisti 
of these same digits but with one cipher after the decimal point. [Art. 2114 

Thus z —:0097424. 


215. The method of calculating logarithms will be explained 
in the next chapter, and it will tliére be seen that they are first 
found to another base, and then transformed into common loga- 
rithins to base 10. 


It will therefore be necessary to investigate & method for 
transforming a system of logarithms having a given base to a 
new system with a different base. 


216. Suppose that the logarithms of all numbers to base a 
are known and tabulated, it is required to find the logarithms 
to base b. 


Let V be any number whose logarithm to base b is re- 
quired. | 


Let y:-log,N, so that ῥ' =N; 
log, (03) = log,N ; 
that is, y log,b = log. V; 


1 
e» y = Īog.b x log J, 


1 
or log, N = — NOG WV ids E (1). 


Now since V and b are given, log, V and log,b are known 
from the Tables, and thus log, may be found. 


Hence it appears that to transform logarithms from base a 
to base b we have only to multiply them all by log) this is & 
constant quantity and is given by the Tables; it is known as the 
modulus, 


i 217. In equation (1) of the preceding article put a for N3 
us 


log,a = 5 χ]οσα-- — 
Be logh n5 logh’ 


log κ logb=1. 


— 
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This result may also be proved directly as follows: 


Let z =logb, so that a" - b; 
then by taking logarithms to base b, we have 
AS w log,a = log,b 

" -1; 
log,5 x loga = 1. 


218. The following examples will illustrate the utility of 
logarithms in facilitating arithmetical calculation ; but for in- 
formation as to the use of Logarithmie Tables the reader is 
referred to works on Trigonometry. 


4 5 
Exsamplel. Given log ἃ-- 4771919, find log {(2°7)® x (-81)5-+-(90)4}. 
07 4, 81 5 
The required value 28 log 15 +5 log i00 å log 90 


=8 (log 9* - 1) +5 (log 8¢- 2) --ᾱ (log 8*+1) 


16 5 8 ὅ 
(945-5) oe8-(8+5 +7) 
_97 


= [0 198 9 - δὰ 


= 4*6280766 — 5°85 
= 27780766. 


The student should notice that the logarithm of B and ita 
powers can always be obtained from log 2; thus 


log 5 = log Ίος 10— log 2 =1 - log 2. 


Example 2. Find the number of digits in 876516, given 
log 2 =*8010300, log 7 = ‘8450980. 

log (87519) = 16 log (7 x 125) 
= 16 (log 7 + 8 log 5) 
=16 (log 7 -- 8 - 8 log 3) 
zz 16 x 2°9420080 
an 47072128; 

hence the number of digits is 48. 
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Example 8. Given log 2 and log8, find to two places of dceimals the 
value of z from the equation 


63-42 , $715 — 8, 
Taking logarithms of both sides, we have 
(8 — 4z) log 6 + (z + 0) log 4 = log 8; 
. (8 — 47) (log 2+ log 8) + (x + 5) 2 log 2:310g2; 
^. æ (—4 log 2— 410g 3 + 2 log 2) =8 log 2 ~ 8 log 2 - 810g 8 - 10 log 9; 


. 101og 2+3 log 8 
~ Qiu 23 4log 8. 
X 44416639 

2:6100402 
=1°77... 


EXAMPLES. XVI. b. 

1. Find, by inspection, the characteristics of the logarithms of 
21735, 23-8, 350, 030, “2, ‘87, 875. 

2. The mantissa of log 7623 is 8821259; write down the logarithms 
of 7°623, 162:3, 001629, 762300, ‘000007623. 

3. How many digits are there in the integral part of the numbers 
whose logarithms are respectively 

430104, 1:4771218, 3°69897, δ6515 

4. Give the position of the first significant figure in the numbers 

whose logarithms are 
27781513, °6910815, 3 4871984. 


Given log 2=°3010300, log δ-- 4711218, log 7 =°8450980, find the 
value of 


5. log 64. 6. log 84. 7. log 128, 
8, log 0125. 9. log 144. 10, log 42. 
11, log τὰ. 12. log J5 x 13. log4 0108. 
14, Find the seventh root of 00324, having given that 
log 44092388 = 7:6443636. 


15. Given log 194'8445 -«2 2896888, find the eleventh root uf (39:9), 
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16. Find the product of 37:203, 377203, -0037203, 372030, having 
given that 
log 37:203 1:5705780, and 1og1915631 — 62823120. 


¢ 
17. (Π1νθη log 9 and log 3, find log d W i 47 


18. ‘Given log 2 and log 3, find log (4/48 x 1081-30) 
19. Calculate to six decimal places the value of 
j En x 125 ) 
42x 32 

given log 2, log 3, log 7; also log 9076:226 —3:0579053. 

20. Calculate to six places of decimals the value of 

i (330-49) -+922 x 70; 
given log 2, log 3, log 7; also 
log11 =10413927, aud 1og17814:1516 =4'2507651. 
21. Find the number of digits in 813 x 95, 


100 
22. Shew that μὴ is greater than 100. 


23. Deterinine how many ciphers there are between the decimal 


T1000 
point and the first significant digit in L (3) 


Solve the following equations, having given log 2, log 3, and log 7. 


24. 37-25, 20. 5*=10%, 26, 55-3—92-*1 
27. 915--93π11 pe, 28. 9*.67-1—0?5, 71-2, 
99, 9:ν--θν 30, 3!-2-—4-* 

37 x ος -ἶ --ἀϑγ-α|᾿᾽ 


31. Given log,, 2 30103, find log,, 200, 
82, Given log,,2= ‘30103, log,)7 ='84509, find log,,/2 and logys7. 


CHAPTER XVII. 


INENTIAL AND LOGARITHMIC SERIES. 


219. IN Chap. xvi. it was stated that the logarithms in 


ommon use were not found directly, but that logarithms are 


rst found to another base, and then transformed to base 10 


In the present chapter we shall prove certain formuls known 


s the Exponential and Logarithmic Series, and give a brief ex- 


lanation of the way in which they are used in constructing & 


able of logarithms. 


220. To expand a* in ascending powers of x. 
By the Binomial Theorem, ¿f n 18 greater than 1, 


dens. 2 "si [9 


views Pra) e -3)( a 


l πα(πα- 1) 1 ,mz(ux—1l)(ux—2) 
xu pu ο ας αι, 


7 


l 
πα t. 
Ü 
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hence the series (1) is the x power of the series (2); that is, 


(e (7260-2 


] + 2+ — 3 — 


L 
9 z 
Us eos) | 


2 
and this is true however great n may be. If therefore n be 
indefinitely increased we bave 


— aur ea JOE ) 
|2 |3 |4 99495509 — 2 E E 99990998 8 
: l ] ] 
The series 141-4 tat 5 με 


is usually denoted by e; hence 


at 


peg SUE + 


E (3 4t 9999 
Write cx for x, then 
ἃ c? 
e" - 1 + n+ a Bt 


Now let =a, so that c=loga; by substituting for ο we 
obtain 
a Si ae x £’ (log,a)” | 


a =1+42loga+—— ——4—-een ; 
[2 


This is the Exponential Theorem. 


Cor. When v is infinite, the limit of (1 + |) - e. 


[See Art. 266.] 


Also as.in the preceding investigation, it may be shewn that 
when n is indefinitely increased, 


(142)" 212547, te 


ΕΟΝ 
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that is, when n is infinite, the limit of (1 +=) =g". 


By putting <= - I , we have 


(-2-(3 (03). 
7 7n, m 
Now m is infinite when n is infinite; 


α n 
thus the limit of ( -- z) Le. 


Hence the limit of ( = JE e^. 


n 
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221. In the preceding article no restriction is placed upo 


TEL T 
the value of x; also since "EL less than unity, the expansions w 


have used give results arithmetically intelligible. [Art. 183.] 


But there is another point in the foregoing proof whicl 
deserves notice. We have assumed that when n is infinit 


] 2 r-1 
e(z) (w-=)...( — ) a 
the limit of — ———Á—————— 18 jr 


Jor all values of r. 
Let us denote the value of 


dede dp) 


by u. 
ο 
-1 1 1 
Then e = ( πο ο 
δι T n r n nar 
Since n is infinite, we have 
e m 7; that is, um zt, 


γι 


It is clear that the limit of w, is E hence the limit of t i 


[2 
a m "4 
T that of “igi: and generally that of “i 


— — a - 
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999. "The series 


141 1 1 1] 
tlic [2 + [3 + | 4 Ἕ έως 9 

which we have denoted by e, is very important as it is the base 
to which logarithms are first calculated. Logarithms to this 
base are known as the Napierian system, so named after Napier 
their inventor. They are also called natural logarithms from the 
fact that they are the first logarithms which naturally come into 
consideration in algebraical investigations. 


When logarithms are used in theoretical work it is to be 
remembered that the base ο is always understood, just as in 
arithmetical work the base 10 is invariably employed. 


From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 10 places of decimals it is 
found to be 2°7182818284. 


Example 1. Find the sum of the infinite series 


We have e=14+1+ 5+; +a ος ; 
and by putting z= —1 in the series for e*, 
Ag 


1 

τ ἜΤΙ -»»».ο. . 
BOR 
. — — E 1 1 $ 9 
ee e+e = (14 B BU UM e) , 


hence the sum of the series is à (ε-- e7). 


Ewample 2. Find the coefficient of z” in the expansion of ae : 
—— — az ~ £7) et 


(--1) ο” 


az (1— az — z?) fı ---ῇ- at — - . 
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l το (217 (-1}1α (- 1) 
The coefficient required = [η Jr- Γ r-a 


Sa ΕΙ {11{-αΤ-τ(τ-1)}. 


223. To expand log, (1 +x) in ascending powers of x. 
From Art. 220, 
ν' (log,a)* | y^ (log, a) 


w=1+ylog,a+ — Tg tee 


In this series write 1 + a for a; thus 
(1 -- ο)” 
elei ος «E flog, (1 + 2)}?+ ¥ flog, (1 +a) + ...(1). 


Also by the Binomial A when x < 1 we have 


πο a? + y (y 2 y—2) αι dese (2). 


Now in (2) the coefficient of y is 
— CDC2,4, CDCDCO,, 


1 eos 3 erene 3 
zo: αὐ 
that is, Brg tem] tee : 
Equate this to the coefficient of y in (1) ; thus we have 
au? og 
log, (1 + 2) = Boyt em Tt eee . 


This is known as the Logarithmic Series. 
Ezample. If x<1, expand {log, (1+ z))* in ascending powers of z. 


By equating the coefficients of y* in the series (1) and (2), we see that the 
required expansion is double the coefficient of y? in 


yt 3 PESA int Du -2) 5," U- 9-70 DR) a 


that is, double the Neo of y in 
ν- ia (y - σερ 53 att (y - 1) (y 2 s -ν- 8) e+ 


Thus (log, (14: α)}»--9 ^s — + 3) =~ E " 
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224, Except when z is very small the series for log, (1 +2) 
is of little use for numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of Logar- 
ithms may be constructed. 


— n+l 
By writing z for z we obtain log, — henoe 
1 1 1 
log, (+ 1) -logn =~ σα gaT ttem (1). 
το l ; n-1 = 
By writing -- z for x we obtain log, — hence, by changing 


signs on both sides of the equation, 
1 ] 


1 
log," — log,(n — 1) = z tagt gpt v 6 em (2). 


From (1) and (2) by addition, 


1 1 1 
log, (n + 1) -- log,(» -- 1) - 2 (5 tzat gat a) πο. (8). 


From this formula by putting n=3 we obtain log,4 — log,2, 
that is log, 2; and by effecting the calculation we find that the 
value of log, 2 = :69314718...; whence log,8 is known. 


Again by putting n=9 we obtain log, 10 — 105,8; whence we 
find log,10 = 2-30258509.... 
To convert Napierian logarithms into logarithms to base 10 
we multiply by "e 0’ which is the modulus [Art. 216] of the 
8 


common system, and its value is , or *43429448...; 


1 
230258509... 
we shall denote this modulus by μ. 


In the Proceedings of the Royal Society of London, Vol. xxvit. 
. _ 88, Professor J. O. Adams has given the values of e, p, 
log, 2, log, 3, log, 9 to iore than 260 places of decimals, ^—-—- 
225. If we multiply the above series throughout by u, we 


obtain formule adapted to the calculation of common loyarithme, 


ΝΡ M. . uw. P osos 
Thus from (1), ulog,(n + 1) -- p logn n $2539 7j 
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that is, 

log (n + 1) - log, =f ~ 2 + oe ον. (1). 
Similarly from (2), 

log „n — log (n — 1) = : + 22 + es —— (2). 


From either of the above results we see that if the logarithm 
of one of two consecutive numbers be known, the logarithm of 
the other may be found, and thus a table of logarithms can be 
constructed, 


It should be remarked that the above formule are only needed 
to calculate the logarithms of prime numbers, for the logarithm 
of a composite number may be obtained by adding together the 
logarithms of its component factors. 


ln order to calculate the logarithm of any one of the smaller 
prime numbers, we do not usually substitute the number in either 
of the formule (1) or (2), but we endeavour to find some value 
of » by which division may be easily performed, and such that 
either n+ ] or n —1 contains the given number as a factor. We 
then find log(n- 1) or log (n — 1) and deduce the logarithm of 
the given number. 


Ezample, Calculate log 2 and log 3, given 4 — 43429448. 


By putting 12:10 in (2), we have the value of log 10- log 9; thus 
1 — 2 log 3 = -048429448 + -002171472 + 000144766 + 000010867 
+ °000000868 -+ 000000072 + 000000006 ; 


1 — 2 log 8 = -045757488, 
log 3=-477121256. 


Putting n=80 in (1), we obtain log 81—1og 80; thus 

4 log 8 - 3 log 2 — 1=-005428681 -- -000033929 + 0000003288 — -0000000038 ; 
3 log 2 = -908485024 - -005395032, 

iss log 2=°301029997. 


In the next article we shall give another series for 
log, (n + 1) - log,» which is often useful in the construction of 
Logarithmic Tables. For further information on the subject the 
reader is referred to Mr Glaisher's article on Logarithms in the 
Kncyclopadia Britannica. 


4 
» — — ^ δὲν ln 
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226. In Art. 225 we have proved that 
log, (1 + x)= —* * τ- ove § 
elanging x into — x, we have 
log (1-2)--2-7 - -- T 


By subtraction, 


log, p= (2+5 tz τις 3! 


Put — BE , 80 that a= — ; we thus obtain 
l 1 1 
Ες "ae Fit δωκε) * 5(2n4 1)" es) 


Nore. This series converges very rapidly, but in practice is not always 
so convenient as tbe series in . 


227. The following examples illustrate the subject of the 
chapter. 
If a, 8 are the roots of the τ. az! bz-- 02:0, shew 


Example 1. 
t  log(a- bz -- c2) =log a + (a-- B) a - — ote ο. 


-ᾱ, p=, we have 
a- br t ca3 a {1+4 (a+ 8) x+aßr’?; 
=a (1-az) (1 Ar). 
*, log (a — br + cz?) =log a + log (1 + a2) + log (1 +82) 
3 2 
=loga+az- "5 μα + E EE. 
SIE μα "d 
8 


Since a+ B= 


=loga+(a+f) z - =-= 


Ezample 9. Prove that the coefficient of z* in the expansion of 


log (1 +z +2?) is - zor : according as n is or is not a multiple of 8. 


LZ log (1~ 24) - log (1 - 2) 


Nog (1+ 242%) = log j 
a ο αν sos a" 
--ᾱ-. - 8 7". ees sp ο. gt" — ^). 
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If n 18 a multiple of 3, denote it by 37; then the coefficient of z^ i} 
from the first series, together with E from the second series; that is, the 
eoefficient is ELE ο Ed 

n n n 
If n is not a multiple of 8, z” does not occur in the first series, therefore 
; o | 
the required coefficient is a 


228. To prove that e is incommensurable. 


: m — 
For if not, let e= , where m and n are positive integers; 
n 


m ] 1 1 1 
then s "grat κα. 
multiply both sides by |» ; 
m a E E 
ve MIRE = integer + orl t aG) (acl) "77 
Bo l l I 


nxl^(u*l)(nx3)'(n*l)(ne2)(n43) ^ 
is a proper fraction, for it is greater than ET and less than the 
geometrical progression 
T πο ο | 
n+l (n+l? (n+ 157 — 
that is, less than - ; hence an integer is equal to an integer plus 


a fraction, which is absurd; therefore e is incommensurable. 


EXAMPLES. XVII. 


Find the value of 
1 1 1,1 1 L | 
l-gata3-4jtg “gte 
V 


9, Find the value of 


/ 1 
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3. Shew that 
log,(1 +a) — log.(n — 4) =2 K oF = + ER t. e). 
D A 
Pag Af yas-Z -ᾱ 4... 
shew that sagi Hess 


Shew that 
a-b l fu-b α-ὖ 
aa EHI ΕΕ =log,a — log,b. 


6. Find the Napierian logarithm of } o correct to sixteen places 
cf decimals. 


1 9 3 
2 v -Iam = — 
T. Provethat ο a( 3+ p'pte)- 


8, Prove that 
οἱ 8 


1*x 1-2 — κ 
ο ο 2 (7, e Le gs +. 3: 


9. Find the value of 
πα 


10. Find the numerical values of the common logarithms of 7, 11 
and 13; given 4243420448, log 3-- 90105000, 


ll, Shew that if az? and E: are each less than unity 


1 s 1 
a(st+34)-$ = a (+3) +5 (2*3) - lon ( Fast a S). 


19. Prove that 
513 903 17τ4 


log,(1 + 3 + 2u*) = 8a — > + 3 τε ted 


and find the general term of the series. 
19. Prove that 


1 4-3: br? 35273 de 
log. | ο, -ὅτ- 5 + - 3- E ed 


and find the general term of the series. 


14. Ex pand == in a series of ascending powers of a. 
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15. Express = (etn) in ascending powers of x, where i= —1, 
16. Shew that 
log, (4-22) «21 4-1 ht ie 
gt ία og, œ + )- Οὔ. — σον TE (A * Sx Ay tel 
17. Ifa and 8 be the roots of τὰ — pr+q=0, shew that 


3 
ο B) - EE poy EB ΤΕ XE ve 
18. If 2-1, find the sum of the series 
1 2 à 4 
94 * 37 πα t pte 
19. Shew that 
1 y σε 
se (1 τ ) τ Q(n+1) 2.3(n-1)0 8.4 (04119 
1 5 8 8 
20. If log, — be expanded iu a series of ascending 
powers of x, shew that the coefficient of 4^ is -ᾱ if n be odd, or of 


the form 4 + 2, and : if n be of the form 4m. 


21. Shew that 
33 4 


Lets ttem 
22, Prove that 
1 1 
5 log, n log, (n+ 1) - log, (n- 1) 2, + a+ gae 
95. Shewthat equ oque esu 
n+l 9 (1) 3(»-1»? 
1 1 ] 


ait 
9 
24, If log, το” -a, log, 55 = - —b, log, 5 =m shew that 


log, 2== Fa —2b +30, log,3=11a -3b + 5c, log, 52 16a — 45 4- 70; 
and calculate log, 2, log, 8; log, 5 to 8 places of decimals, 


CHAPTER XVIII. 


INTEREST AND ANNUITIES. 


299. IN this chapter we shall explain how the solution of 
questions connected with Interest and Discount may be simplified 
by the use of algebraical formule. 


We shall use the terms Znterest, Discount, Present Value in 
their ordinary arithmetical sense; but instead of taking as the 
rate of interest the interest on £100 for one year, we shall find it 
more convenient to take the interest on £1 for one year. 


230. To find the interest and amount of a given sum in a 
given time at, simple interest, 


Let P be the principal in pounds, r the interest of £1 for one 
year, n the number of ycars, / the intercst, and Jf the amount. 


The interest of P for one year is Pr, and therefore for n years 
is Pnr; that is, 


DW Lacus a ο ος (1) 
Also M=P+TI; 
that is, άν ο ο ο. (2). 


From (1) and (2) we see that if of the quantities P, n, r, J, 
or P, n, r, M, any three be given the fourth may be found. 


231. To Jind the present value and discount of a gwen sum 
due in a given time, allowing simple interest. 


Let P be the given sum, V the present value, D the discount, 
r the interest of £1 for one year, » the number of years. 
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Since V is the sum which put out to interest at the present 
time will in n years amount to P, we have 


P=V(l+nr); 


And D= P - V = P - —, 


Norte. The value of D given by this equation is called the true discount. 
But in practice when a sum of money is paid before it is due, it is customary 
to deduct the interest on the debt instead of the true discount, and the 
money so deducted is called the banker’s discount; so that 


Banker's Discount = Pnr. 


3 Pnr 
True Discount = .-—-—. 
laur 


Example. The difference between the truc discount and the banker's 
discount on £1900 paid 4 months before it is due is Us. 8d.; find the rate 
per cent., simple interest being allowed. 


Let r denote the interest on £1 for one year; then the banker’s discount 
1900r 


3 


is —* and the true discount is 


"^T "sso ^ = 889 


ρα ὶ 152 1. 
Rejecting the negative value, we have r= 8800 = 35! 


.'. rate per cent. = 100r = 4. 


232. To find the interest and amount of a given sum in a 
given time at compound interest. 


Let P denote the principal, R the amount of 6] in one year, 
n the number of years, Z the interest. and M the amount. 
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The amount of P at the end of the first year is PÈ ; and, since 
this is the principal for the second year, the amount at the end of 
the second year is PR x Rar PA". Similarly the amount at the 
end of the third year is ΓΑ, and so on; hence the amount in 
x years 15, A" ; that is, 


. M= PR"; 
I-P(ER'-1) 
Nore. If r denote the interest on £1 for one year, we have 


R=1+r. 


233. In business transactions when the time contains a 
fraction of a year it is usual to allow simple interest for the 
fraction of the year. Thus the amount of £1 in } year is 


reckoned 1 +55 and the amount of P in 43 years at compound 


2 : 
interest is PR' (1 +3 r) . Similarly the amount of P in 


p+ = yours is PR" (1 +2), 
If the interest is payable more than once a year there is a 
distinction between the nominal annual rate of interest and that 


actually received, which may be called the true annual rate; thus 
if the interest is payable twice a year, and if r is the nominal 


annual rate of interest, the amount of £1 in half a year is ] +5 y 
a 
and therefore in the whole year the amount of £1 is (1 +o) ; 


or 1+ ret; so that the true annual rate of interest is 


T4. 


4 


234. If the interest is payable φ times a year, and if r is 
the nominal annual rate, the interest on £1 for each interval is 


: , and therefore the amount of P in years, or qn intervals, is 


7 
8 


In this case the interest is said « : TRAE? 
9 Wines à your. sald to be “converted into principal 
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If the interest is convertible into principal every moment, 
then g becomes infinitely great. To find the value of the amount, 


putr c, so that g — rz ; thus 


the amount = 7 (1 + ry = Ρ( + 2) = P ((1 + JF 
q x x 


= Pe", (Art. 220, Cor.,] 


since x is infinite when q is infinite. 


235. To find the present value and dixcount of a given sum 
due in a given time, allowing compound interest. 


Let P be the given sum, V the present value, D the discount, 
KE the amount of £1 for one year, n the number of years. 


Since V is the sum which, put out to interest at the present 
time, will in n years amount to P, we have 


P=VR; 
o's V= τις PR. 
and D=P(1-Rk"). 


Erample. The present value of £672 due in a certain time is £120, if 
compound interest at 44 per cent. be allowed, find the time; having given 


log 9---30108, log 3=°47712. 


44 1 25 
Here T= 106 24' ond Ray 


Let x be the number of years; then 
672-126 (ZV; 
— 2i) ; 


672 


.*. nlog 27 sog A 
24 126 


5 log 00 ορ 18, 
9065 δ᾽ 


. % (log 100 -- log 96) = log 16 — log 8, 
n= 210g? -log8 
~ 2-d log 2-log8 
72700 


thus the time is very nearly 41 years. 
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EXAMPLES. XVIII. a. 


When required the following logarithms may be used. 
log 2='3010300, log ἃ-- 4771918, 
n log7--:8450980, log11=1-0413927. 


1. Find the amount of £100 in 50 years, at 5 per cent. compound 
interest; given log114:674 — 2:0594650. 

2. At simple interest the interest on a certain sum of money 18 
490, and the discount on the same sum for the same time aud at the 
same rate is £80; find the sum. 


3. In how many years will a sum of money double itself at 5 per 
cent. compound interest | 


4. Find, correct to a farthing, the present value of £10000 due 
8 years hence at 5 per cent. compound interest; given 


log 67683:94 — 4:8304850. 


5. In how many years will £1000 become £2500 at 10 per cent. 
compound interest ? 


6. Shew that at simple interest the discount is half the harmonic 
mean between the sum due and the interest on it. 


T. Shew that money will increase more than a hundredfold in 
a century at 5 per cent. compound interest. 


8. What sum of money at 6 per cent. compound interest will 
amount to £1000 in 12 years} Given 


log 106 == 2°0253089, log 49697 = 46963999. 


9. A man borrows £600 from a money-lender, and the bill is 
renewed every half-year at an increase of 18 per cent.: what time will 
elapse before it reaches 660001 Given Jog118=2°071882. 


10. What is the amount of a farthing in 200 years at 6 per cent. 
compound interest? Given log 106 = 20253059, log115°1270 = 2°0611800. 


ANNUITIES. 


236. An annuity is a fixed sum paid periodically under 
certain stated conditions; the payment may be made either once 
& year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 


An annuity certain is an annuity payable for a fixed term of 
years independent of any contingency; a life annuity is an 
annuity which is payable during the lifetime of a person, or of 
the’éurvivor of a number of persons. 
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A deferred annuity, or reversion, is an annuity which does 
not begin until after the lapse of a certain number of years; and 
when the annuity is deferred for n years, it is said to commence 
after n years, and the first payment is made at the end of n+ 1 
years. 


Tf the annuity is to continue for ever it is called a perpetuity ; 
if it does not commence at once it is called a deferred perpetuity. 


An annuity left unpaid for a certain number of years is said 
to be forborne for that number of years. 


237. To find the amount of an annuity left unpaid. for a given 
number of years, allowing simple interest. 


Let A be the annuity, r the interest of £1 for one year, n the 
number of years, M the amount. 


At the end of the first year A is due, and the amount of this 
sum in the remaining n — l years is 4 + (n - 1) rA ; at the end of 
the second year another A is due, and the amount of this sum in 
the remaining (4— 2) years is 4 + (n- 2)7rA; and so on. Now 
AM is the sum of all these amounts ; 


SOM {A + (n»-1) γα) -- fA -(»—-2)rA]) s ...... t (A 7A) +A, 
the series consisting of « terms ; 

~ M=nA+(14+243+4...... +n—l)rA4 
" τ - 1) zi: 


2 


=nA+ — 


238. To find the umount of an annuity left unpaid for a 
given number of years, allowing compound interest. 


Let .{ be the annuity, A the amount of £1 for one year, n 
the number of years, M the amount. 


At the end of the first year A is due, and the amount of this 
sum in the remaining n- l years is AR"; at the end of the 
second year another Á is due, and the amount of this sum in the 
remaining n — 2 years is AA" *; and so on. 


SSMARUV.AR''... + Al*+ AR+A 
=A(1+KR+R'+...... to terms) 
x4 o 


ᾱ-1᾽ 
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239. In finding the present value of annuities it is always 
customary to reckon compound interest; the results obtained 
when simple interest 14 reckuned being contradictory and un- 
trustworthy. On this point and for further information on the 
subject of«tnnuities the reader may consult the 'l'ext-books of the 
Institute-of Actuaries, Parts I. and II., and the article Annuities 
in the Encyclopædia Britannica, 


240. To find the present value of an annuity to continue for 
a given number of years, allowing compound interest. 


Let A be the annuity, (αὶ the amount of £1 in one year, n 
the number of years, V the required present value. 


The present value of A due in 1 year is 4 ; 
the present value of A due in 2 years is AR™*; 
the present valme of A due in ὃ years is 4 À^*; 
and so on. [Art. 235.] 


Now V is the sum of the present values of the different 
payments ; 


ew Vea Αα) AR? ARTT... to n terms 
— 
=A” IR^ 
1-20" 
=A -pi 


Norr. This result may also be obtained by dividing the value of M, 
given in Art. 238, by R”. IArt. 232.] 


Cor. If we make n infinite we obtain for the present value 
of a perpetuity 


241. IfmA is the present value of an annuity A, the annuity 
is said to be worth m years’ purchase. 


In the case of a perpetual annuity md = - 3 hence 


-- 1 100 
f rate per cent.’ 
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that is, the number of years’ purchase of a perpetual annuity is 
obtained by dividing 100 by the rate per cent. 


As instances of perpetual annuities we may mention the 
income arising from investments in irredeemable Stocks such as 
many Government Securities, Corporation Stocks, and Railway 
Debentures. A good test of the credit of a Government is fur- 
nished by the number of years’ purchase of its Stocks; thus the 
2} p. ο. Consols at 90 are worth 36 years’ purchase ; Egyptian 
4 Ῥ. ο. Stock at 96 is worth 24 years’ purchase; while Austrian 
5 p. ο. Stock at 80 is only worth 16 years’ purchase. 


242. To find the present value of a deferred annuity to 
commence at the end of p years and to continue for n years, allow- 
$ng compound interest. 


Let A be the annuity, Æ the amount of £1 in one year, V the 
present value. 


The first payment is made at the end of (p+1) years. 
Art. 236.] 


Hence the present values of the first, second, third ... pay- 
ments are respectively 


AR? AR, ARO... 
D. V= AR ts ARTO’ 4 ARP ge l. to n terms 


1-0" 
x — (priya 
AR ize 
AR AR" 
"R-1 ZE-1"' 
Con. The present value of a deferred perpetuity to commence 
after p years is given by the formula 
| y AR? 
“Rel 


243. A freehold estate is an estate which yields a perpetual 
annuity called the rent ; and thus the value of the estate is equal 
to the present value of a perpetuity equal to the rent. 


It follows from Art. 241 that if we know thenumber of years' 
purchase that a tenant pays in order to buy his farm, we obtain 
the rate per cent. at which interest is reckoned by dividing 100 
by the number of years’ purchase. 
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Ezamplc. The reversion after 6 years of a freehold estate is bought for 
£20000; what rent ought the purena-er to receive, reckoning compound 
interest at 5 per cent.? Given log 1:05 =-0211893, log 1:340096 = 1271868. 


The rent is equal to the annual value of the perpetuity, deferred for 6 
years, whieh may be purchased for £20000. 


Let £4 be the value of the annuity; then since R=1-05, we have 
A x (1:05)-8 | 
05 5 
. x (1:05)-6-- 1000; 
log 4 ~ 6 log 1:05 — 3, 
log A =3:1271358 = log 1340-096. 
.. 42:1340:096, and the rent is £1340. 1s. 11d. 


20000 -- 


244. Suppose that a tenant by paying down a certain sum 
has obtained a lease of an estate for p+q years, and that when 
q years have elapsed he wishes to renew the lease for a term 
p+n years; the sum that he must pay is called the fine fur 
renewing n years of the lease. 


Let 4 be the annual value of the estate; then since the 
tenant has paid for p of the p +7 years, the fine must be equal 
to the present value of a deferred annuity A, to commence after 
p years and to continue for n years ; that is, 


AR" AR” 


thc ποτ» 7 ply 


[| Art. 242.] 


EXAMPLES. XVIII b. 


The interest is supposed compound unless the contrary is stated. 


1. The amount of an annuity of £120 which is left unpaid for 
5 years is £672; find the rate per cent. allowing simple interest. 


2. Find the amount of an annuity of £100 in 20 years, allowing 
compound interest at 44 per cent. Given 
. log 1045 = 0191163, log 24:117 = 1-3823260. 


3. A freehold estate is bought for £2750; at what rent should it 
be let νο that the owner may receive 4 per cent. on the purchase money Ί 


4.: A freehold estate worth £120 a year is sold for £4000; find the 
rate of interest. 


INTEREST AND ANNUITIES. 907 


5. How many years purchase should be given for a freehold 
estate, interest being calculated at 3$ per cent. 1 


6. Ifa perpetual annuity is worth 25 years’ purchase, find the 
amount of an annuity of £625 to continue for 2 years, 


7. Ifa perpetual annuity is worth 20 years’ purchase, find the 
annuity to continue for 3 years which can be purchased for £2529, 


8, When the rate of interest is 4 per cent., find what sum must 
be paid now to receive a freehold estate of £400 a year 10 years hence; 
having given log 104= 20170333, log 675565 = 8296670. 


9, Find what sum will amount to £500 in 50 years at 2 per cent., 
interest being payable every moment; given e~! ='3678. 


10, If 25 years’ purchase must be paid for an annuity to continue 
n. years, and 30 years’ purchase for an annuity to continue 2» yeurs, 
find the raie per cent. 


11, Aman borrows £5000 at 4 per cent. compound interest; if the 
rincipal and interest are to be repaid by 10 equal annual instalments, 
nd the amount of each instalment; having given 


log 1:042::0170333 and log 675565 —5:829667. 


12, A man has a capital of £20000 for which he receives interest 
at 5 per cent.; if he spends £1800 every year, shew that he will be 
ruined before the end of the 17" year; having given 


log 2= 9010900; log 3=°4771213, log 7 — 8450980. 


19. The annual rent of an estate is £500; if it is let on a lease 
of 20 years, calculate the fine to be paid to renew the lease when 7 years 
have elapsed allowing interest at 6 per cent.; having given 


log 106= 20253059, log4-688385='6710233, log3:118049 = 4938820. 


14, If a, b, c years’ purchase must be paid for an annuity to con- 
tinue n, 2n, 3n years respectively; shew that 
a - αὖ 4- b zac. 


15. What is the present worth of a perpetual annuity of £10 
payable at the end of the first year, £20 at the end of the second, 
£30 at the eud of the third, and so on, increasing £10 each year; 
interest being taken at 5 per cent, per annum fî 


CHAPTER XIX. 
INEQUALITIES. 


245. ANY quantity a is said to be greater than another 
quantity | b when a—6 is positive; thus 2 is greater than —3, 
^because 2— (- 3), or 5 is positive. Also b is said to be less 
than a when b-a is negative ; thus —5 is less than —2, because 
—5— (- 2), or - 3 is negative. 


In accordance with this definition, zero must be regarded as 
greater than any negative quantity. 


In the present chapter we shall suppose (unless the contrary 
is directly stated) that the letters always denote real and positive 
quantities. 


246. Ifa >b, then it is evident that 
ate>b+e; 


that is, un inequality will still hold after each side has been 
increased, diminished, multiplied, or divided by the same positive 
quantity. 

247, If a—c»b, 
by adding ο to each side, 

a»b-c; 

which shews that in an inequality any term may be transposed 
_ from one side to the other 4/ ite sign be changed. 
If a> b, then evidently b<a; 


that is, if the sides of an inequality be transposed, the sign of 
inequality must be reversed. 
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If a >b, then a-b is positive, and 5 —a is negative; that 
is, — a — (— b) is negative, and therefore 
-α--ὀ; 
hence, 4f the signs of all the terms of an inequality be changed, 
the sign of tnequatity must be reversed. 
Again, if a > b, then — a < — b, and therefore 
-ac < =Le; 
that is, ¿f the sides of an inequality be multiplied by the same 
negative quantity, the sign of inequality must be reversed. 
248. If a, >b, a, >b, a,» b, «..... a 5 b,, it is clear 
that 
a Έα, ta, +... τα, >b +b, tb, t. tbn; 
and a,a,a,...a, > D b b, ... ὃς. 


249. (if a>b, and if p, q are positive integers, then ,/a: 4B, 


ν 
or x - v; ; and therefore a! > b that is, a” > b^, where n is any 
positive quantity. 


Further, i. à that is a" < 6", 


250. The square of every real quantity is pomitive, and 
therefore greater than zero. Thus (α-- ὑ)᾽ is positive; 
a! — 2ab - 0 > 0; 
. a +h" > 20b. 


Similarly "3 > Jay; 
that is, the arithmetic mean of two positwe quantities is greater 
than their geometric mean. 

The inequality becomes an equality when the quantities are 
equal. 


251. The results of the preceding article will be found very 
useful, especially in the case of inequalities in ven the letters 


are involved symmetrically. 
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Ezample 1. Ifa, b, c denote positive quantities, prove that 


a? -- 03 }- c! bc -- ea -- ab; 
and 2 (a? + Ὁ3 + c3) > be (b -- c) - ca (c +a) - ab (a +d), 
Nag 4 
For . b* et gba μμ ο ves nerve dean a vpeeee (1); 
c8§+a*> 2ca; 
a? +b? >2ab; 
whence by addition a* +b? }- οἳ >be 4 ca +ab. 
It may be noticed that this result is true for any real values of a, b, ο. 
Again, from (1) U2 — bc p c? be uuu (2); 
' ο be (OF (3). 


Dy writing down the two similar inequalities and adding, we obtain 
2 (αἱ + δῦ 4- ο) >be (b+c) 4- ca (ο ἠ- a) -- αὖ (a+b). 
It should be observed that (3) is obtained from (2) by introducing the 


factor b--c, and that if this factor be negative the inequality (3) will no 
longer hold. 


Example 2. If z may have any real value find which is the greater, 
g£*--1or 34 7. 
æ 41-(z*-2:)-23-2?-(z—-1) 
= (?~1) (z-1) 
z(r-1Y?(z-1l) , 
Now (5 -- 1)? is positive, hence 
αὐ 51» or <2?+2 
according as x 4-1 is positive or negative; that is, according as 2 > or < — 1. 
If z= - 1, the inequality becomes an equality. 


252. Let a and b be two positive quantities, S their sum 
and P their product; then from the identity 


4ub = (a + b) — (a — b)* 
we have 
4P = S° -(a—by, and S*=4P + (a - by. 


Hence, if S is given, P is greatest when a=); and if P is 
given, Δ΄ is least when 
a=b; 

that is, ¢f the sum of two positive quantities is given, their product 


te greatest when they are equal; and 4f the product of two positive 
quantities is given, their sum is least when they are equal, | 
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253. To find the greatest value of a product the sum of whose 
factors is constant, 


Let there be factors a, b, c, ... k, and suppose that their 
sum is constant and equal to s. 


Consider the product abc ... k, and suppose that a and ὁ are 
any two unequal factors. If we replace the two unequal factors 
a, b by the two equal factors p j E R the product is increased 
while the sum remains unaltered ; hence so long as the product 
contains two unequal. factors it can be increased without altering 
the sum of the factors ; therefore the product is greatest when all 


the factors are equal. In this case the value of each of the n 
factors is Z , and the greatest value of the product is (5) , or 


(cot mát cy 
% 


Cor. If a, b,c, ... k are unequal, 


(Hoe ty 7 abc ... k; 


20 
that is, 
1 
arbre eth, (abc ... ky. 


By an extension of the meaning of the terms arithmetic mean 
and geometric mean this result is usually quoted as follows : 
the arithmetic mean of any number of positive quantities is greater 
than the geometric mean. 


Example. Shew that (17--2*-- 3f -- ... +n")” > 8" (19) 


where r is any real quantity. 
i , 
Since PTO tO anie. gn ats 
n 
— 
E (ERN. 17.97. 8*...... ^, that is, »-([n)'s 


whence we obtain the result required. 
" 7 H.H.A. 
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204. To find the greatest value of a™b*cP ,.. when a+b+o+.. 
ts constant; m, n, p,... being positive integers. 


Binos m, δι, p,... are constants, the expression a”b*c?... will 
m a ρ 
be greatest when ( J (2) 2) ... is greatest. But this last 


a 
n 
expression is the product of m+n+p+... factors whose sum is 


"(Sen + p a) oon or a4 b--c- ..., and therefore con- 


stant. Hence a"b'c"... will be greatest when the factors 


a ο 


καρ -- 


ο 
m’ n'y" 
are all equal, that is, when 
a b ο arbo... 
m n p —m-n-p... 
Thus the greatest value is 


— (T my 
— ΑΛ ΡΤ... 


Example, Find the greatest value of (a+)? (a — 2)* for any real value 
of z numerically less than a. 


$ /g T4 
The given expression is greaiesl when ( E :) ( 4 d is greatest; but 


hence (a + g)? (a - x)‘ is greatest when eet, OF fem -p 


the sum of the factors of this expression is 8 ς.. +4 (5:5) , or 2a; 


Thus the greatest value is ord. . 

255. The determination of maximum and minimum values 
may often be more simply effected by the solution of a quad- 
ratic equation than by the foregoing methods. Instances of 
this have already occurred in Chap. ix.; we add a further 


Ezample. Divide an odd integer into two integral parts whose produci 
is a maximum. | 


Denote the integer by 9n+1; the two by s and Sn*1-2; and 
the produsi by y; then (n+ 1) 2 ^ à à y; — 
ἃς = (an+ 1) AJ (Bn 1) iy; 
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bui the quantity under the radical must be positive, and therefore y cannot 
be greater than (n+ 1), or n?+n+-; and since y is integral its greatest 


value must be »?--n»; in which case z=n+1, or n; thus the two parts aren 
and n+l. 


256. Sometimes we may use the following method. 


Ezample, Find the minimum value of (a — . / 


Put c--zzy; then 


the expression a (act y) b et y) 
y 
— (67 €) ya —~ctb-¢ 


ο. Jy) + a-c+b-0+2 a-e) (bo). 


Henoe the expression is a minimum when the square term is zero; that 
is when y z (a — c) (b — c). 
Thus the minimum value is 
a-c+b—-c+2 AJ (a — ο) (0 - c); 


and the corresponding value of s is A/ (a — c) (0 — c) — c. 


EXAMPLES. XIX.a. 


1. Prove that (ab + zy) (az 4- by) 5 4abzy. 
2. Frove that (ὦ 4-c) (c - a) (a 4- ὃ)» 8abc. 


3. Shew that the sum of any real positive quantity and its 
reciprocal 1 is never less than 2. 


4 If a+b], and 2°+y?=1, shew that ax-F5y «1. 
Be If a3) 1, and 234-934-2321, shew that 
ax +by+ce<1. 
14b 


VÉ. Ifa-b, shew that a% > a*l^, and log | δ. log = [γα 


Mf, Shew that (xy + γϑε + 2a) (zy1-- 28 + act) > θα yat, 

«8 Find which is the greater 8al# or αἳ }-9δ3. 

9, Prove that afb +ab <at+ ζ'. 
«16 Prove that Gabe « bo (b+c) +ca(e-+a) +ab (a+b). "ss 
M. Shew that 54+ οἳ αἳ t-a > abc(a--b--e). κ 
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12. Which is the greater z? or z*--z--2 for positive values of x? 
13. Shew that 2° + 13a%r > δαχϑ + 9a’, if 2a. 


14. Find the greatest value of z in order that 7z*+11 may be 
greater than z* + 172. 


15. Find the minimum value of x? 13α +40, and the maximum 
value of 24x — 8 —92*. 


16, Shew that (|n)!2-^, and 3.4. 6...2n« (n- L)*. 
VÍT. Shew that (x +y +2)? —27zyz. 
_“ 18. Shew that n”>1.3.5...(2n-1). 


f9. Ifn be a positive integer greater than 2, shew that 
2^ —1--nJ2^-1, 
l n+ 1133 
20. Shew that (|2) <n" ( 5 
«δι. Shew that 
(1) (2+y+2)?>27(y+2-—2)(z+2-y)(z+y—2). 
(2) zyz>(y +z-x)(z+x-y)(x+y-z). 
22. Find the maximum value of (7 —z)*(2 + z)* when æ lies between 
7 and —2. 
23. Find the minimum value of : 


(5+2)(2 +2) 
l+z 


9257. To prove that if a and b are positive and unequal, 
anm -+ pm. (2 + S, 
— — except when m is a positive proper fraction. 


2 
We have —— t) + * ; and 


ainoe * is less than * , we may expand each of these 


expressions in ascending powers of 57^. [Art, 184] 


ce -(ez runc nu τ ΜΉΝ 


με. 2) (πι -- 9) z+) τ 
te a — 


1.2.3.4 ον 


* a 
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(1) If m is a positive integer, or any negative quantity, 
all the terms on the right are positive, and therefore 


a" +6” (* + y 


3 2 


(2) If m is positive and less than 1, all the terms on 
the right after the first are negative, and therefore 


a” +b" [αι 
(F ) . 


(3) If m>i and positive, put m-l where n<1; then 


] 1 1 


a" 4 bo a" +b" — 
Cs ) "( 3”) 
1 


— (y 
a 3/' 
Hence the proposition is established. If m=0, or 1, the 
inequality becomes an equality. air 


*258. If there are n positive quantities a, b, c,...k, then 
a™+b™+o™+...+k™ ΛΑ... 
n ο. ( n 


wnless m $8 a positive proper fraction. 
Suppose » to have any value not lying between 0 and 1. 


Consider the expression a"--5" c"... +k", and suppose 
that a and b are unequal ; if we replace a and ὁ by the two equal 
a+b a+b 


quantities τα μοὶ the value of a-- ὃ --ο -- ... +k remains un- 
altered, but the value of a" + b" +c" + ... + k" is diminished, since 
a + bN” 


a" 457-2 7g 9 
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Hence so long as any two of the quantities a, b, c,...k are unequal 
the expression a"-- b" - c" -...-- K" can be diminished without 
allering the value of a+b+¢+...+; and therefore the value 
of a"-b"-c" -- ... -- k" will be least when all the quantities 
a, b, ¢,...4 are equal. In this case each of the quantities is equal 


to ee ET ? 


and the value of a" -- b" +c" + ... +" then becomes 


(tns ΞΡ 
ni ---------------------- . 


n 


Hence when a, b, c,...k are unequal, 


— —t — — — 


TEE enn V (extet 2223] 
n. | 


n 


If m lies between 0 and 1 we may in a similar manner prove 
that the sign of inequality in the above result must be reversed. 


The proposition may be stated verbally as follows: 


The arithmetic mean of the mt® powers of n positive quantities 
te greater than the mt^ power of their arithmetic mean im all cases 
except when m lies between 0 and 1. 


#259. Ifa and b are positive integers, and a>b, and 4f x be a 
EN Y 8 b 
positive quantity, (142) >(1 +3). 


For . 
(1+ =) 212 =e +(1- jJ : pt 


the series consisting of a + 1 terms; and 


a . 1\ a 1 2N αὖ 
(1+3) ees (1-5) 71) 728-0 
the series consisting of ὁ -- 1 terms. 


After the second term, each term of (1) is greater than the 
corresponding term of (2); moreover the number of terms in (1) 
is greater than the number of terma in (2) ; henoe the proposition 
is established. | 
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*260. To prove that Vrai Vr 


V x aud y are proper fractions and positive, and x > y. 


For : Ίνα or « “sy 
l-g 
according as I log i = > or < = log a 
But = log 5-5 = 2 (1 + s e). [Art. 226]; 
and slog" a(1+ ο ας. » 
Logic. si τος iy 


&nd thus the proposition is proved. 


#261. To prove that (1-- x) * (1—x)^*»1, if x«1, and to 


a+b 
deduce that atb’ > F 


Denote (1 42) ** (1 —2)'* by P; then 


log P = (1 + æ) log (1 +x) + (1 — æ) log (1 — x) 
= {log (1 + x) — log (1—2«)] + log(1 + a) + log (1 —«) 


e oo a a ac 
= 20 (s gt gt) 6t) 


(E. ee Pat J 


Hence log P is positive, and therefore P> 1; | 
that is, (1 +e)" (1—4)"*. 1. 
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In this result put æ = =, where « -2, then 
T 
(1 * z) κ. -- "-1 ; 
2] 
2 we μα, 
E 3 (" n - I", or 1; 
74 [77 


2 (u +o)" (u-z) t 


b 
Now put w+z a, u-z b,so dum 


a+b 
H es (* 2) ; 


* EXAMPLES. XIX. b. 


1 1. Shew that 27 (at+ δὲ --σἳ) > (α-- b -- c)*. 
( 2. Shew that & (n--1) «8(1* - 95 - 3-- ... 45). 


3. Shew that the sum of the m powers of the first 2 even num- 
bers is greater than » (2+1)", if s > 1. 


4. If aand 8 are positive quantities, aud a > 3, shew that 


e (oe 


Hence shew that if n>1 the value of (1 +3) lies between 2 and 
2°718... 
“5, If a, b, c are in descending order of magnitude, shew that 
Lg 
«[l,- i 
a-c b—c 


*£6505..5-5 
αὶ ων 


. Shew that ( 
E 


d 
7. Prove that = log (1 +a™) < - log (1 +a*), if mn Ἢ 


—%& If nisa positive integer and » < 1, shew that 
1--α5}1 15.» — 


— — πμ. — — g 
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9. If a, b, c are in H. P. and n > 1, shew that «"--c" > 2b". 
10. Find the maximum value of 2° (4a — z)* if v is positive and less 
1 1 
than 4a; and the maximum value of α3(1- αὐ when x is a proper 
fraction. 


“11. If x is positive, shew that log (14-7) <2 and > 1 RP : 
12. If s+y+:=1, shew that the least value of = + s ++ is 9; 
and that (1 —.) (1 — y) (1 —2) -- &ryz. 
- 13. Shew that (α-- ὃ--ο--α) (α”}- 05 -- οἳ -- d?) > (αὖ -- D? -- e$ -- d2y2, 
14. Shew that the expressions 
a (a -— b) (a —c) +b (b ο) (b — a)-- e (c — a) (c — b) 
and a? (a — b)(a — c) -- b (b — c) (b - a) -- c* (e — a) (e -- b) 
ate both positive. 


“ἴδ. Shew that (j^^ - (a^ 4 y^", if n> n. 
a+b 
6 Shew that ab^ <. (522) i d 


7. If a, b, c denote the sides of a triangle, shew that 
(1) e(p-g)p-r)tU(g-r)g-p)*c(r-pr-g9 ~ 
cannot be negative; p, g, r being any real quantities; 
(2) a®yz+5*2r-+e%xy cannot be positive, if x-4-5 4-520. 


As. Shew that ji [B [5 ος [2571 > (| 2)" P 


19. If a, b, c, d, ...... are p jones integers, whose sum is equal 
to n, shew that the least value o PA 
ja |b 1e d ......... is (gr 77 Cat 1"; 


Where g is the quotient and r the remainder when n is divided by 4. 


CHAPTER XX. 


LIMITING VALUES AND VANISHING FRACTIONS. 


262. Ira be a constant finite quantity, the fraction - can 
be made as small as we please by sufficiently increasing c; that 
is, we can make ~ approximate to zero as nearly as we please 
by taking x large enough ; this is usually abbreviated by saying, 


“when x is infinite the limit of = is zero.” 
Again, the fraction = increases as x decreases, and by making 
. | 
ο as small as we please we can make α΄ large as we please ; 


thus when z 1s zero - has no finite limit; this is usually ex- 
f a! un 
prasi by saying, af when æ is zero: o the timit. ot is infinite". 


When we. s0y- that, quantity ο. ο] li 
or FA infinite we mean that we can suppose the quantity —— 


greater than any quantity we can name. 


Similarly when we say that a quantity decreases without 
limit, we mean that we can suppose the quantity to become 
smaller than any quantity we can name. 

The symbe! co is used to denote the value of any quantity 


which is indefinitely increased, and the symbol Ὁ is used to 
denote the value of any quantity which is indefinitely dimi- 
nished. 
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264. The two statements of Art. 362 may now be written 
symbolically as follows : 


. * €. 
if x iso, then = is 0; 


if ὦ is 0, then = is oo. 


But in making use of such concise modes of expression, it 
must be remembered that they are only convenient abbreviations 
of fuller verbal statements. 


265. The student will have had no difficulty in understanding 
the use of the word limit, wherever we have already employed it; 
but as a clear conception of the ideas conveyed by the words 
limit and limiting value is necessary in the higher branches of 
Mathematics we preceed to explair more precisely their use and 
meaning. 


266. Dsrinition. If y=f(x), and if when æ approaches a 
value a, the function f(a) can be made to differ by as little as 
we please from a fixed quantity b, then b is called the limit of 
y when «= a. 


For instance, if S denote the sum of » terms of the series 
1 1 1 


l 
l+ +s+ z+; then S=2— y. [Art. 56.] 


Here S is a function of n, and ga can be made as small 


as we please by increasing n; that is, the limit of S is 2 when 
n is infinite. 


201. We shall often have occasion to deal with expressions 
consisting of a series of terms arranged according to powers of 
some common letter, such as 


a, + 9,0 + a, x + αμ + ss... 


where the coefficients a, αι, α,, αρ... are finite quantities 
independent of x, and the number of terms may be limited or 
unlimited 

It will therefore be convenient to discuss some propositions 
connected with the limiting values of such expressions under 
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268. The limit of the series 
8, - A.X - ax! - a.x* H... 
when x ts indefinitely diminished is a. 
Suppose that the series consists of an infinite number of terms. 


Let b be the greatest of the coefficients a,, a,, @,, ...; and 
let us denote the given series by a, -- $; then 


S «bo + δα" + bx? ^... 


and if «<1, we have S«——. 


Thus when α: is indefinitely diminished, S can be made as 
small as we please; hence the limit of the given series is a,. 


If the series consists of a finite number of terms, S is less 


than in the case we have considered, hence a fortiori the pro- 
position is true. 


269. In the series 
a t &,X  &,X! 4 aX) b ..., 

by taking x small enough we may make any term as large as we 
please compared with the sum of all that follow 1t ; and by taking 
X large enough we may make any term as large as we please 
compared, with the sum of all that precede it. 

The ratio of the term a" to the sum of all that follow 
it is 


^ i 775 
α ο +a, ee a, +4, +... 


When 2 is indefinitely small the denominator can be made 
as small as we please; that is, the fraction can be made as large 


as we please. 
Again, the ratio of the term az" to the sum of all that 
precede it is 
ac a. 
T WU. E T tn? 


where y=. 
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When z is indefinitely large, y is indefinitely small; hence, 
as in the previous case, the fraction can be made as large as 
we please. 


270. The following particular form of the foregoing pro- 
position is very useful. 


In the expression 


απ à, x ee taxa 
consisting of a finite number of terms in descending powers of c, 
by taking x small enough the last term a, can be made as large 
as we please compared with the sum of all the terms that precede 
it, and by taking x large enough the first term a x" can be made 


as large as we please compared with the sum of all that follow it, 


Example 1. By taking n large enough we can make the first term of 
nê- bi? — 71-9 as large as we please compared with the sum of all the other 
terms; that is, we may take the first term n* as the equivalent of the whole 
Ην with an error as small as we please provided n be taken large 
enough. 


82° - 221-4 


Example 2. Find the limit of 


Zero. 


when (1) z is infinite; (2) z is 


(1) In the numerator and denominator we may disregard all terms but 
the first; henoe the limit is τ , or : ; 

(2) When z is indefinitely small the limit is 75, or ~ 5. 

Ezample 3. Find the limit of Nite when 2 is zero. 


E Let P denote.the value of the given expression ; by taking logarithms we 
ve 


log P=} (og(1 +2) -log(1 -2)) 
-2 ( E +) l [Art. 226.] 


Hence the limit of log P is 2, and therefore the value of the limit 
required is e?, 
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YANISHING FRACTIONS. 


271. Suppose it ıs required to find the limit of 


αἱ as — 2a 
gla 
when w= a. 

If we put w=a+h, then h will approach the value zero as œ 
approaches the value a, 


Substituting a + h for a, 
æ --αω-- 2α δα] εἰ 3a+h_ 
a'—a! δα Lath’ 
and when A is indefinitely small the limit of this expression 
3 
fs 9 


There is however another way of regarding the question; for 


a" -----2α’  (x—a)(x+2a) αγ 2α 


— — — —— —À 


a'—-a (α-α)ίᾳ1α) x+a’ 
and if we now put z=a the value of the expression is 
z» as before. 


— 3 
If in the given expression ES = ned we put «=a before 


simplification it will be found that it assumes the form = the 


value of which is indeterminate; also we see that it has this 
form in consequence of the factor «—a@ appearing in both 
numerator and denominator. Now we cannot divide by a zero 
factor, but as long as c is not absolutely equal to a the factor 
x-a may be removed, and we then find that the nearer x 
approaches to the value a, the nearer does the value of the 


fraction approximate to or in accordance with the defimtion of 


Art. 266, 


sou g@+an—2a’, ἃ 
when w= a, the limit of — is ge 
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272. If f(x) and $ (x) are two functions of æ, each of which 
becomes equal to zero for some particular value «a of a, the 


SF (a) and is called 4 Vanishing 


fraction $ (a) takes the form δ’ 
Fraction. 
Example 1. If α-- ὃ, find the limit of 
z- δα” + τα -- ἃ 
-re αι - 8 
When α--8, the expression reduces to the indeterminate form 4 ; but by 


removing the factor r—9 from numerator and denominator, the fraction 


a? — Qo + 1 : 1 "AN 

becomes , -------. When z=3 this reduces to -, which is therefore the 
a --9x--1 4 

required limit. 


Example 2. The fraction Mac —a- Jet is becomes 5 when τα. 
z-a 
To find its limit, multiply numerator and denominator by the surd con- 
jugate io «/8α —a— „/z+a; the fraction then becomes 


(δα — a) - (5 --α) 2 


nce e 7? UL ee 
(zr-e)ü/ür-a-c za) «/δα--α-- moa 
whence by putting z =a we find that the limit is un : 
2a 
1-Jz 0 
I- öz becomes 0 when zsx 1. 


To find its limit, put x=1+h and expand by the Binomial Theorem. 
Thus the fraction 


Ezumple 8. The fraction 


i-am. iT 


1-(14-4)3 1- (14 ΤΣ, 
b 25 


Now hæ0 when 2=1; hence the required limit is : . 


273. Sometimes the roots of an equation assume an in 
determinate form in consequence of some relation subsisting 
between the eoefficients of the equation. 
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For example, if ax 4 b cx +d, 
(a — e)m e d — b, 


0 
a simple equation is indefinitely great if the coefficient of œ is 
indefinitely &inall. 


But if c= a, then z becomes , or œ ; that is, the root of 


274. The solution of the equations 


az+by+c=0, au+by+e' =0, 


is -  ..ο--. 
~ ab! — ab? "αὖ -αὖ᾽ 
If ab' - 2/5 — 0, then z and y are both infinite. In this case 
, , 
z = B= "ἡ suppose; by substituting for a’, b, the second 


, 


equation becomes ax + by + - > 0, 


, 


If ~ is not equal to c, the two equations aw +by +c -0 and 


ax + by + -= 0 differ only in their absolute terms, and being 
inconsistent cannot be satisfied by any finite values of x and y. 


c a ὖ ο 
If = hs equal to c, we have pm and the two equations 


are now identical. 
Here, since be’ -- b'c = 0 and ος --σα--0 the values of z and y 
each assume the form A and the solution is indeterminate. In 


fact, in the present case we have really only one equation 
involving («o unknowns, and such an equation may be satisfied 
by un unlimited number of values. 


The reader who is acquainted with Analytical Geometry will 
hayé no difficulty in interpreting these results in connection with 
this geometry of the straight line, 
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275. We shall now discuss some peculiarities which may 
arise in the solution of a quadratic equation, 


Let the equation be 


ax + ba 4- c — 0. 
If c — 0, then 
ax’ + bx = 0; 
whence x=0, or RS P 


that is, one of the roots is zero and the other is finite. 


If 0-0, the roots are equal in magnitude and opposite in 
sign. [Art. 119.] 


If a=0, the equation reduces to bx 4 c—0; and it appears 
that in this case the quadratic furnishes only one root, 


namely — ; . But every quadratic equation has two roots, and in 


order to discuss the value of the other root we proceed as follows. 


Write : for x in the original equation and clear of fractions; 
thus 
cy! + by -- a — 0. 
Now put a — 0, and we have 


cy’ + by =0; 


the solution of which is y = 0, or EC ; that is, 2 = œ, or — ; . 


Hence, in any quadratic equation one root will become infinite 
Vf the coefficient of x° becomes zero. 


This is the form in which the result will be most frequently 
met with in other branches of higher Mathematics, but the 
student should notice that it is merely a convenient abbreviation 
of the following fuller statement : 


In the equation az' + bx + e= 0, if a is very small one root is 
very large, and as a is indefinitely diminished this root becomes 
EF: y great. In this case the finite root Marne 
to -7 as its limit. 


The cases in which more than one of the coefficients vanish 
may be discussed in a similar manner. 
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EXAMPLES. XX. 
Fiud the limits of the following expressions, 


(1) when zo, (2) when 2-0. 
1 (28-8) (3-82) 9 (33-19 
"o 72-64 C "a9 
g, (33-247) (s - 5) 4, (2282-57) (351) 
(473 — 9) (124-2) ᾿ ° (2.2 — 1) i 
g 1-5 1-4 | g (8 #)(2+5) (2-72) 
| 223-1 98 7 ' —(-l)x-1j ^ 
Find the limits of 
T. Hd , When z= — 1. 8. n , when x0. 
er — e77 ems gma 
9. log (147 when #=0, 10. "ca Ὁ when zd. 
11. MES zvita zu -, When s= 2a, 
2 
12. ελα ur when #=0, 
13. —— when 41. 
v—2X 


14. 


2. Σ.Ε. (α — ον 
ΕΤΕΙ, shit dimid: 


, (α5- à (aa) 


2 2 2 
15, VEtat νώτα n — 


16. (y DA] when nmo, 
n n 


17. nlog τ aap, When m=, 
my 


18. — when 49, 


CHAPTER XXI. 
OONVERGENCY AND DIVERGENCY OF SERIES, 


216. ΑΝ expression in which the successive terms are formed 
by some regular Jaw is called a series; if the series terminate at 
some assigned term it is called a finite series; if the number of 
terms is unlimited, it is called an infinite series. 


In the present chapter we shall usually denote a series by 
an expression ef the form 


V, + Uy HUH eers HUH oeo 


277. Suppose that we have a series consisting of n terms. 
The sum of the series will be a function of n; if n increases 
indefinitely, the sum either tends to become equal to a certain 
finite limit, or else it becomes intinitely great. 


An infinite series is said to be convergent when the sum 
of the first n terms cannot numerically exceed some finite 
quantity however great n may be. 


An infinite series is said to be divergent when the sum of 
the first n terms can be made numerically greater than any finite 
quantity by taking n sufficiently great. 


218. If we can find the sum of the first n terms of a given 
series, we may ascertain whether it is convergent or divergent 
by examining whether the series remains finite, or becomes in- 
finite, when n is made indefinitely great. 


For example, the sum of the first n terms of the series 


less tat s is IE 


--ὲ 
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Tf x is numerically less than 1, the sum approaches to the 


i l 25 and the series is therefore convergent. 


lf æ is numerically greater than 1, the sum of the first 


finite limit 


n terms 18 — , and by taking « sufficiently great, this can 
be made greater than any finite quantity; thus the series is 
divergent. 

If x= 1, the sum of the first n terms is n, and therefore the 
geries is divergent. 

If x= — 1, the series becomes 


1-141-1-41-1-..... 


The sum of an even number of terms is 0, while the sum 
of an odd number of terms is 1; and thus the sum oscillates 
between the values 0 and 1. This series belongs to a class 
which may be called oscillating or periodic convergent series. 


279. There are many cases in which we have no method 
of finding the sum of the first n terms of a series. We proceed 
therefore to investigate rules by which we can test the con- 
vergency or divergency of a given series without effecting its 
summation. 


280. An infinite series in which the terms are alternately 
Positive and negative is convergent if each term is numerically 
less than the preceding term and. tf the terms decrease indefinitely. 
Let the series be denoted by 
U — M, HU U, tU, — Utos. 


where U, > U> U, > USU, ...... 


The given series may be written in each of the following 
8: 


(t, = ttp) + Qu, 7 νόῳ + (7 14) ο ο ο. (1), 


ο, - (0,7 5) - (u, — U,) — (u, — My) — ............ (2). 
From (1) we see that the sum of any number of terms is 


& positive quantity; and from (2) that the sum of any number 
of terms is less than u, ; hence the sum of the series is finite. 
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Also as u,=8,—8,_, and the limiting values of s, and δ, , 
are the same when n (and therefore n — 1)— co , it follows that 
Us 7:0 when n is infinite. 

Care must be taken not to regard this theorem as always 
showing convergency. Its converse is not necessarily true as is 
shown in Art. 290 (II). 

281. For example, the series 

ο... 

9 ὃ 450 UUT | 
is convergent. By putting z—1 in Art. 223, we see that its 
sum is log, 2. 

Again, in the series 


3.4, 3.4.5, 3.4.5.6 
1.37 ~179.3" *1.3.3.47 ^» 


the numerical part of each term is greater than in the preceding 
term, but the increase becomes less rapid as more and more terms 
are taken. If 0<x<1, the powers of z decrease, and though the 
values of the terms may increase at first, a stage will be reached 
when the increase in the numerical coefficients is offset by the 
decrease in the powers of z. Hence afterwards the values of the 
terms continue to decrease indefinitely and the series is convergent. 


282. An infinite series in which all the terms are of the same 
sign is divergent if each term is greater than some finite quantity 
however small. 

For if each term is greater than some finite quantity a, the 
sum of the first n terms is greater than na ; and this, by taking n 
sufficiently great, can be made to exceed any finite quantity. 


283. Before proceeding to investigate further tests of con- 
vergency and divergency, we shall lay down two important 
principles, which may almost be regarded as axioms. 

I. Ifa series is convergent it will remain convergent, and if 
divergent it willremain divergent, when we add or remove any finite 
number of its terms; for the sum of these terms is a finite quantity. 

II. If a series in which all the terms are positive is con- 
vergent, then the series is convergent when some or all of the 
terms are negative; for the sum is clearly greatest when all the 
terms have the same sign. 


We shall suppose that all the terms are positive, unless the 
contrary is stated. 


1-3z4- 
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284. An infinite series ts convergent if from and after some 
fixed term the ratio of each term to the preceding term ts numerically 
lese than some quantity which is itself numerically less than unity. 


Let the series beginning from the fixed term be denoted by 


U -ω-ω.--υ.--......... ; 
u u u 

and let <r, <r, <r, e ; 
v. us Us 

where r < 1. 

Then u tutu tU +. 
zz 9 (1.5... a.na Ta aaa a) 
i u Us τό, τ. Us vu 


«wu (Lrt trt... )3 


that is, p since r <l. 


Hence the given series is convergent. 


285. In the enunciation of the preceding article the student 
should notice the significance of the words “from and after a 
fixed term." 


Consider the series 
1 + 2a + 3a* + 4a? + 000... + an + 


u, ne 1 
Here em ME (1+ ay) 2 
and by taking n sufficiently large we can make this ratio ap- 
proximate to v as nearly as we please, and the ratio of each term 
to the preceding term will ultimately be x. Hence if 2$ «1 the 
series is convergent, 
But the ratio “+ will not be less than 1, until “<1; 
a1 
that is, until n > EN ; 
l-g 
Here we have a case of a convergent series in which the terms 
may increase up to a oertain point and then begin to decrease, 


For example, if 2475, then -+ = 100, and the terms do not 


begin to decrease until after the 100 term. 
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286. An infinite series in which all the terms are of the sume 
sign is divergent if from and after some fixed term the ratio of each 
term to the preceding term is greater than unity, or equal to unity. 


Let the fixed term be denoted hy u,. If the ratio is equal to 
unity, each of the succeeding terms is ‘equal to «,, and the sum 
of n terms is equal to nu, ; hence the series is divergent. 


If the ratio is greater than unity, each of the terms after the 
fixed term is greater than LT and the sum of v terms is greater 
than σύμ, hence the series is divergent. 


287. In the practical application of these tests, to avoid 
having to ascertain the particular term after which each term is 
greater or less than the preceding term, it is convenient to find 


the limit of —" when n is indefinitely increased ; let this limit 
be denoted by "À. 

Tf X <1, the series is convergent. [Art. 284 | 

If λ» 1, the series is divergent. [Art. 286 ] 


If A=1, the series may be either convergent or divergent, 
and a further test will be required; for it may happen that 
Us <l bui continually approaching to 1 as tts lunt when n is 
indefinitely increased, In this case we cannot name any finite 
quantity r which is itself less than 1 and yet greater than A. 


Hence the test of Art. 284 fails If, howeyer, * —-»]1 but con- 
tinually approaching to 1 as its limit, the series is divergent by 
Art. 286. 


We shall use '* Zim — ὃν " ag an abbreviation of the words 


8-0 δι 


is con- 


(n+1) 2” 
*» 5, 


Ezample1l. Find whether the pertes whose n'è term is 
vergent or — 


{jar (n+3) a- a 
, „Hare —5 aT na "Re Cow 
"ME S fF an og baa T h | 
i : Lm md; 
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hence if x«1 the series is convergent ; 
if z>1 the series is divergent. 
If z —1, then Lim a =1, and a further test is required. 
fao n-1 
Ezample 2. Is the series 
13 + 22x + 9323 +4273 +.,.... 


convergent or divergent? 
Here Lim aslim eu 
e II — — 
n=œ Ün-i qo (1) 3 
Hence if x«1 the series is convergent ; 


if 221 the series is divergent. 
If z—1the series becomes 1? + 23 + 3* + 4* +... , and is obviously divergent. 


Ezample 3. In the series 
a -r (a 7-d)r - (a -2d4)r* -- ...--(a -$ - 1. d)r 4 ..., 
d 
Lim "A =Lim a t (n - 1)d .f-T'3$ 
n=o Un- naw d (n -2)d' 


thus if r<1 the series is convergent, and the sum is finite. [See Art. 50, Cor.) 
If there are two infinite series in each of which all the 
— are positive, and if the ratio of the corresponding terms in 


the two series is always finite, the two series are both convergent, 
‘or both dwergent. 


Let the two infinite series be denoted by 
Uy + Ug + Ug t+ Ug t.s. ον 
and V1 + Ug - Ug -0ε!-.........'. 
The value of the fraction 
Uy + Ug + Ug ER 
| 91 -Ός--υς-......... HOn. 
lies between the greatest and least of the fractions 
W Μα Art 14] 
v v3 Un 
and is therefore a finite quantity, L say; ο | 
= Vy EM m Lot ty tenet Oy). 


Hence if one series is finite i in value, 30 18 ‘the, other ; 5 $f one 
series is infinite in value, so is the other; which proves the 


TIMENS 
proposition. BE 
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289. The application of this principle is very important, for 
by means of it we can compare a given series with an auzihary 
series whose convergency or divergency has been already estab- 
lished. The series discussed in the next article will frequently 
be found useful as an auxiliary series. 


290. The infinite series 
1 1 1 1 
jet οὗ + at 2» t T 
$e always divergent except when p is positive and greater than 1. 
Case I. Let p>. 
The first term is 1; the next two terms together are less than 


2 ; 
or! the following four terms together are less than 2 the fol- 
lowing eight terins together are less than Ei ; aud so on, Hence 


8 
ο ο 
ies is less than 14 53 


wal 


that is, less than a geometrical progression whose common ratio 


2. — 
à; i5 less than 1, since p 1; hence the series is convergent. 


Case II. Let p=1.. 


; 1] 1 1 1 

The series now becomes 1 + 2*3*4*B*' 

The third and fourth terms together are greater than ; or z 
the following four terms together are greater than : or : ; the 
following eight terms together are greater than a or : ; and so 
on. Hence the series is greater than 

] : 4 : + : + En 
af 5 9 9 3 ο. 4 
and is therefore divergent. [Art. 286.] 


Case IIL Let p «1, or negative. 

Each term is now greater than the corresponding term in 
Case IL, therefore the series is divergent. 

Hence the series is always divergent except in the case when 
p is DOENE ET greater thai τ VE mme mee i 


bi 
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Ezample. Prove that the series 


2.5.4 n41l 


1*i4*9!-* aor 


is divergent. 


B — 1 1 1 
Compare the given series with 1*5 *tgtectugtee 


Thus if u, and v, denote the n™ terms of the given series and the 
auxiliary series respectively, we have 


hence Lim "= 1, and therefore the two series are both convergent or both 


8o 
divergent. But the auxiliary series is divergent, therefore also the given 
series is divergent. 


This completes the solution of Example 1. Art. 287. 


291. In the application of Art, 288 it is necessary that the 
limit of should be finite; this will be the case if we find our 


auxiliary series in the following way : 


Take ο, the οἱ term of the given series and retain only the 
highest powers of ». Denote the result by v,; then the limit of 


= is finite by Art. 270, and v, may be taken as the n™ term of 
the auxiliary series. 
Eaample 1. Shew that the series whose n'è term is -y — is 


Bn? + 2n 4- 5 
divergent. 
As n increases, u, approximates to the value 
νι; 49.1 
πο) ος 4/8 g E: 


.* 1 * Uy 2/2 9 8 e 
Hence, if v, 2:—, we have Lim ο τη, whioh is & finite quantity; 
M f$ ὃν vi 2 


therefore the series whose a term is -| may be taken as the auxiliary 
nii 

series, But this series is divergent [Art. 200]; therefore the given serion is 

PEE 


vergent. 
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Mæample 2. Find whether the series in which 


n= ΝΙ ni +l-—a 
is convergent or divergent. 


Here vn (A 1 1-1) 


=n (1 ga pat P -1) 


But the auxiliary series 
LIN DLE + 
1? 93 33 eve na oes 
is convergent, therefore the given series is convergent. 


292. To shew that the expansion of (1 +x)" by the Binomial 
Theorem ts convergent when x « 1. 
Let w,, u,,, represent the r™ and (r+ 1) terms of the ex- 
pension; then 
r+) 


u r 


When r>n + 1, this ratio is negative; ihat is, from this 
int the terms are alternately positive and negative when æ 
is positive, and always of the same sign when z is negative. 


u 12741 
— MES - f- 


Now when r is infinite, Lim — =a numerically; therefore 
89. 


since « < 1 the series is convergent if all the terms are of the 
same sign ; and therefore a fortiori it is convergent when some of 
the terms are positive and some negative. [Art. 283.] 


293. To shew that the expansion of a* in ascending powers 
of x ts convergent for every value of x. 


Here — Toga ; and therefore Lim — 
the value ος 2; hence the series is να 


n. <1 whatever be 
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294. To shew that the expansion of log (1 +œ) in ascending 
powers of x is convergent when x ts numerically less than 1. 


e 1, which in the limit 
is equal to 2; hence the series is convergent when = is less than 1. 
If x= 1, the series becomes legs = — ., and is con- 
vergent. [Art. 280.] | 
Jf αᾱ---- 1, the series becomes — 1 E -- ; - Ds ., and is 
divergent. "and πα 290.] This shews that the logarithm of zero is 
Inani and negative, as is otherwise evident from the equation 
e 


295. The results of the two following examples are important, 
And wiil be required in the course of the present chapter. 


Example 1. Find the limit of 2 when z is infinite. 
Put z—e*; then 


logsz y y 
= Cle oy 
Κα αντ tst 
1 
= y y, ' 
JEU m t. 
y R B 


also when z is infinite y is infinito; hence the value of the fraction is zero. 
Ezample 2. Shew that when n is infinite the limit of nz*=0, when z «1. 


Let --- , 80 that y>1; 


also let y^—2, so that nlogy=log z; then 
Aa al Mr D wr 
y” z logy loy 5 


Now when n is infinite z is infinite, and “ΕΞ ο; also log y is finite; 


therefore Lim nz":m0. 


296. It is sometimes necessary to determine whether the 
product of an infinite number of factors is finite or not. 


Suppose the product to consist of factors and to be denoted by 


then if as n increases indefinitely u, «1, the product will ulti- 
mately be zero, and if u » 1 the product will be infinite; hence in 
order that the product may be finite, u, must tend to the limit 1. 
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Writing 1 +v, for u,, the product becomes 
(1 +01) (1+ 09) (1 4 93) ...... (1 +4,,). 
Denote the product by P and take logarithms ; then 
log P=log(1+4,) + log(1+,)+...+log(1+4,) ...... (1), 


and in order that the product may be finite this series must be 
convergent. 


Choose as an auxiliary series 


Uy T 05 Vg o. 99959 TU. diee ο ος 


Us, —5 Uinta 
Now aE rig ica ic RA 


Un Un 


since the limit of v, is 0 when the limit of v, is 1. 


Hence if (2) is convergent, (1) is convergent, and the given 
product finite. 


Example. Shew that the limit, when n is infinite, of 
1335657 2n-1 2n4l 


224468607 “On 2n 


is finite. 
The product consists of 2n factors: denoting the successive pairs by 
Uy, Ug, Ug, ... and the product by P, we have 


P —uusus ...... Uns 
where u 2n -1 . 2n 1 = Z4 , 
"^" 2n Qn —— 415 
but log P =log u, + log v4 log ug +... log Up .......... (1), 
and we have to shew that this series is finite. 
1 1 1 
Now log ws elg (1-75 = 429 32m °°? 


— as in Ex. 2, Art. 291, the series is convergent, and the given product 
te. 


297. In mathematical investigations infinite series occur 80 
frequently that the necessity of determining their convergency or 
divergency is very important; and unless we take care that the 
series we use are convergent, we may be led to absurd conclusions 

[See Art. 183. 
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For example, if we expand (1—2)^* by the Binomial Theorem, 
we find 


(l= æ)" = 1 + 20+ δα + 44)  ...... 


But if we obtain the sum of n terms of this series as ex- 
plained in Art. 60, it appears that 


1 =g" na" 
; απ]... 7 = — 
1 + 2 + θα) + ... +a "ατα. 1 -α 
whence 
1 - a" na" 
eg ο ος ee 


By making n infinite, we see that a ay can only be re- 


garded as the true equivalent of the infinite series 


1 + δα + 92? + 4a? LLL... 


I a +." vanishes 
when —— le : 

lf n is infinite, this quantity becomes infinite when x=], 
or x>1, and diminishes indefinitely when ως], [Art. 295], so 
that it is only when «<1 that we can assert that 


1 

(i-a 
and we should be led to erroneous conclusions if we were to use 
the expansion of (1 —)~* by the Binomial Theorem as if it were 
true for all values of zx. In other words, we can introduce the 
infinite series l + 2a+ 327+... into our reasoning without error 
if the series is convergent, but we cannot do so when the series 
is divergent. 


= l + 2w + 3a* + 4a*+...... to inf. ; 


The difficulties of divergent series have compelled a distinction 
to be made between a series and its a/gebraical equivalent. For 
example, if we divide 1 by (1—2)', we can always obtain as 
many terms as we please of the series - 


l4 Be 3 + do? ....., 


whatever œ may be, and so in a certain sense cay may be 


called its algebratcal equivalent; yet, as we have seen, the equi- 
valence does not really exist exoept when the series is com 
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vergent. It is therefore more appropriate to speak of ———— ü- d zs 


as the generating function of the series 
1--2z--32*-...... 


being that function which when developed by ordinary alge- 
braical rules will give the series in question. 


The use of the term generating function will be more fully 
explained in the chapter on Recurring Series. . 


EXAMPLES. XXI. a. 


Find whether the following series are convergent or divergent: 
] 1 l 1 


"a -- eee 


' x tta α-3α 2+3a 
æ end a being positive quantities. 


2 "T "S — 
TAFSIAMIIAIIMAM 


$ ον ETIO (3043 (5935777! 
æ and y being positive quantities. 
E --- a — — + 
1.2 2.3 3.4 4.5 
x g? 23 a‘ 
1.2 3.4 4 TS, 5.6 Ἐπ '.8 


6. l4 —— — 


q. i" Be 


8. 1432+ a8 + 728 + Oat + ..... 
2 3 4 65 
]»*2»* $t * 45 na TII, 


] æ gt g$ gn 
10. 15ο} FÉ M 
wv -1 


n*41 


+o 999999 


11. s4- soto TER 12s FM BP be ο 
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2 6 T 14 E 2" —2 — 
12. αλλα. Wet Hon xi^ + «eene 
] ] 1 1 
13. 12.3 gp tg» tapt —— 
^ Sa? 4α Gris, 
14. 2r + g tortet n? 99599 
92 "JG aC = 2) 
15. (5- Ι 93 9 +. 999998 
1 2 35 44 
16. 1 Ἔδε tai taa 1t ze 
17. Test the series whose general terms are 
(1) δε] --π. (2) Vn*41-wn*-L 
18. Test the series 


(1) LUE ο αν 
ze xtl 2+2 2+3 °° : 


1] 1 1 1 


2 2-1 3:1 2-9 σπα "5 


(2) 
τ being a positive fraction. 


19. Shew that the serica 


is convergent for all values of p. 


& 20. Shew that the infinite series 
y? Uy + Whe + Ug + Ug FH oes eee 
is convergent or divergent according as Lim y/u, is <1, or 21. 


21. Shew that the product 
ο gd Rd df o 
1 ὃ ὁὃ 5 δ 7" 2n -3 2n -1'2n-1 
is finite when n is infinite. 
22. Shew that when a=1, no term in the expansion of (1-- 2)" is 
infinite, except when » is negative and numerically greater than unity. 
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*298. The tests of convergency and divergency we have 
given in Arts. 287, 291 are usually sufficient. The theorem 
proved in t*:e nex article enables us by means of the auxiliary 
series 


1 
-} -+ ος d... 


1 
P 9 5 au 
to deduce additional tests which will sometimes be found con- 
venient. 

*209. Jf ug, Yn are the general terms of lwo infinite series 
in which all the terms are positive, then the u-series will be con- 
vergent when the v-series is convergent tf after some particular term 


u ν | ad 
Bo Ὁ; aud the u-series will be divergent when the v-series is 
Up. | Vui 
; .. U v 
divergent if Ὁ 7 ἡ. 
Ὧῃ Vent 


Let us suppose that u, and v, are the particular terms, 


U C αυ 
Cask 1. Let F 3 < Sait —— ών ᾽ then 
x l [ 9 vy 


u -} Htut ee oe 


^L ^L, u 
I 34. ] + z + Ῥ = + oa ) 
uw, wy u 


2 l 
νυ. νυ. v 
<u,(1l+2+4.7 + Js 
V wt, ου 
u 
that is, < - (v, +0, +U, + ...). 


Hence, if the v-series is convergent the w-series is also con- 
vergent, 
Q9, T, U, 2, 
Cask Il. Let?» ?, "--?......; then 
? 


l i v i 1. ο, 


H.H.A. 
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ο 
that is, => = (v, +v t v 4 s): 
1 


Hence, if the v-scries is divergent the w-series is also di- 
vorgont. 

*300. We have seen in Art. 287 that a scries is convergent 
or divergont according as the limit of the ratio of the n term 


to the preceding term is less than 1, or greater than 1. In the 
remaindcr of the chapter we shall find it more convenient to use 
this test in the cquivalent form : 

A series is convergent or divergent according as the limit of 
the ratio of the x term to the succeeding term is greater than I, 


or less than 1; that is, according as Lim Mn > 1, or « 1. 
a+! 


Similarly the theorem of the preceding article may be 
enunciated : 
The v-series will be convergent when the v-series is convergent 


provided that Lim Mt.» Lim ^. ; and the w-series will be di- 


vergent when the v-series is divergent provided that 


è u : v 
Lim " «Lim —-. 
ati Vat 1 


*301. The series whose general term is u, ts convergent or di- 
N 
vergent according as Lim fn (= — jj >l, or «1. 
a+} 
Let us compare the given series with the auxiliary series 


whose general term v, is --.. 
a n? 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


u, (νε 1)’ lv. 
νο. „or (1 +=); 


M e Τι ὁ, 
that is, if ων τω o Ve 
at) n 2n 
: 4f Ῥ(ρ- 1) 
i κ. j= oP 


that is, if Lim |n ( ^ - 1)}> : 
T Mu el j P 
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But the auxiliary series is convergent if p is greater than 1 
by a finite quantity however small; hence the first part of the 
proposition is established. 

When p«1 the auxiliary series is divergent, and by proceed- 
ing as before we may prove the second part of the proposition. 


Example. Find whether the series 
zr l æ 1.325 1.8.5 z 
1*23'8 *3.4 8 3.4.6 
is convergent or divergent. 
Here Lim “* = ES hence if z«1 the series is convergert, and if z>1 


i 
the series is divergent. 


If z21, Lim -"^ x1. In this case 
Unt: 
" DEB (2n-8) 1 — 
^ 2.4.6...... (24-2) 2n - 1? 
Un DQn(2n41) | 
Unt, Ën- 1) (2n - 1} 


. Um _ _ ^ (6n-1). 
l n( 1) = (2n=1)2? 


9ο Lim | u Cis = Ji — 
(ΝΗ 2 


hence when τ--1 the series is convergent. 


and 


*302. The series whose general term ἐν u, is convergent or dhi- 


i u 
vergent, according as Lim (a log — ° ) >l, or <1. 
n+l 
Let us compare the given series with the series whose general 


term is —. 
n” 


When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent if 


M ross (1 δ zy; ΓΑ. 23001 
V ei n 
that is, if log =" >p log (1 + x) ; 


nti 


or if log = 4.34 


- 1 
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that is, if Lim ( n log κ ) >p. 
Ν atl 


Hence the first part of the proposition is ostablished. 


When pe 1 we proceed in a similar manner; in this case the 
auxiliary series 1s divergent. 


Example. Find whether the series 
" 2272 ü 3373 " 44.4 " δῦ φῇ " 
DE XE ME 


ig convergent or divergent. 


Here Uy, nhat (n1yiam) αν 1 . 
"TET n+l γα (QS 
n 
μι... ΧΕ 1 
.. Lin Ξ . [Art. 220 Cor.]. 
Une) €T 


. 1 . 9 . 1 5 . . 
Hence if raz the series is convergent, if 2» : the series is divergent. 


If sut , then es ds 
e Uri 141 
n 
1 
a log | n, —loge e-nlog(1+ =) 
Unt} 
— 1 4 H 
n 2:839 8:83 7 
Qn Batt 


at ——— * 
73 3n 7 


ad Ἴ ta Ma. L—] 1 LÀ 
. Lim (" log zm.) πο) 


1 . . . 
hence when z=- the series is divergent. 
έ 


; Un 
4. nlog 3 


*303. If Lim “*- =1, and also Lim |n "(z^ — 1)| = 1, the 
GA M el 


tests given in Arts. '300, 301 are not applicable 


To discover a further test we nes make use of the auxiliary 


series whose general term is — xj In order to establish 
the convergency or divergency vf ‘this series we need the theorem 
proved in the next article, 
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1904. If b(n) is positive for all positive integral values of n 
and continually diminishes as n increases, and if a be any positive 
integer, then the two infinite series 


$(1) + $(2) + (3) +... + O(n) » ..., 
and ad (a) + a^$ (a7) + a^$(a^) +... - a^$(a^) « ..., 
are both convergent, or both divergent. 


In the first series let us consider the terms 


p(at+1), p(at+2), pÈ +3), ..... Blatt") ......... (1) 


beginning with the term which follows $ (a^). 


The number of these terns is a**' — a^, or «'(« — 1), and each 
of them is greater than ġ(a'*'); hence their sum is greater than 


a'(o — 1) (a**"); that is, greater than ü χα" $ (a***). 
By giving to & in succession the values 0, 1, 2, 3,... we have 


aya d)e (usum 1 g(a) > breast 


a-i 


^7 


φία -- 1) - (a+ 2) + plat 3) & ...... Fe (a^) > x a^) (a?) ; 


2: Δ, 
29 


where S,, S, denote the sums of the first and second series respec- 
tively; therefore if the second series is divergent so also is 119 
first. 


Again, each term of (1) is less than $(o*), and therefore the 
sum of the series is less than (a — 1) x a'$ (a^). 


therefore, by addition, — 5, - 9 (1) z 


By giving to k in succession the values 0, 1, 2, 3... we have 
$(2) + $(3) + $(4) +... + pla) < (a- 1) x (1); 
φία - 1)*- φία - 2) - (a 3) * ..... + φία") « (a — 1) x aó(a); 


thorefore, by addition 
δι - (1) < (a - 1) [S, + 6(1)]; 


hence if the second series is convergent so also is the first. 


Nors. To obtain the general term of the second neries we take ¢ (n) the 
general term of the first series, write a” instead of n and muliiply by a^. 
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1 l 1 
& ; — κ. τα. F 
305. The series 1+ σος 3» * 3 (log 3» + ias *a log ny! 
is convergent if p» 1, and dwergent if p=1, or p«1. 
By the, preceding article the series will be convergent or 
divergent for the same values of p as the series whose general 


term is 
g ] 1 l 1 


x — — xX --. 
M". (log a*)?’ - (n log a)?’ i (log a)? - 
i^ ος 
The constant factor -~ og a)” is comman to every term ; there- 


(lo 
fore the given series will be convergent or divergent for the same 


values of p as the series whose general term is a Hence the 


required result follows. [Art. 290.] 


*306. The series whose general term is u, is convergent or di- 


vergent according as Lim |n ( — )- T log n| >l, or <1. 
a+] 
Let us compare the given series with the series 
] I —1 
(log 2? T 3 (log 5 Ἔν... * (log uy? T... 
When p>1 the auxiliary series is convergent, and in this 
case the given series is convergent by Art. 299, if 


w (n + 1) {log (n +1) 
u n (log 2)? 


at] 


la. 
2 


Now when n is very large, 
log (η + 1) -logn + log (1 + ) =logn+ a nearly ; 
Hence the condition (1) becomes 


ve -(1420« xs): 
u n/\ nlogn 


at] 


i LN 1 PN. 
that is, "n > (1 +] (1 + πι 
| u, 1 P. 
Hiat in wan" nlogn! 
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or n (ς΄ — 1) > 1+ P : 
M ki log n 


or {n( "a. — 1) - 1} og n> p. 
Uar 


Hence the first part of the proposition is established. The 
gecond part may be proved in the manner indicated in Art. 301. 


Example. Is the series 


22 22,42 92, 42,63 
14+ sot yoga t gags gat 


convergent or divergent? 
Un (2n + 11 1 1 


Here sid NUT TN a dutem (1). 

* Lim ^. =1, and we proceed to the next test, 
atl 
Me τ.) eque - 

From (1), " ( e 1) ορ ο. (a). 

. Lim fn ( — 1)! = 1, and we pass to the next test. 
ntl | 
From (2), h ( ώς i} log n = log n. 
Urti in 
S. Lim [4n ( — 1) -- ἡ log n 15. 
Unti 

since Lim toan =0 [Art. 295]; hence the given series is divergent. 


n 


*307. We have shewn in Art. 183 that the use of divergent 
series in mathematical reasoning may lead to erroneous results. 
But even when the infinite series are convergent it is necessary to 
exercise caution in using them. 


For instance, the series 
1 mo mx ο " 
ΠΩ ust uà 5 eae 
is convergent when x=1. [Art. 280.] But if we multiply the 
series by itself, the coefficient of z^ in the product is 


1 1 1 1 1 
Fin Jm y» jin-3 77 Me Joma” Pin 
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Denote this by a,,; then since 


1 1 


SEE or > 
4 FYARU E) n’ 
94 4- 1... 9 - ο . e . e 
We ges and is therefore infinite when » is infini 
τε” 
^ 


If a=1, the product becomes 


hg 7 0, c 0, — Gb $y, — anp Tyg co 


and since the terms a,, ας μιν 0, ιφ».. ATE infinite, the series has 
no arithmetical meaning. 


This Jeads us to enquire under what conditions the product 
of two infinite convergent series is also convergent. 


*308. Let us denote the two infinite series 
αρ - 4X b α αἱ a d usce a, Ὁ uuu 
b, {γα + bua? eb a + 0. +b, + 
by 4 and 7 respectively. 


If we multiply these series together we obtain a result of 
the forin 


a,b, + (a,b, + e b) x e (n b, - 0,6, e a b.) a 4... 


Suppose this series to be continued to infinity and let us 
denote it by C; then we have to examine under what conditions 
C may be regarded as the true arithmetical equivalent of the 
product AD. 


First τ that all the terms in 4 and 7} are positive. 


Let A, oy denote the series formed by taking tho first 
Qn +1 terms y A, B,C respectively. 


If we multiply together the two series A , the coefficient 
of each power of œ in their product is equal t to Y: coefficient of 
the like power of x in C as far as the term 2”; but in A ὃς 
there are terms containing powers of a higher than x^", whilst 


z^" is the highest power of z in Ομ; hence 
A,B, > Civ 


9n ὃν 


If we form the product 4,5, the last term is a bx"; but 
C,, includes all the terms in the product and some other terms 
besides ; hence 

C. A. B. 
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Thus C,, is intermediate in value between A, B, and 44, By, 
whatever be the value of n. 


Let A and B be convergent series ; put 
A,=A-X, δις} -Y, 


where X and Y are the remainders after n +1 terms of the series 
have been taken; then when n is infinite X and Y are both 
indefinitely small. 


AB (A—- X)(B—- Y) -AB- DBX-AY AY; 
therefore the limit of .{ B is AB, since A and P are both finite. 


n" n 


Similarly, the limit of A, 2, is AB. 


2n 2n 


Therefore C which is the limit of C,, must be equal to AB 
since it lies between the limits of 4, B, and A, B,. 


Next suppose the terms in A and 7 are not all of the same 
sign. 


In this case the inequalities il, 2, > C, > A,B, are not 
necessarily true, and we cannot reason as in the former case. 


Let us denote the aggregates of the positive terms in the 
two series by ΟΖ, P respectively, and the aggregates of the 
negative terms by J, N’; so that 


A=P—WN, D-P-N. 


Then if each of the expressions 7^ /", .V, Δ’ represents a con- 
vergent series, the equation 
ADZPP-NP-PXN'-NN, 


has a meaning perfectly intelligiule, for each of the expressions 
PP’, NP, PN', NN’ is a convergent series, by the former part 
of the proposition ; and thus the product of the two series 4 and 
B is a convergent series. 


Hence the product of two series will be convergent provided 
that the sum of all the terms of the same sign in each is a cor- 
wergent series. 


But if each of the expressions P, JV, P’, N’ represents a 
divergent series (as in the preceding article, where also P’ = P 
and V’= N), then all the expressions PP’, NP’, PN', NN’ are 
divergent series. When this is the case, a careful investiga- 
tion is necessary in each particular example in order to ascertain 
whether tbe product is convergent or not. 
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*EXAMPLES. XXI. b. 


Find whether the following series are convergent or divergent: 


1 1.3.5 a 1.3.5.7.9 αὐ 
1, a were 8 *¢.4.6.8.10° 12* "7 


3 3.6 3.6.9 3.6.9.12 
7 Mi κκ A κοκ um eo 
2. 11ο 2-19.13^ + 7-10-13 16 * "7" 


93 92, 41 2.4.6 
9. 43 371.587 *3.4.5.6. 7.87 * n 


9r Fr 4u£ Blut 
itg ΠΠ ΕΤ E 


e 


1 l, B, 6 
1+ 90+ 3,0 +- a3 x4... 


m 


12,3? 13,37, 5? 


ga * of 737 * ος" ga P au t 


α(1-α) , (1--a)a (1—a) (2—a) 
J T 


n 


1+ 


ο ο ee 


a being a proper fraction. 


2 A3 
a+r (αν | (a+3x)° | 


8. 1 Β 3 
a.8  a(a4-1) B (8-1) 
— Tx -Y — 1.2. y (y--1) * 
a (a 1-1) (a+2) β(β1-1) (8-2) 
TOTULeSEyrlg*2E - — 


10, 2? (log 2) +a (log 3)* +24 (log 4)* 4- ...... 


a (a--1) |, a (a4-1) (a--2) * 
11. 1+a+ — js i ES ο ORE Hesses 


A Uy ο νο lae Bat C n3 4- .. 
12, M nan’ V ba? pent δε. 
integer, — that the series %,+t,+4, ^ .. 1s convergent if 
4--ᾱ--] is positive, and divergent if A —a — 1 is negative Or Zero 


: , Where & is a positive 


CHAPTER XXII, 
UNDETERMINED COEFFICIENTS. 


309. IN Art. 230 of the Elementary Algebra, it was proved 
that if any rational integral function of a vanishes when z=a, 
it is divisible by z-a. [See also Art. 514.  Cor.] 


Let pe + pin! + pet ee. +p. 
be a rational integral function of x of n dimensions, which 
vanishes when z is equal to each of the unequal quantities 


αι, ἄρ, α α 


3? eu soe rn’ 


Denote the function by f(x); then since f(x) is divisible 
by x-a, we have 


f (a) = (a —@,) (pat! + ...... ), 
the quotient being of n — 1 dimensions. 


Similarly, since f(x) is divisible by x — a,, we have 


px + u.s. -(x—a)(px" -...... ) 
the quotient being of n — 2 dimensions ; and 
po... = (x-a) (per ......). 


Proceeding in this way, we shall finally obtain after » di- 
visions | 


SJ (&) = p, (Œ — αι) (x — aj) (x — αι) LL (0 — αι). 
vÁ10. If a rational integral function of n dimensions vanishes 


for more than n values of the variable, the coefficient of euch power 
of the variable must be zero. 


Let the function be denoted by f (x), where 
J(z)- pa" + p m eet P 
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and suppose that f(x) vanishes when z is equal to each of the 


unequal values αι «,, @, ...... a,; then 


Γ(α) =p, (v — αι) (α1-- αι) (* — a,) ...... (x — «.). 


Let c bé-dnother value of æ which makes f(x) vanish; then 
gince / (c) =0, we have 


p, (c — a,) (e — a4) (e — a4) ...... (6-α)Ξ0; 


and therefore »,=0, since, by hypothesis, none of the other 
factors is equal to zero. Hence f (w) reduces to 


Dp, 


By hypothesis this expression vanishes for more than 7 values 
of x, and therefore p, = 0. 


ave n= 
+ pe pg... +p. 


In a similar manner we may shew that each of the coefficients 
Pp p, must be equal to zero. 


This result may also be enunciated as follows: 


Af a, rational integral function of n dimensions vanishes for 
more than n values of the variable, it must vanish for every value 
of the variable. 


Cor. Tf the function f(a) vanishes for more than n values 
of x, the equation f (x) = 0 has more than n roots, 


Hence also, if an equation of n dimensions has more than n 
roots it is an identity. 


Example. Prove that 
(x -- b) (x-c) , (z-c)(r-a) , (z-a) (.--) 


(a=) (ac) (ὑ-ο) (b-a) (c~a) (c-b) ^ 


This equation is of two dimensions, and it is evidently satisfied by each 
of the three values a, b, c; hence it is an identity. 


S 311. 7f two rational integral functions of n dimensions are 
equal Jor more than n values of the variable, they are equal for 
every value of the vuriable. 


Suppose that the two functions 
ΑΗ. ο tp 


Pot pac 
quU + 9,0"! + qa 

are equal for more than » values of ~; then the expression 
(Po— 20) 9^ + (P, = d) B+ (Pam 9,) €" * (0. 49) 
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vanishes for more than » values of ο; and therefore, hy the 
preceding article, 
Do Vo - 0, 2,74. 0, P,-9,= 0, — p,o-4,79j 
that is, 
υ Yo» 2ι z qi: Ps E ν 

Hence the two expressions are identical, aud therefore are 
equal for every value of the variable. Thus 
if two rational integral functions are identically equal, we miy 
equute the coefficients of the like powers of the variable. 


This is the principle we assumed in the Elementary Algebra, 
Art. 227. 


Cor. This proposition still holds if one of the functions is 
of lower dimensions than the other. For instance, if 


pcr ρα) ρα, + pe" T ον + P, 
.- qx 4 qx xd ETT + αμ 


we have only to suppose that in the above investigation q, = 0, 
g, - 0. and then we obtain 


20, 7 0, Pa Gas Psy Ugo errr 11 Ty 


912. The theorem of the preceding article is usually referred 
p the Principle of Undetermined Coefficients. The application 
of this principle is illustrated in the following examples. 


Example 1. Find the sum of the series 
va 1.242.348 ttn +n (n 1). 


Assume that 
1.242.848.4--...--n (n 1) 2 A Bn 4 Cn? 4- Dr? 4- Enf 4 ,.., 
where A, B, C, D, £,... are quantities independent of n, whose values have 
to be determined. 
Change n into n--1; then 
1. 242. 3P. . (n4 1) - (n+1) (n4- 2) 
=A+B (n41)4 C (n1) +D (n4-15 4- E (n+1)*+.... 
By subtraotion, 
(n 1) (n 2) 2 B -- C (2n - 1) - D (81? + 3n+1) + E (4n? + 6n -- 4n -- 1) 4 .... 
This equation being true for all integral values of n, the coefficients of the 


respective powers of n on each side must be equal; thus E and all succeeding 
coeificients must be equal to zero, and 


$Dz1; 383D+2C=8; D+C+B=2; 


whence D=, C=1, Bes. 
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Hence the sum ανα nt ind. 


To find A, put n=1; the series then reduces to its first term, and 
2z4-4-2, or 4-0. 


Hence * 1.2-2.848.4-4.,.-Fn(n* lexan (n+1) (n+ 2). 


Nore. It will be seen from this example that when the n'è term is a 
rational integral function of n, it is sutticient to assume for the sum 8 
function of n which is of one dimension higher than the n'è term of the 


series, 
Example 2. Find the conditions that αὖ + pa? -- qz +r may be divisible by 
z?+axr+b. 
Assume æꝰ pz! + qz 4- 7 — (x+ k) (+ ax + b). 
Equating the coefficients of the like powers of x, we have 
k+a=p, ak+b=q, kb=r. 
From the last equation k= ; hence by substitution we obtain 


r ar 

pto=P, and y HLEN: 
that is, r=b (p-a), and ar=b (q- b); 
which are the conditions required. 


EXAMPLES. XXII.a. 
Find by the method of Undetermined Coefficients the sum of 
1? 4- 83 + 53+ 72+ ...to n terms, 
1.2.3+2.3.4+3.4.5+...to n terms. 
1.23--2. 3*--3. 4-4. 5? --...to n terms. 
15 -- 85 + 55 -- 73 --...to n terms. 
. 19 -- αἱ -- δὲ -- 44 - L..to n terma. 
. Find the condition that 2°~3pa+2g may be divisible by a 
faotor of the form s? -+ 2a. + a?. 
7. Find the conditions that a4 + b? 4- cx +d may be a perfect cube. 
8. Find the conditions that a3*z*-Fba?-Fcsi--dz--f! may be a 
perfect square, 
"T ο... ο απ σος is a perfect square, 


β- 92 15 - 


ο; € 
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10. If ααϑ +b2%+cxr+d is divisible by z*+h*, prove that ad =be, 
11. If x5 -5qx+4r is divisible by (zx -- ο)”, shew that q*r*. 
12. Prove the identities : 
a*(x—b)(z—c) b*(x-c)zr-a) e*(r-a)x-b) αμ 
Ὁ a-da- ^ (b-ob-a) ^ (e-a e-b A 
(2) (z -b)(z-c)(z-d) , (x-c)(z - d)(z - a) 
(a- b)(a—e)(a—d)  (b-c)(b- d)(b—a) | 
(z - d)(x - a)(z - b) (z -a)(r -b(z-o) | 
(c-d)(c-a)(c-b) (d-a)(d-b)(d-e) ~ 
13. Find the condition that 
ax? + 2hzy + by? + 292 + 2fy +c 
may be the product of two factors of the form 
299491, p'ug'ycr. 
14. If é=le+my+nz, $—mnz ly 4 mz, L- mz 4 ny--lz, and if the 
same equations are true for all values of z, y, z when £, η, ζ are inter- 
changed with z, y, z respectively, shew that 


[P-42mn-cl, m?+2ln=0, n*+2lm=0. 
15. Shew that the sum of the products n -r together of the n 
quantities a, a?, αὖ, ... a” is 
(artı - 1) (α” τὰ = ly. (a^ — 1) gl o-)-r4), 
(a — 1)(a* — 1)... (a"7* — 1) 


313. If the infinite series ag + a4X + yx? + agx? +...... {8 equal 
to zero for every fimile value of x for which the series 18 convergent, 
then each coefficient must be equal to zero identically. 


Let the series be denoted by S, and let S, stand for the ex- 
— αι HAT }-αααἲἠ-...... ; then S=a,+z8,, and therefore, 
y hypothesis, αρ 1 251 --0 for all finite values of x. But since S 
is convergent, δι cannot exceed some finite limit; therefore by 
taking z small enough zS, may be made as small as we please. 
In this case the limit of S is aj; but S is always zero, therefore 
ag must be equal to zero identically. 


Removing the term αρ, we have αι =0 for all finite values of 
z; that is, a, a4 t as7? ^- ...... vanishes for all finite values of a. 


Similarly, we may prove in succession that each of the 
coefficients αι, a, dg, ...... is equal to zero identically. 
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314. If two infinite series are equal to one another for every 
finite value of the variable for which both series are convergent, the 
coeficients of like powers uf ihe variable in the two series are equal. 

Suppose that the two series are denoted by 

a,+4,2+4,0'+a,0°+...... 
and AtA xr Αα” A uu... ; 
then the expression 
a ,— A, (a, — d) a+ (a, — A,) αἱ + (a,-A,) & 9 ...... 


vanishes for all values of x within the assigned limits; therefore 
by the last article 


a,-~A,=0, a,—A,=0, a- 4,20, a, — 4,— O,...... 
that is, αι Αμ a, A, @,=A,, a,=Ay...... ; 


which proves the proposition. 


2 
Ezample 1. Expand ni 2 m in a series of ascending powers of x as far 


as the term involving αὖ, 


24-22 κα 
lpr- °° 


where ἄρ, αι, 44, @y,... are constants whose values are to be determined; then 


Let Ta 0+ 4,27 +a ada ..., f 


2423-(l4z- 2) (ay 1 azi αμ ratt...) 


In this equation we may equate the coefficients of like powers of z on 
each side. On the right-hand side the coefficient of z* is a,+a,_,—a,_,, 
and therefore, since æ? is the highest power of z on the left, for all values of 
n>2 we have 

. dy t+ G4; — Ga 970; 
this will suffice to find the successive coefficients after the first three have 
been obtained. To determine these we have the equations 


Also a, 4 44 — 0, z0, whence a,— - 7; 
d, d- 44 — G4 2:0, whence d, 12; 
and a,+a,—a,=0, whence a,= - 19; 
thus 2+ 2" 2-224 02! - 123 4 1224 — 19254... 


1-α--αἳ 
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Example 2. Prove that if n and r are positive integers 
π (n — 1) & (n — 1) (» - 3 
— 8 

i EN 


n” -n (n-1)'+ 


(n-3)- 2) (n - S4... 


is equal to 0 if r be less than n, and to jn if r=n, 


We have (ez —1)* «(οκ αν ot Td — y 


=g" -- terms — higher powers of s.. .(1). 


Again, by the Binomial Theorem, 


(ez - 1)» enz — uota g —J— ταν. (2). 


By expanding each of the terms e™, e'"77*,.., we find that the coefficient 
of x” in (2) is 
t" -(n-1"* n(n—1) (n-2) m(n-1)(n—-2) (n-3)' 
----,----- oca  ἨἩ,, + 
4 Ir I JE E ui 


&nd by equating the coefficients of z in (1) and (2) the result follows. 


Example 3. If y =ax + bz? + ez? + 
express z in ascending powers of y as far as the term involving y*. 


A saume z=py +y try ++... 
and substitute in the given series; thus 
y-a(py-^qy* 4-ry?-c ...) -b(py +y +...) +e (pY tr qy* +...) e 
Equating coefficients of like powers of y, we have 


ap=1; whence p-. . 


b 
aq+bp?=0; whence g = -2 


: 2b ο 
ar +2bpq --cp? 20; whence r= a 


2 3 8 
Thus z=" — — 
a a a 
This is an example of Reversion of Series. 


Cor, If the series for y be given in the form 
yz k-raz-iz?*- cz... 
put y- k=2; 
then ΣΞαα +b tez + ...; 
from which æ may be expanded in ascending powers of s, that is of y — k. 
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EXAMPLES. XXII. b. 


Expand the following expressions in ascending powers of x as far 
ass, 
1132 1-8z l+z 


1. 1 Sy — 22" 2. 1-2-6327" 3, 9 -- x 4- a 
: 5rr 5 1 
9-47-32" ' l+ar—azi-yg —— 

a 4-bz 


6. Find a and b so that the n'è term in the expansion of 


may be (3n — 2)z^- 1. 
7. Find a, b, c so that the coefficient of z^ in the expansion of 
a br rc? 


(1-2)! 


— may be n?+1. 
8. 1fy!'--2y —zx (y -- 1), shew that one value of y is 
$2 123—4152*4- IIT) 


9. If — p that one value of x is 
— — 

A -4+ err 

Hence shew that «ς- 00999999 is an — solution ot the 
equation 23--1002—1-20. To how many places of decimals is the 


result correct ? 


10. In the expansion of (1+ ae T- az) (1+ a22) (1+a3r)...... , the 
number of factors being a and a < 1, shew that the coetficient of 


PME Ν ire-n 
— (l-a) (l-a?) ü- | — a3)...... (i—ar)* 
11, When a < 1, find the coefficient of z^ in the expansion of 
1 
(1 —az) (1 — az) (1 —a2)......to inf." 
12. Ifnis a positive integer, shew that 


A (n— 


(4) w"*l—-n(n-1)*!4-———— μα λε ,..... gn n+l; 


(2) m-(n41)(n- pee t eee 
the series in each case being extended to n terms ; and 

(3) 1^ - ngng OD gs — =(—1)* In; 

( (nep*-n(n*p-1 42 d te -9)--.......-|-; 


the series in the laat two cases VR NM n+ 1 terras, 


ΟΠΑΡΤΕΝ XXIIL'. 
PARTIAL FRACTIONS, 


315. In elementary Algebra, a group of fractions connected 
by the signs of addition and subtraction is reduced to a more 
simple form by being collected into one single fraction whose 
denominator is the lowest conunon denominator of the given 
fractions. But the converse process of separating a fraction into 
a yroup of simpler, or partial, fractions 1s often required. For 


= ~ _ in u series of ascend- 
— 4x εὐ.” 

ing powers of x, we might use the method of Art. 314, Ex. |, and 
so obtain as many terms as we please. Dut if we wish to find the 
general term of the series this method is inapplicable, and it is 
simpler to express the given fraction in the equivalent form 

1 2 

Το 'i-àx 
ean now be expanded by the Binomial Theorem, and the general 
term obtained. 


example, if we wish to expand E 


Each of the expressions (1 —2)' and (1— 32) 


316. In the present chapter we shall give some examples 
illustrating the decomposition of a rational fraction into partial 
fractions, For a fuller discussion of the subject the reader is 
referred to Serret's Cours d'Algebre Supérieure, or to treatises on 
the Integral Caleulus. In these works it is proved that any 
rational fraction may be resolved into a series of partial fractions; 
and that to any linear factor «—« in the denominator there cor- 


A : 
responds a partial fraction of the form πα) to any linear 
factor æ 6 occurring turier in the denominator there correspond 


: B, B, 
two partial fractions, — and Gabe If x—b occurs three 


times, there is an additional fraction πη ; and so on. To 


262 HIGHER ALGEBRA. 


any quadratic factor 2*+px+q there corresponds a partial 
+Q 


Pr 
fraction of the form A — ; if the factor 2°+ pc +q occurs 


dub 
twice, theréris a second — fraction τη ; and so on. 
Here the quantities 4, B, 5, By...... P,Q, P, Q, are all 
independent of z. 


We shal make use of these results in the examples that 
follow. 


5r--11 


924. — g into partial fractions, 


Example 1. Separate 


Since the denominator 2.c7 + z — 6= (x +2) (2z — 3), we assume 
5r-]11 A B 
Ur4z-0 eed? ὃτ-ὃ) 
where 4 and B are quantities independent of z whose values have to be 
ν΄ Sdevermined. 
Clearing of fractions, 
bz—-11-4 (21 -3)+ D (r2). 
Since this equation is identically true, we may equate coefficients of like 
powers of z; thus 
24 - B — 5, 34-4 2B -11; 
whence 4-5, B=-1. 
5a-11 8 1 
ueite-6 +2 I-38" 


Example 2, Resolve —— into partial fractions, 
S (e) 
mz +N A B 
Pine (e-a)(z£b)" z-a ^ zb 
ia πια +n=A (+b) B (x a)...... — PREE h 


We might now equate coefficients and find the values of A and B, but it 
is simpier to proceed in the iollowing mauner, 
Since 4 and B are independent of z, we may give to z any value we please, 
In (1) put z-a=0, or z~a; then 
Oman. 
T a+b’ 
putting z+b=0, or -b, B= — 


l οπών 0| 1 math mbm) 
'"" (z-a)(zt-b) a+b\ r-a α-ξὺ 
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232-1123 


Ezample 8. Resolve δε ης 2) into partial fractions, 
Assume EE ee RE. + B,C (1); 
(22-1)(82)(8-z) 2c-1 με — — n ; 


.*. 29x — 112 = A (84-2) (3 - x) + B (27 - 1) (3 -- z) + C (22-1) (3+ z). 
By putting in succession 32 --1--0, 3+2=0, 3- z=0, we find that 
4-1, B=4, C= - 1. 


: 23ς-- 114; κ d. dt _ 1 
`" (2a-1) (9-22) 2x-1 81. 8-α 


` 


δα’ +r-2 . ‘ : 
Example 4. Resolve 6 - 3j - 32) into partial fractions, 
igs 8z)2-2 A " B — σ 
ume Παμε] 1-2z σ-ο (z-2)? 
δα. +2- 2 A (x - 2)? +B (1 — 22) (z - 2) - C (1 - 22). 
Let 1 —22- 0, then α-- τι 
let x --2--0, then C= —4, 
To find B, equate the coefficients of z*; thus 
3=A-2B; whence B= -i 
Ν δα" -ς-ὰ. = — 1 9 4 
'" (z-?)(1-2x)  8(1-2z) 83(»-2) (z-2)9^ 
Ezample 5. Resolve ( Aa d into partial fractions. 


42-192  Az*B, Ο 
('-l)(z-4) +l z-4' 
^ 42~192=(Ax +B) (α--3)--σ(αἳ --1). 


Let ὦ-- 4, then C= -2; 
equating coefficients of c?^, — 0—4-- C, and Α--3; 
equating the absolute terms, 42= —4B + C, and B= - 11, 
42-19% 6-11 3 
(2471)(2-4 +l az-4' 


Assume 


317. The artifice employed in the following example will 
sometimes be found useful. 
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264 
bp sample. Resolve S into partial fraotions. 


A Qr? — 4r? + 48r A flr) 
— (x-2) (1+1) z πα ο (eae? 
where A is some constant, and f (x) a function of z whose value remains to 
be determined. 
923 — 2427 + 48r Α (x — 2)4+ (x -- 1) f (x). 
Let «= - 1, then z-]. i 
Substituting for 4 and transposing, 
(x + 1) y (x) = (« — 2) + 923 — 242? -- 48x = x + 23+ 16x 4- 16; 


ee J (2) = 234 16. 
: : ' 25-16 
To determine the partial fractions corresponding to (z- 20 put «-2=2; 
αἲ--16 (2+2)94+16  28+62°+122424 
(1 -2) α΄ 2. 


then 


_ 1 6 4 — 24 
—— 
9r? — 24r? + 48x 1 1 6 12 24 
** (z-2)*(z4-1) ιτ να a2 (z-2) * (z-5je* 


318. In all the preceding examples the numerator has been 
o£ lower dimensions than the denominator ; if this 1s not the case, 
we divide the numerator by the denominator until a remainder is 
obtained which is of lower dimensions than the denominator. 

: 613--52?- 7 , - i 

‘zample. Resolve a nto partial fractions. 

By division, 
623 + 522-7 82-4 
325-2:-1 77 anI 
a 8&r-4 _ 1 
* δρ Sz41 7 2-1? 
623 + ὅσα - 7 5 1 
E = er rer ai TES tet 
319. We shall now explain how resolution into partial 
fractions may be used to facilitate the expansion of a rational 
fraction in ascending powers of 2. 
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M 1. Find the general term of F = TE when expanded in a 
series of ascending powers of z. ᾽ 
By Ex. 4, Art. 316, we have 
8z3--2—2 ] 5 4 
(z-2) (1-22)  3(i-3z) 8(z-2)^ (x-2) 
1 Q 05 4 
bon <22)" 8(2-z) B-a 


--l(- 227145 (1 - ϱ) - (1 - ja 


Hence the general term of the expansion is É 


(5*6 λα. x 


8 6:2 


Lr Beample 2. Expand da {τον in ascending powers of æ and find 
the general term. 
T+2 A Br-cC. 
(142) (142) να THa 
S. 14+2=A (1 1σἳ) -- (Βα C) (14-2). 
Let 1+2=0, then 4=3; 
equating the absolute terms, 7=A+C, whence C=4; 
equating the coefficients of z*, 0=A+B, whence B= --8. 
Ttc 3 4- δὲ 
UFa) (142% Το irai 
=38 (1+ 2)—!+ (4 - 8z) (1-- z?)* 


Assume 


z3[íl-z425-.... +(-1)?2P?+...} 
+ (4 - 82) {1-23 +a4-...... T(-1)29P.....]. 
To find the coefficient of x”: 


F 

(1) If r is even, the coefficient of z" in the second series is 40- 1)3; 
therefore in the expansion the coefficient of z” is 8+4 ( - 1) 3, 

--ι 

(2) If ris odd, the coefficient of αγ in the second series is —8(—1) δ, 


vl 


and the required coefficient is 8(—1) Σ —8. 


EXAMPLES. XXIII. 


Resolve into partial fractions: 
JTe-l 46 + 137 


^ i-5zd6zt 7" lgz-1iz-18' Ἢ (I-2z)( -3Ày 
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p E p me 
(x 71) (a2 -- δα --θ) '" z(x-1) (24-3) 
6 9 7 21-30 — Ba" + δα) + 10 
' (z-U) (EFA οφ (e-3) ` 
8 265” + 208. 9 301 1] 5 
€ QqxDG5) * α- δα + 2a - 5)" 
353 — 822+ 10 523 + 622+ 5x 
10. -- w- . 11. τ . 


Find the general term of the following expressions when expanded 


in ascending powers of 4. 


14-32 5.0 1-6 1315121189 
a Πρ Ê grala) M. ipet 
ia o — 
Πα) (1 - 2) (I-2) 1-2 - 22?) 
3427—2 4--τΤα 
V. pay - ο) 16. γα) ο) 
9r41 1-242322 
P =r πο 
1 3-92? 


ναι. (1—az) (1-62) ü-e) ^4 22. (8--δαἠ-αὐ)λ᾽ 
93, Find thesum of n terms of the gories 


(1) — —— n t,- Ws eee EN = 

(rre) αφ +a) 112) (x29 tn 
(2) | ατα) --- ar(l-dm) Ομ 
(112) (I+ax) (1 + as) (T+ as) (1+a*z) (1 T air) 


94, When z « 1, find the sum of the infinite series 
ην: ee 
(1 — 2) (1 — 2°) (1 — 2°) (1 — a?) (1 — 2%) (1 Ἔτη teen 


95. Sum to n terms the series whose p term is 
aP( {45} — 
(17-29) (1-5 *!) (1 - P+)” 
26. Provo that the sum of the homogeneous oducts of n dimen- 
sions which can be formed of the letters a, b, c and their powers is 
ant? (b -opebn*1(o- a) e** (a - b) 
7a (b - c) (e-a) +e (ᾱ-- b ᾿ 


CHAPTER XXIV. 
RECURRING SERIES. 


920. A series ww, ας + «νε... 


in which from and after a certain term each term is equal to the 
sum of a fixed number of the preceding terms multiplied respec- 
tively by certain constants is called a recurring series. 


321. Tn the series 
1 + ιο + Bae? + 425} Dat + ...... 


each term after the second is equal to the sum of the two 
preceding terms multiplied respectively by the constants 2x, and 
—-£'; these quantities being called constants because they are 
the same for all values of n. Thus 


ox! δω, 44? + (2 af). δα) 
that is, 
u, = Low, — a^w, ; 
and generally when » is greater than 1, each term is connected 
with the two that immediately precede it by the equation 


ὅσα a -α η μ 


or V, — 2gu, ται .--0. 
Iu this equation the coefficients of w,, v. ,, and u ,, taken 
with their proper signs, form what is called the scale of relation. 
Thus the series 
] + Qe + 3a? t 4a” 5a... 
is & recurring series in which the scale of relation is 
] - 2z 4 2*. 


322. If the scale of relation of a recurring series is given, 
any term can be fuund when a sufficient number of the preceding 
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terms are known. As the method of procedure is the same 
however many terms the scale of relation may consist of, the 
following illustration will be sufficient. 


If ] — px — qa? — γα" 
is the scale of relation of the series 


3 
atata t 4- αμα” a usu... 
we have 


α ami j -3 8 -δ 
ax" -px.a, Uo σα QU + ra. aot, 


or α --ρα. t QO, V0 10,5; 


thus any coefficient can be found when the coefficients of the 
three preceding terms are known. 


323. Conversely, if a sufficient number of the terms of a 
series be given, the scale of relation may be found. 


Example. Find the scale of relation of the recurring series 
2+ 52+ 1327+ 352% +...... 
Let the scale of relation be1—pz—q2z*; then to obtain p and q we have 
the equations 13 — 5p —2q 20, and 85 — 13p — 5q =0; 
whence p 25, and q= — 6, thus the scale of relation is 
1—52r+ 62%. 


324, If the scale of relation consists of 3 terms it involves 
2 constants, p and q; and we must have 2 equations to de- 
termine p and g. To obtain the first of these we must know 
at least 3 terms of the series, and to obtain the second we 
must have one more term given. Thus to obtain a scale of 
relation involving two constants we must have at least 4 terms 
given. 


If the scale of relation be l- pr—gz'— rx, to find the 
3 constants we must have 3 equations. To obtain the first of 
these we must know at least 4 terms of the series, and to obtain 
the other two we must have two more terms given; hence to find 
a scale of relation involving 3 constants, at least 6 terms of the 
series must be given. 


Generally, to find a scale of relation involving m constants, 
we must know at least 27 consecutive terms. 


Conversely, if 2m consecutive terms are given, we may assume 
for the scale of relation 


1— pa — ρα -p -- ..... ρα”. 
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925. Το find the sum of n terma of a recurring series. 
The method of finding the sum is the same whatever be the 


scale of relation; for simplicity we shall suppose it to contain 
only two constants. 


Let the series be 
αι + QE HO a a e usse eee (1) 


and let the sum be S; let the scale of relation be 1— pæ — ga*; 
so that for every value of n greater than 1, we have 


a, — pa, ,—qa, ,-0. 


Now S=a,+ αρ — dii 


—pe S= -—pag-pagx -..-—pa, X" --pa, 2", 

— x S: -qa č —...—qga, «ο  —qa, α-φα μα. 
. (1- px — gu’) S = a, + (a, — pa,) £ (pa, + qa, )α'- qa, m" 
for the coefficient of every other power of x is zero in consequence 
of the relation 


Ρα ιν ΦΩ͂ a 7 0, 
; = — pz — T - - pa qu? 


Thus the sum of ει recurring series is a fraction whose de- 
nominator is the scale of relation. 


326. If the second fraction in the result of the last article 
decreases indefinitely as increases pude the sum of an 

μαι ι Ρα) E 

— px — qa 

If we develop this fraction in — powers of x as 
explained in Art. 314, we shall obtain as many terms of the 
original series as we please ; for this reason the expression 

a, + ία, — pa.) ud 
1 - pz -- qx* 

is called the generating function of the series. 


infinite number of terms reduces to — 


327. From the result of Art. 325, we obtain 
a, + (a, — pa.) 2 ud 
1 — pax — φαῦ 


=a tatta +... τα, XU 


(pa,_, +ga) qa, α 
* — — 


1 — pe — ga 
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from which we see that although the generating function 
a, + (a, — pa,) x 
1 — pæ — ga" 
may be used to obtain as many terms of the series as we please, 
it can be regarded as the true equivalent of the infinite series 
αι, +A, 2+ ur + ...... : 


only if the remainder 
(pa, θα |) a" + qa, ("tt 
] — px — ga” 
vanishes when » is indefinitely increased ; in other words only 
when the series is convergent. 


328. When the generating function can be expressed as a 
group of partial fractions the general term of a recurring series 
may be easily found. Thus, suppose the generating function 
can be decomposed into the partial fractions 


A B σ 
l-az" 1 δω (cx) 
Then the general term is 
[Aa + (-- 1)” Bb + (r +1) Cobar’. 
In this case the sum of n terms may be found without using 
the method of Art. 325. 


scample, Find the generating function, the general term, and the sum 
to n terms of the recurring series 


1 -. 7x — a? - 4823 -...... 
Let the scale of relation be 1 — pr - qz?; then 
-14+7p-—q=0, -43+p7+7q=0; 
whence p=1, g=6; and the scale of relation is 


1-2-6727, 
Let S denote the sum of the series; then 
Szl-"z- z3-4üz5-.... . 
-zS-2 ~ zz? abt cies 
-- 6228 = - θοῦ + 4275 + ...... 
^ (l-z - 61) S=1- 82, 
1-82 
S= 73-6? 


which is the generatirig function. 
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If we separate E "à into partial fractions, we obtain τος - Ux ; 

whence the (r +1) or general term is 
i( -I2 ΒΤ} arr, 

Putting r —06, 1, 2,...n—1, 
the sum to n terms 

z:í[2-2?r--235? — + ( — 1)^71 20 x7 13 — (1 -- ὃς + Bich p LL + nnd un) 

24+ (- 1) οταν 1-- ο. re 

τ 142: 1-3. 


329. To find the general term and sum of 2 terms of the 
recurring series a,+@,+a,+ ...... , we have only to find the 
general term and sum of the series a, - «v -- αμα) ^ ...... , and put 
x -: lin the results. 


Ezample. Vind the general term and sum of n terms of the series 
14+64244+84+4...... 


The scale of relation of the series 1 -+ 62 + 24074 8423 +... is 1 — m 4- br, 
7 — lis 
and the generating function is vse Ge’ 
This expression is equivalent to the partial fractions 
4 8 
1-32 Ἱ-- μα 


If these expressions be expanded in ascending powers of x the general 


term is (4. δἳ -3 . 27) a", 
Hence the general term of the given series is 4. 3^7 3. 2"; and the sum 
of n terms is 2 (3^ — 1) - 3 (2^ — 1). 


330. We may remind the student that in the preceding 
article the generating function cannot be taken as the sum of 
the series 

1 + όω -- 242 84a?  L..... 
except when a has such a value as to make the series convergent, 
Hence when æ = 1 (in which case the series is obviously divergent) 
the generating function is not a true equivalent of the series, 
But the general term of 


1 -- 0 -- 54 -- δ4 -Ε ...... 
18 independent of x, and whatever value x may hare it will always 
be the coefficient of 2" in 
] + Gar 94a? + 842? + οι... 


We therefore treat this as a convergent series und find its 
general term in the usual way, und then put x = 1. 
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EXAMPLES. XXIV. 


Find the generating function and the general term of the following 
series: 


1. 145049024 1819... à, 3-24 T T3 p... 
8. 2-r3x-F5x3--933-F....... 4, 7- 6η --θι 2 25 - νι... 
δ. 34+ 62+ 1427 4-302? + 98.75 -- 27625 -- ....... 

Find the x” term and the sum to » terms of the following series : 
6 24+54+138435+....... T. —1-62?--F302? 4- ....... 
8. 94724252? 4-912 4 ....... 

9. 1-422-4-022-- 2023 + 6625 4- 219:55 4- ....... 

10. ~5+2+0+8+ ee 

ll. Shew that the series 

1? 4- 924 8? -- 42+. ...... +n?, 
13 4-93 4-33 4. 43 ,..... HNS, 


are recurring serivs, and find their scales of relation. 


12. Shew how to deduce the sum of the first n terms of the re- 


curring series 
Ay tO, E+ a, x + a a + ...... 


from the sum to infinity. 


13, Find the sum of 2»4-r1 terms of the series 


3-1-413-9--41 — 523 ....... 
14. The scales of the recurring series 
Ay tay E+ ax?  αροϑ--....... 
by + μι bur? + by ...... : 


are l--pz-Fqu), 1e rx-4-512, respectively; shew that the series whose 
general term is (a, -- ὃκ) z^ is a recurring series whose scale is 


l+(p+r)et(gtstpr) c+ (qr ps) 2+ gas*. 


15. lfa series be formed having for its nt term the sum of n terms 
of a given recurring series, shew that it wil] also form a recurring 
series whose scale of relation will consist of one more term than that 
of the given series. 


CHAPTER XXY. 


CONTINUED FRACTIONS, 


is called a 


$31. An expression of the form a+ 


c+- 
e+... 


continued fraction; here the letiers a, b, ¢,...... may denote any 
quantities whatever, but for the present we shall only consider 


the simpler form a, + —— , Where αι, @,, @,,... are positive 


a t— 
αι, t. 


integers. This will be usually written in the more compact form 
] 1 


332, When the number of quotients a,, a,, &,,... is finite the 
continued fraction is said to be terminating ; if the number of 
quotients is unlimited the fraction is called an infinite continued 
Fraction, 

It is possible: to reduce every terminating continued fraction 
to an ordinary fraction by simplifying the fractions in succession 
beginning from the lowest. 


333. To convert a given fraction into a continued fraction, 
Let - be the given fraction; divide m by n, let a, be the 
quotient and p the remainder ; thus 


m 


274 HIGHER ALGEBRA. 


divide τι hy p, let a, be the quotient and g the remainder ; thus 


li a, 4 a, ET 
2 P r 
n g 


divide p hy q, let a, be the quotient and r the remaiuder ; aud so 
Ld b] 
on. = ‘Thus 


Tf » is less than x, the first quotient is zero, and we put 
m ] 


2- wm 


7L ηὺ 


"n 


and proceed as before. 


It will be observed that the above process is the same as that 
of finding the greatest common measure of m and x; hence if m 
and n are commensurable we shall at length arrive at a stage 
where the division is exact and the process terminates, Thus 
every fraction whose numerator and denominator are positive 
integers can be converted into à terininating continued fraction. 
5 


Example, Reduce a to & continued fraction. 


Finding the greatest common measure of 251 and 802 by the usual 
process, we have 


b | 251 | 802 
6 6| 49 
1 


and the successive quotients are 3, 5, 4, 6; hence 


αι 1 1 1 1 
802 3+ 5+ 84+ 6° 


334. The fractions obtained by stopping at the first, second, 
third,...... quotients of a continued fraction are called the first, 
second, third,...... convergents, because, as will be shewn in 
Art. 339, each successive convergent is & nearer approximation 
to the true value of the continued fraclion than any of the 
preceding convergents. 
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v/335. To shew that the convergents are alternately less and 
greater than the continued fraction. 


Let the continued fraction bea@,4- © ...... 
The first convergent is α,, and is too small because the part 
1 


. is omitted. The second convergent is «, +—, and is 
e 
too great, because the denominator «, is too small. The third 


1 ] ] 
convergent is «, + "ue and is too small because e, — is too 
+a 
3 4 ü 
great ; and so on. 


When the given fraction is a proper fraction «a, =0 ; if in this 
case we agree to consider zero as the first convergent, we may 
enunciate the above results as follows : 


The convergents of an odd order are all less, and the convergenta 
of an even order are all greater, than the continued fraction, 


336. To establish the law of formation of the successive con- 
vergents. 


Let the continued fraction be denoted by 
] 1 ] 


ο E i 
2 ay 4 


then the first three convergents are 
a, @a,+1 a (a a, ἃ l) t a, 


3 ) 
] a, a,.a,+1 


and we see that the numerator of the third convergent may be 
formed by multiplying the numerator of the second convergent 
by the third quotient, and adding the numerator of the first con- 
vergent; also that the denominator may be formed in a similar 
manner. 


Suppose that the successive convergents are formed, in a 
similar way ; let the numerators be denoted by p,, p,, p,,..., and 
the denominators by g., δι, 9,,... 


Assume that the law of formation holds for the x™ convergent; 
that is, suppose 


P. zz a. P,-1 + P93 7. s &, 6... * Gans’ 
K H.H.A. 
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The (n+ 1) convergent differs from the αι: only in having 


the quotient a, + —— in the place of a,; hence the (n 1)™ con- 


nel 
vergent 


E (a, + » ρε TJ s " a. (a, P. τι + p, 
(a, + -) Tami * Tune se (ον Pant * Guns) + Ja- 
νι 


* Arti Pa Pu by supposition 
Q ei q. is Vn~) , * 
If therefore we put 


Pupi = Onti Put PL d, “Ongi d, t qd. 


we see that the numerator and denominator of the (n + l1)" con- 
vergent follow the law which was supposed to hold in the case of 
the nn. But the law does hold in the case of the third con- 
vergent, hence it holds for the fourth, &nd so on; therefore it 
holds universally. 


337. It will be convenient to call a, the n™ partial quotient; 
] 


the complete quotient at this stage being a, + E NE 


Qut uut 


We shall usually denote the complete quotient at any stage by &. 
We have seen that 
P. = Q, pu, + P.-s . 
9, Inn + Que 
let the continued fraction be denoted by æ; then æ differs from 
P. only in taking the complete quotient ὦ instead of the partial 
quotient a,; thus 


m E Pay + Pang 


$38 Jf E be the n™ convergent to a continued fraction, then 


Pa do; νι ~ (5 1). 
Let the continued fraction be denoted by 
] 
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then 


Pa Iai Puy In = (On Puy + Pag) Va Pa 009, + 9, 
= (- 1) (Pa Q.-s Pas ᾳ,.ν) 
= (- 1)" (0, «4, εδ, «4... Similarly, 


-(-U"*(nq-n Ws): 
Bu — pg -pg,-(ta,*1)-a.a,-1-(-1)5 
hence Pa Gn ~ Pg. 7 (7 1)". 
When the continued fraction is Jess than unity, this result will 


still hold if we suppose that a, — 0, and that the first convergent 
is zero. 


Νους. '. When we are calculating the numerical value of the successive 
convergenta, the above theorem furnishes an easy test of the accnracy of the 
work. 


Cor. 1. Each convergent is in its lowest terms ; for if p, and 
q, had a common divisor it would divide p, q, , — p, , 2,, or unity ; 
which is impossible. 


Cor. 2. The difference between two successive convergents is 
a fraction whose numerator is unity ; for 
B. Pat PB...75.29, 1 
0. Qa Tn Qua 0. q.i 


EXAMPLES. XXV. a. 


Calculate the successive convergents to 


o 11111 11 


10 1 1 1 1 1 
ὃν 3+3 τς ie ef de δ' 
Express the following quantities as continued fractions and find the 
fourth convergent to each. 
253 832 1189 729 
4. πω - 5. 159 . . 3927 e 7. 2318 . 
8. 21. & 1139. 10, "9099. ll. 4316. 
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12. A metre ia 39:37079 inches, shew by the theory of continued 
fractions that 32 metres is nearly equal to 35 yards. 


13. Find a series of fractions converging to :24226, the excess in 
days of the.true tropical year over 365 days. 


14. A'kilometre is very nearly equal to ‘62138 miles; shew that 

5 1.8 23 

8’ 99? 37" 103 

ratio of a kilometre to a mile. 
15. Two scales of equal length are divided into 162 and 209 equal 


parts respectively; if their zero points be coincident shew that the 
31** division of one nearly coincides with the 40 division of the other. 


the fractions are successive approximations to the 


m+ni-l . : : 
16. If iin ari ” converted into a continued fraction, shew 
that the quotients are » —1 and n+1 alternately, and find the suc- 
cessive convergents. 


17. Shew that 


(1) Panti Pa- Ῥι 
dn*17949n-1 Yn 


ο αμ a ανν) 


18. 1f Ë” is the 2 con vergeut to a continued fraction, and a, the 
corresponding quotient, shew that t 


Pa+edn—2 ~ Pn-2fn+2 = On & g Anti: n tantotan. 


339. Euch convergent is nearer to the continued fraction than 
any of the preceding convergents. 


Let æ denote the continued fraction, and /, Patt Pras 


6, φαει : Tate 


Pass 


three consecutive convergents; then æ differs from only in 


taking the complete (n + 2)" quotient in the place of ΝΕ denote 


this by k; thus p= Par, τρ, 
” kay ΑΙ 
owe ULT PE) 0 


d.  9,(kq,,*9) — 9.59, 99 


~ 1 
and Pati πα] wt ἵν Pada, = —— R 
Gati Jati (49,41 + q,) latı (bg, T 9.) 
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: hence on 


Now k is greater than unity, and q, is less than q,,; 


both accounts the difference between Pus and x is less than the 


acti 
1 


» ) e e 
difference between — and x; that is, every convergent is nearer 


to the continued fraction than the next preceding convergent, 
and therefore a fortiori than any preceding convergent. 


Combining the result of this article with that of Art. 335, it 
follows that 


the convergents of an odd order continually increase, but are 
always less than the continued fraction ; 


the convergents of an even order continually decrease, but are 
always greater than the continued fraction. 


v/ 340. To find limits to the error made in taking any convergent 
for the continued fraction. 


Let ^» : Puss : "di be three consecutive convergents, aud let 
k denote the complete (n+ 2) quotient; 
KPa + P. 


then æ= tt 

kana + 7, 
iu (ka, : ) 
+ n 
q. 6, ntl qa q, (s... +f 


Now kis greater than 1, therefore the difference between a and 


Ps is less than -— -- , and greater than —;.—- — .. 
4. 7. Tus 2. (9... + d.) 


Again, since q., > q,, the error in taking Ps instead of æ is 


less than και and greater than a 
6, 4 ntl 


341. From the last article it appears that the error in 
taking A instead of the continued fraction is less than -- A ; 


a aint) 
] 
or ———— — — .: that is, less than .———,; hence the larger 
Qa (a,,, 6, ! Qa)? i iT f = 


a,,, is, the nearer does A approximate to the continued fraction; 
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therefore, any convergent which immediately precedes a large 
quotient is a near approximation to the continued fraction. 


Again, pince the error is less than LE , it follows that in order 
to find a ‘convergent which will differ from the continued fraction 


by less than a given quantity A we have only to calculate the 
P, 


suocessive convergents up to —*, where φ” is greater than a. 


342. The properties of continued fractions enable us to find 
two small integers whose ratio closely approximates to that of 
two incommensurable quantities, or to that of two quantities 
whose exact ratio can only be expressed by large integers. 


Example. Find a series of fractions approximating to 8:14159. 


In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15, 1, 25, 1, 7,4. Thus 


1 1 1 1 1 11 
ο. ο T34 1+ B+ IF THT 
The successive convergents are 
3 22 833 85 — 
1’ 7' 106’ l13' "7 , 
this last convergent which precedes the large quotient 25 is a very near 


approximation, the error being less than y" and therefore less than 


1 
25 x (113 
zza 00)?’ or 000004. 


343. Any convergent ts nearer to the continued fraction than 
any other fraction whose denommator is less than that of the 
convergent. 


Let x be the continued fraction, P. i Pai two consecutive 


8 ne} 


T ; ; 
convergents, Pus fraction whose denominator s is less than q.. 


Jf possible, let - be nearer to m than P» , then - must be 


nearer to æ than ^1 l'Art. 339]; and since c lies between Ps and 


a>} 5 


Ēa= , it follows that 7 must lie between 7* and 71-1, 2 a E 


n=l a n=] 
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Hence 


T Te P. Έλα that is < ; 
8 q.i R 64, --ι g, Ta- 
8 
σα ~ SPa- ET 


that is, an integer less than a fraction; which is impossible. 


i ‘ r 
Therefore P. must be nearer to the continued fraction than z : 


’ 
344. If z : be two consecutive convergents to a continued 


Ρ 


raction x. then PP is greater or less than x", according as + ta 
qq d á q 


* 


Ρ 


greater or less than α΄ 


Let k be the complete quotient corresponding to the con- 
vergent immediately succeeding P ; then x= Ep Pp ; 
q kg +q 
ο PP uo ab - 
qq gd (ky +9)" 
ane- A Pa): 
qq (eg +4)" 
The factor X*p'g' — pg is positive, since p' » p, 4 >q, and k> 1; 


hence Tm > or «οἱ, according as pq’ — p'q is positive or negative ; 


[pp (ka +q — qq' (kp. + py] 


, 


that is, according ris or « 7 
Cor. It follows from the above investigation that the ex- 
pressions pg'— p'g, pp —qqa?, p' — q'x^, ga — p" have the same 
Bign. 
EXAMPLES. XXV. b. 


l. Find limita to the error in taking = yards as equivalent to 
a metre, given that a metre is equal to 10936 yards, 
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2. Find an approximation to 

FE d. 1 1 1. 
3+ 5+ 7+ 94 114 
which differs from the true value by less than 0001. 


14 


3. Shew by the theory of continued fractions that xd differs from 


70 
: 1 
1:41421 by a quantity less than 11830 ° 
a? + 6a 4- 134+ 10 : ae 
4. Express arealda isap 3" 8 continued fraction, and 


find the third convergent. 


5. Shew that the difference between the first and nt: convergents 
is numerically equal to 


Lo OL wo 
dig» Ys Yla ο Yn-19n 


6. Shew that if a, 15 the quotient corresponding to : * 
n 


| 1 l 1 1 1 
1) Prat- ET μα ου 
( ) Όν-ι ντα, it Gy-gt ἂν αμ αν Γ a,’ 
] 1 ] ] 1 
9) . — n 
@) Qn-1 in e d ca» αν s σι αν 
v7. In the continued fractior ! 1 TE hew that 
. C * dk a+ a+ a e , SNOW tha 


(1) Pu? P + 1 = Pn- Pati tPaPnsas 
(2) Άν fn- 
Vg, 1f?» 


is the x“ convergent to the continued fraction 


a 
shew that Ym= Pmt Yan—-1™ 5 Pane 
"0. In the continued fraction 
| P d od d 
a + b+ a+ 6+ eee «99 


ahaw that 
Άννα - (ab + 2) Pat+Pa-3=0, Qn«37 (ab 4- 2) Qa tu-a, 
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10. Shew that 


1 ] ] ; 

a (a 1t. dou αιμα to 24 quotients) 
1 1 : 

πο ο. oo ο, αεί. ouis to 2n quotierts. 


Ty + a.u. 3 +- Ta + 


vii. If τ δ» 3 . , are the 2, (2-1), (4 — 2)" convergents to the 
continued fractions 
1 ] 1 ] l l l 1 l 


a+ at a+? at αἰ aqt’ at oat at”? 
respectively, shew that 


M=a, P4 R, (au, 1) P+ ak 


Μο, i s the 2 convergent to 


dr od 

G+ a+ 04-7" 
shew that p, and g, are respectively tho coefficients of æ» in the 
expansions of 


Heuce shew that newt » 


, where a, B are the roots of the 
equation £? — at — 1e. 


13. If : ^ is the n™ convergent to 


n 
] 1 1 1 
2:5. 25 a 
shew that p, aud g, are respectively the coefficients of z^ in the 
expansions of 


LIS E. nd ο κα να 
] - (ab -- 9) z3 4- a^ ] - (ab -9)x* + σά ` 
Hence shew that 


pg, = bg, ab — - LS 


ati +i n gn 
Pe ee μ΄ ) 


where a, 8 are the values of z? found from the equation 
I-Gb + 2*0. 


CHAPTER XXVI. 
INDETERMINATE EQUATIONS OF THE FIRST DEGREE. 


345. In Chap. X. we have shown how to obtain the positive 
integral solutions of indeterminate equations with numerical co- 
efficients; we shall now apply tlie properties of continued fractions 
to obtain the general solution of any indeterminate equation of 
the first degree. 


346. Any equation of the first degree involving two un- 
knowns z and y can be reduced to the form ax &by =s c, where 
a, b, c are positive integers. This equation admits of an unlimited 
number of solutions; but if the conditions of the problem require 
æ and y to be positive integers, the number of solutions may be 
limited. 

It is clear that the equation ax +by=—c has no positive 
integral solution ; and that the equation ac — by = — cis equivalent 
to by — ux =c; hence it will be sufficient to consider the equations 
ax s by = c. 

If @ and b have a factor m which does not divide c, neither of 
the equations ax = by =c can be satisfied by integral values of « 
and y; for ax « by is divisible by m, whereas c is not. 

If a, b, c have a common factor it can be removed by division; 
so that we shall suppose a, b, c to have no common factor, and 
that a and b are prime to each other. 


947. To find the general solution in positive integers of the 


equation αχ — by =c. 
Let be converted into & continued fraction, and let £ denote 


the convergent just preceding 5 then ag — bp - 1. [Art. 338,] 
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I. Ifag —bp -- 1, the given equation may bo written 


ax — by = c (ag — bp); 
a (x — eg) =b (y — ορ). 


Now since a and b have no common factor, x —cq must be 
divisible by b; hence a — cq = bt, where ¢ is an integer, 


Εμ. ak : 
b a’ 
that is, 0 x6 eq, y =at+ cep; 


from which positive integral solutions may be obtained by giving 


to £ any positive integral value, or any negativo integral value 
numerically smaller than the less of tho two quantities 7 T ; 
also ἑ may be zero; thus tho number of solutions is unlimited. 


ΤΙ. If ag —bp —- —1, we have 


ax — by =—c (aq — bp), 
a (x -- cg) 2 b (y -- ορ); 


Q Όρη yrtep . 
jt -g σσ 05 an integer; 


hence x=bt— cq, y=at—cp; 


from which positive integral solutions may be obtained by giving 
to t any positive integral value which exceeds the greater of the 


two quantities 1 ; T; thus the numbcr of solutions is unlimited. 


III. If either a or b is unity, the fraction Σ cannot be con- 
verted into & continued fraction with unit numerators, and the 
investigation fails, In theso cases, however, the solutions may be 
written down by inspection ; thus if b —1, the equation becomes 
az—-y=c; whonce y — az — c, and tho solutions may be found by 


ascribing to 2 any positive integral valuc greater than 2. 


Norm. It should be observed that the series of values for z and y form 
two arithmetieal progressions in which the common differences are b and a 
reepectively. — 0c 
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Example. Find the general solution in positive integers of 29z — 42y — 5. 
In converting 2 into & continued fraction the convergent just before 3 
is $5 we have therefore 
20x18—42x92-1; 
^. 20x 65- 42 x45=- 5; 


combining this with the given equation, we obtain 
29 (x + 65) 242 (y + 45) ; 
, £-65 y+45 
'" 49 ~ 29 
hence the general solution is 
2—42t— 65, y —29t — 45. 


=t, an integer; 


348. Given one solution in positive integers of the equation 
ax — by = c, to find the general solution. 


Let h, k be a solution of az — by =c; then ah — bk =c. 
S. ax —by sah — bk; 
a(x-h)=b(y—k); 
ο δε 
po 
x=h ı bt, y—k+at; 


-- ἐν an Integer ; 


which is the general solution. 
349. Tc find the general solution in positive integers of the 
equation ax + by =c. 


Ω 
Let; 


convergent just preceding ; ; then aq — 0p — * 1. 


be converted into & continued fraction, and let ^ be the 


I, If aq—bp=1, we have 
ax + by = c (ag - bp); 
e a(cg—x)=b (y+ ep); 
— 7 f, an integer; 


S 9 0g --δέ y ab - eps 
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from which positive integral solutions may be obtained by giving 
to ¢ positive integral values greater than T and less than Ἔ : 
Thus the number of solutions is limited, and if there is no integer 
fulfilling these conditions there is no solution, 
IT. Tfag—bp - 1, we have 
wx + by. — e (aq — bp); 
a(x eq) -- b (cp— y); 


ακοή ep-y 


b a 
w+ οί --οη, y ep - t 


= é, an integer; 


from which positive integral solutions nay be obtained by giving 


to ¢ positive integral values greater than “ and less than f. 


b 
As before, the number of solutions is limited, and there may be 
no solution. 


TTI. If either « or bis equal to unity, the solution may be 
found by inspection as in Art. 347. 
350, Giren owe solution in positive integere of the equation 
ax + by =c, to find the general solution. 
Let À, k be a solution of az 4 by =c; then ah + bk =c. 
ax + by -- ah + bk; 
. a(u-hy=b(k-y); 
z-h k-y 
p = 
S. =h- bt, y=k—at; 


— ἐν an integer ; 


which is the general solution. 


351. To find the number of solutions in positive integers of the 
equation ax + by = c. 


Let be converted into a continued fraction, and let A be the 


convergent just preceding 5 ; then aq — bp =u]. 
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I Let ag—bp=1; then the general solution is 
q-6q— bt, y - at — cp. [Art. 349.] 


Positive integral solutions will be obtained by giving to ¢ 


E c 
positive integral values not greater than » , and not less 


than ep 


(i) Suppose that z and ; are not integers. 


T e us 
Let a m+f, ^tf 


where m, n are positive integers and f; g proper fractions; then 
the least value ¢ can have is m+ 1, and the greatest value 18 n; 
therefore the number of solutions is 


— τοπ c 4f-y. 


Now this is an integer, and may be written 5 +a fraction, or 


E — a fraction, according as f is greater or less than g Thus the 
number of solutions is the integer nearest to Z, greater or less 
aecording as f or g is the greater. 

(li) Suppose that Σ is an integer. 

In this case g = 0, and one value of x is zero. Jf we include 
this, the number of solutions is 5 +f, which must be an in- 
teger. Hence the number of solutions is the greatest integer in 
ο 


6 ; ; : 
ab * l or ab? according as we include or exclude the zero solution. 
a a 


(iii) Suppose that - is an integer. 


In thia case f= 0, and one value of y is zero. If we include 
this, the least value of ¢ is m and the greatest is n; hence 


the number of solutions is n-m +1, or στ]. Thus the 
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. LÀ . 8 6 6 
number of solutions is the greatest Integer in — +1 or p AC- 
a 


ab 
cording as we include or exclude the zero solution., 


i y ο ία - 
(iv) Suppose that z and 5 


In this case f=0 and g=0, and beth x and y have a zero 
value. If we include these, the least value £ can have is 2, and 
the greatest is n; hence the number of solutions is n — m + 1, or 


c . ; 
—- +1. If we exclude the zero values the number of solutions 18 


ab 


€ 
a b 


are both integers. 


II. Ifaq-bpz- —]1, the general solution is 
w= bt — ση, y= ορ — at, 
and similar results will be obtained. 


352. To find the solutions in positive integers of the equa- 
tion ax + by + cz = d, we may proceed as follows. 


By transposition az + by =d --cz; from which by giving to z 
in succession the values 0, 1, 2, 3,...... we obtain equations of 
the form ax + by =d, which may bo solved as already explained. 


353, If we have two simultaneous equations 
ac+by+cz=d, aw by t cs d, 
by eliminating one of the unknowns, z say, we obtain an equation 


of the form Ax + By — C. Suppose that «=f, y =y is a solution, 
then the general solution can be written 


w=f+ Bs, y=g—As, 
where s is an integer. 
Substituting these values of æ and y in either of the given 


equations, we obtain an equation of the form Fs+Gz= JI, d 
which the general solution is 


s=h+Gt, a-k-— Ft say. 
Substituting for ὁ, we obtain 
α- f+ Bh+ BGt, y=g-Ah—AGt; 


and the values of æ, y, a are obtained by giving to £ suitable 
integral values, 
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354. If one aolution in positive integers of the equations 
ax + by -- οὐ d, aw by cz d, 
can be foynd, the general solution may be obtained as follows, 
Let ἢ y, ἦν be the particular solution ; then 
af+bg+ch=d, a'f -b'g - c'h «d. 
Ly subtraction, 
a(x—f)-b6(y—g)*e(z—A)-0, 
a (z— f) + (y—g)+e'(z—h)=0; 
whence 
“w-f  y-g _ 2-h t 
bc -ὂο σα--σα ab'—ab k’ 
where ¢ is an integer and & is the Ἡ c.F. of the denominators 
be’ — b'c, ος -- σα, αὐ --αὐ. Thus the general solution is 


cf (6 -- o), y -y + (ea —ca) 5, z= h + (ab — αὐ) y 


EXAMPLES. XXVI. 


Find the general solution and the least positive integral solution of 

1, 775»—11y--]1. 9, 455s- 519/--]. 3. 49561 - 393y=5, 

4 In how many ways can £1. 19s. 6d. be paid in florins and half- 
crowns ? 


δ. Fiud the number of solutions in positive integers of 
llr-15y- 1031. 


6. Find two fractions having 7 and 9 for their denominators, and 
such that their sum is 119. 


7. Find two proper fractions in their lowest terms having 12 


and 8 for their denominators and such that their difference is 51 : 


8. A certain sum consists of » pounds y shillings, and it is half 
of y pounds 2 shillings; find the sum. 
Solve in positive integers : 
9.  Gr+7y +42=122 10. 127-lly+42=22 
llv + 8y —6z= 145) ` —4z4 5y+ ο η] 
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11. 20:—21y Es 12, 1δυ--1]2--108 
3y+ 42=34) ` 1i — ὄγ-- i} 
19. Tr+4y+ 19284. 14. 23.0+17y+112=130. 


15, Find the general form of all positive integers which divided 
by 5, 7, 8 leave remainders 3, 2, 5 respectively. 


16, Find the two smallest integers which divided by 3, 7, 11 leave 
remainders 1, 6, 5 respectively, 


17. A number of three digits in the septenary scale is represented 
in the nonary scale by the same three digits in reverse order; if the 
middle digit in each case is zero, find the value of the number in the 
denary scale. 


18, If the integers 6, a, b ure in harmonic progression, find all the 
possible values of a and b. 


19, Two rods of equal length are divided into 250 aud 243 equal 
parts respectively; if their ends be coincident, find the divisions which 
are the nearest together. 


20, Three bells commenced to toll at the same time, and toiled at 
intervals of 23, 29, 34 seconds respectively. The second and third 
bells tolled 39 and 40 seconds respectively longer than the first; how 
many times did each bell toll if they all ceased in less than 20 minutes! 


21. Find the greatest value of c in order that the equation 
74-4-9y Ξο may have exactly six solutions in positive integers. 


22. Find the greatest value of c in order that the equation 
147+11ly=c may have exactly five solutions in positive integers. 


23, Find the limits within which ο must lio in order that the 
equation 197+14y=m¢ may havo six solutions, zero solutions being 
excluded, 


24. Shew that the greatest value of c in order that the equation 
ax+by=c may have exactly n solutions in positive integers 18 
(n--1)ab --ᾱ-- b, and that the least value of c is (n—1)ab+a+ b, zero 
solutions being excluded. 


CHAPTER XXVII. 
RECURRING CONTINUED FRACTIONS. 


355. We have seen in Chap. XXV. that a terminating con- 
tinued fraction with rational quotients can be reduced to an 
ordinary fraction with integral numerator and denominator, and 
therefore cannot be equal to a surd; but we shall prove that a 
quadratic surd can be expressed as an infinite continued fraction 
whose quotients recur. We shall first consider a numerical 
example. 


Example. Express ,/19 as a continued fraction, and find a series of 
fractions approximating to its value. 


194 e (19-4) 44195 4 
Vere παν ga 
ler E ER de 
M 


V 19 +4=8 + (/19 — 4) HB + ............... 


after this the quotients 2, 1, 8, 1, 2, 8 recur; hence 

111 1 1 1 

24 I+ 8+ 1+ 24+ 81 °° 

It will be noticed that the quotients recur as soon as‘ we come to a 


quotient which is double of the first. In Art, 861 we shall prove that this is 
always the case. 


J/19=4 + 
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[Ezrplanation. In each of the lines above we perform the same series of 
operations. For example, consider the second line: we first find the 


€ 
greatest integer in ΧΕ ; this is 2, and the remainder is «1 — 2, that 


3 3 
is — We then multiply numerator and denominator by the surd 


conjugate to ,/19 — 2, so that after inverting the result we begin & 


5 
A/19 4 2" 
new line with a rational denominator. 


The first seven convergents formed as explained in Art. 336 are 
4 9 18 48 61 170 1421 
1'2' 3° 11' M' 89° 820" 
The error in taking the lust of these is less than S &nd is therefore 


leas than or — and a fortiori less than “00001, Thus the 


1 
(80013 
seventh convergent gives the value to at least four places of decimals. 


356. Every periodic continued fraction is equal to one of the 
roots of a quadratic equation of which the coefficients are rational, 


Let x denote the continued fraction, and y the periodic part, 
and suppose that 


"a oe Do1 

Ut beer 777 e Kx y! 

1 11 

and Y =m + «εν.» —--, 
n + Utv+y 


where a, b, c,...h, k, mM, ",...u, v are positive integers. 


Let E. P be the convergents to z corresponding to the 


quotients 1, ὦ respectively; then since y is the complete quotient, 


we have x= Purp ; whence y = Por i 
gy*9 qe-p 


Let. a *, be the convergents to y corresponding to the 
8' 8 

i : ry-T 

quotients u, v respectively ; then y = — 


Substituting for y in terms of æ and simplifying we obtain a 
quadratic of which the coefficients are rational. 
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The equation s'y'* (s—7’)y-—r=0, which gives the value of 
y, ha» iis roots real and of opposite signs; if the positive value of 


, 
y be substituted in ao =? — P , on rationalising the denoininator 
p^ "dii +/B 
the value-of æ is of the form —-- "TEE where A, B, C are integers, 


B being positive since the value of y is real. 


᾿ 1 1 1 1 
Example. Express lta; Γ ΣΝ ae ds 


Let z be the value of the continued fraction ; then z-1- 


... 88 & βατ, 


1 1 , 
24 84(r-1)! 
whence 22° + 2z — 7 — 0. 

The continued fraction is equal to the positive root of this equation, and 
15-1 


is therefore equal to — 


EXAMPLES. XXVII. a. 


Express the following surds as continued fractions, and find the 
sixth convergent to each: 


1. 3. 9. JD. 3. J6. 4 5. 

δ. «ΙΙ. 6. 13. 7. ΝΊ4. 8. 99. 

9. 9/3. 10. 44/2. 11. 3,5. 12. 4/10. 
1 1 /6 7 

13. gap 14. ay 15. T 16. "E 


17. Find limits of the error when ds is taken for ,/17. 


18. Find limits of the error when n is taken for κ/23. 


19. Find the first convergent to ,/101 that is correct to tive places 
of decimals, 


20. Find the first convergent to ,/15 that is correct to five places 
of decimals. 


Express as a continued fraction the positive root of each of the 
following equations: 


21. 242:—-1-0. 22, 5?—-4r-320. 23. 7.?—-85,—3-0Q, 
24, Express each root of 7? — 5 --32:0 as a continued fraction. 


. 1 1 
95. Find the value of Sal à αι 77" l 
26. Fiud the value of l+ 34 i+ 33 TT 
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d 1 11] ]! 1 
1+ 24+ 3414+ 2-84 "777 


1 1] l | 
1+ 1+ 1+ 10+ 77 


91. Find the value of 3+ 


28. Find the value of 5+ 


Shew that 

1111 1 1 1 1! 
jocos κ pi ide M eec 
S TE 64 IF OF ( 35 23 34 24 ) 


90. Find the difference between the infinite continued fractions 
l- 1 1 111 1 1 ] 1 1 1 


— — — — 


Ἱ-- 3 5+34+ 3+ 54+ °°" 3414+ 54+ 34+ 14+ 54 7 


*357. To convert a quadratic surd nto a continued fraction. 


Let N be a positive integer which is not an exact square, 
and let a, be the greatest integer contained in ,/ ; then 


JN =a,+(/N—a) =a, + 


7 . 
hy 


JN +a 


EET P 
Let b, be the greatest integer contained in ~v 2 “ ; then 


SNe p p κα ο πο 
7 1 


l 1 Τι AN +a, : 
where a, 7. b,r, — a, and r, r, - Να." 
Similarly 
LLL NP e PP Τε; 
μα ες r, =b,+ JN +a,’ 
where a, — br, — a, and rr, = N-a; 
and so on; and generally 
VN +4585 QNT, p , ”. 
$4 Tat πο. bait JN +a,’ 
where a, zb, T, ι-α, , and r,_,7,= V —a,’. 
1 1 1 1 
Hence JN =a, + b+ b+ b+ b+ rt 2 


and thus ,/W can be expressed as an infinite continued fraction. 


We shall presently prove that this fraction consists of re- 
curring perióds; it is evident that the period will begin when- 
ever any complete quotient is first repeated. 
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Wee shall call the series of quotients 
JN JN*a J/N+a, κ γα, 
3 f ? fi 3 r 
the first, gecond, third, fourth...... complete quotients. 


*358. From tho precoding articlo it appears that the quan- 


tities a,, τι, ὃν, b, b,...... aro positive integers; we shall now prove 
that the quantities a,, αρ αρ ...... s To Ty Tp. -are also positive in- 


tegers. 


Let : š 1. : P bc throe consecutive convergents to ,/N, and 
"n 


let * be the convergent corrcspending to the partial quotient b, 


JN + a, 
; hence 
e 


Tho complete quotient at this stage is 
JN +a, , 1 
T, — PNAN +a p AT., p 
JJ = — - τετ τ =u 
—— —— 


Clearing of fractions and cquating rational and irrational 
parts, we have 
aptrp-Aq, aq -r2-22; 
whenco a, (pg — p9) 2p -qq N, r.(zu -»4) = Ny" - p". 
But pg — pq =l, and pg —pg, pp —9q N, Nq” — p” have 
the saine sign [Art. 344]; hencc a, and 7, are positive integers. 
N A αι 


Since two convergcnts prccedo the complete quotient i 


this invostig;tion holds for all values of n greater than 1. : 


*399. To prove that the complete and partial quotients recur. 


In Art. 357 wo have proved that r,r, = V—a,*. Also r, and 
p,., 8ο positive integers ; henco a, must be less than N, thus 
a, cannot be greater than a, and therefore it cannot have any 
values except 1, 2, 3,...a,; that is, the number of different values of 
8, cannot exceed &,. 

Again, @,,,=7,5,—¢,, that is r,b.=a,+a,,, and therefore 
rb, cannot bo greater than 2a,; also ὁ, is a positive integer; 
hence r, cannot bo greater than 2a, Thus r, cannot have any 
values except 1, 2, 3,...2a, ; that is, the number of different values 
Qf T, cannot exceed 2a,. 
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JN a 


Thus the complete quotient um " cannot have more than 


2a, different values # that is, some one complete quotient, and 
therefore all subsequent ones, must recur. 

i ; . /N+a ; 
Also b, is the greatest integer in "iE hence the partial 


quotients must also recur, and the number of partial quotients in 
each cycle cannot be greater than 2a. ' 


*360. To prove that a <a ^ r,. 


We have a, at 0, b, ιτ) 


--1]η 


VG, ια Καμπ OF Στ κ 
since 5b, , is a positive integer ; 
wo IN xa m n, a. 
But N-a =r,r 


<1? 
SO N-a cT. 
WR a, Sa Ana ETag 


which proves the proposition. 


*361. To shew that the period begins with the second partial 
quotient and terminates with a partial quotient double of the first. 


Since, as we have seen in Art. 359, a recurrence must take 
place, let us suppose that the (n + 1) complete quotient recurs at 
the (s+ 1)^; then 


α, αγ T, T. and b,-b.; 


we shall prove that 


αι 70, 3 Tnm Tuo 5, = NINE 
We have s 


— -α-- = 
ra neN-a'-N a, d r £ 


a n=) n wu] 
o's πο 


Again, 


a, τα --ὖ 


5-1 7-1! σι + a, * ὄ,.ι Ti ated | fai 
o's Qai τς a = a=] (b, ΜΠ b, i) } 
9 
ο. Qa να b. = nero, or an integer. 


n- 
(00 ' 
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But, by Art. 360, a, —a, 


a, — a, ,«T, ,; thereforea, ,—a, , «T, |; 


_,<1,_,) and ατα. στ, ο that is 


—a,_ 
hence — ! is less 


π-] 


than — and therefore must be zero. 
Thus-a, ,— a, ,, and also 5b, = 5, , 


Hence i the (n+ 1)" complete quotient recurs, the nt? com- 
plete quotient must also recur; therefore the (n — 1) 3 complete 
quotient must also recur; and so on. 


This proof holds as long as n is not less than 2 [Art. 358], 
hence the complete quotients recur, beginning with the second 


quotient 3——— SER 7. It follows therefore that the recurrence 


begins with the second partial quotient b,; we shall now shew 
that it terminates with a partial quotient 2a,. 


Let E "^ be the complete quotient which just precedes the 
second complete quotient t when it reeurs; then JAN +a, 
ad V+ a, " 


-- are two consecutive complete quotients ; therefore 


Τι 
(Ra T ὃν 17,=N-a?; 


but N-a’ —7,; hence r,=1. 
Again, a, — a, < r,, that is < l; hence a, — a, — O, that is 
` a, 77 0,. 
Also a, -- a, — r, b, -- b,; hence ὁ, -- 2a,; which establishes the 
proposition. 


*362. To shew that in any period the partial quotients equi- 
distant from the beginning and end are equul, the last partial 
quotient being excluded. 


N 
Let the last complete quotient be der oted by UL then 
r,=1, a,=a@,, b= 2a. 


We shall prove that 


gy 


n=l 


27 a ,=a,, 6,.,=9,; 
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We have 
Y i EZ 7. Tai * N-a? = A ps a’ z T 
Also 
a) +4, m 41+ OL m τι bai 7 NT 
and a +u =r b; 
Ma νι 7 Ty (6, = b,_1) , 
ας — ασ, 


=b, —b,_,= zero, or an integer. 


a 


a- da -- » Ww cmm . . 
But »...5-}.ς atha, that is <1"? , which is less than 


n=l 


: 1 
unity ; thus a, — a, ,— Ò; hence a, ι--α,, and 5, =b. 


Similarly Taa = Ta Uy 0, D, ,--5,; and so on. 


r 3 ” 


*363. From the results of Arts. 361, 362, it appears that 
when a quadratic surd ,/ is converted into a continued fraction, 
it must take the following form 


LONE NR Ec 


*364. To obtain the penultimate convergents of the recurring 
periods. 
Let n be the number of partial quotients in the recurring 


period ; then the penultimate convergents of the recurring periods 
are the n'è, 2n'^, 3n,...... convergents; let these be denoted by 


Pa Pan Pm nuu respectively. 
Gn Ym du — 
111 ] ] 
Now / Ta; 75 +b, + — b, Da + — 


80 that the partial quotient corresponding to — is 2a, ; hence 
n+l 
Pati — 2α, P. * Pu-i . 
Φιν 200, + di 
The complete quotient at the same stege consists of the period 


1 1 l 
ud δα ecco ὃν t . 
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and is therefore equal to a, + /N ; hence 


_ (a, + JN) p+ De 
Ν - (a, * ΝΔ) Qa + Qua 


Clearing of fractions and equating rational and irrational 
parts, we obtain 


By Det Pai Nguso Un + Una = Pa e (1). 
Again P can be obtained from a "and 735 by taking for the 
quotient E — 
2a, + DN a 
στι ος 5 


which is equal to a +o *, Thus 


“yr | Pa 
(a+ )r + fa NG, * 7 - p. 
Ds μα : ---------, from (1); 
Jan (α +22) g + Qua p+. gn 
P. l * a Af) ο ME (2) 
Qon In Pa 


In like manner we may prove that if : ^ js the penultimate 


"convergent in the ct recurring period, 
a, Pon + Pea S Nq? a, Von * Qoi = pa 


and by using these equations, we may obtain Pn ; Pe — guc- 


ὃν ιν 
cessively. 

It should be noticed that equation (2) holds for all multiples 
of n ; thus 


. Pell (Ee ελ; 
` Qu 2 Yon 5 Pa 
the proof being similar to.that already given. 


` "365. In Art. 356, we have scen that a periodic continued 
fraction can be expressed as the ron — a quadratic equation 
with rational cobffioienta, . 
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Conversely, we might prove by the method of Art. 357: that 
4/0 
an expression of the form Y , where A, B, C are positive 
integers, and B not a perfect square, can be converted into a 
recurring continued fraction. In this case the periodic part will 
not usually begin with the second partial quotient, nor will 
the last partial quotient be double the first. 


For further information on the subject of recurring continued, 
fractions we refer the student to Serret’s Cours d' Algèbre Supé- 
rieure, and to a pamphlet on The Expression of a Quadratic Surd 
as a Continued Fraction, by Thomas Muir, M.A., F.RB.S.E. 


*EXAMPLES. XXVII. b. 


Express the following surds as continued fractions, and fiu the 
fourth convergent to each : 


1, Ja? 1. 2. Ja — a. 3. J/ a? — l. 
— Θα . 4 
» i. ; $. : 
4. T T a . D. a + b 9 i 6. d ^ b 


7. Prove that 


AD l 1 1 1 
2 gu — — — — — ——— 
—B— Qa+ 6a+ 2a-- θα-- ο 


and find the fifth convergent. 


8. Shew that | 
9 1 1 ] 1 - - 74 
Pr Te pF I+ p+ I+ — e A/ P. + ἐν. 
9. Shew that l 
1 1 1 1 1 1. 
DP (a+ ᾱ- pqa, + sore pa,+ σαι + sioro 
10. .. If Ja+l be expressed as a continued fraction, shew that 
2(a3--1)g,"g«.-itf»«i 2Pn™Jn-149n41° 
Xu 1 d. — κ. 
aj Gyt ap ay 77 
1 1 1 1 
μπητ dad de Στ 
1 1 1 1 
© δα 3a,4. 3a, bat 
shew that & (y?—s*) + By (P - 253) +32 (43 —39) m0. 


1. If 
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12. Prove that 


(a+ ES It: EN ΠΕ )-5 

b+ a+ b+ αἱ rr + at δ' 
E 1 1 1 1 

13. If αν ee ata , 


|= 
|= 
|= 
- 


ym ot oF at b+ b+" 
shew that (ab? -- a 4- b) x — (α”δ -- a. -- b) y =a? -- b. 
14. If - be the n convergent to «/αῦ }- 1, shew that 


Ρο Γρ ΤΕ +P not =Pnt Pnt ιν | 
σι) t g^ .. +ntr Queidnaes — M142 


15. Shew that 
d bod (c+ τς 1 l j= itte 
a+ b+ c+ b+ a+ ct / lcab' 


16. If ps denote the r“ convergent to Jr , Shew that 
r 


Pest pst ---+Pre—1= Pim Por Itla t- Yan—-1= Yn — δε. 


17. Prove that the difference of the infinite continued fractions 


whe ts d. QE ll 
αγ δι ο) 7 b+ ate+ 77 


18. If VN is converted into a continued fraction, and if 4 is the 
number of quotients in the period, shew that 
Qe Pan Pm= Pa + (— 1)n*. 


19. If JN be converted into a continued fraction, and if the pen- 
ultimate convergents in the first, second, ...4* recurring periods be 
denoted by πι, n,,...n, respectively, shew that 

Άν + α/ N — ta NY 
m-JN 


*CHAPTER XXVIII. 
INDETERMINATE EQUATIONS OF THE SECOND DEGREE, 


*366. The solution in positive integers of indeterminate 
equations of a degree higher than the first, though not of much 
practical importance, is interesting because of its connection with 
the Theory of Numbers. In the present chapter we shall contine 
our attention to equations of the second degree involving two 


variables. 

*367. To shew how to obtain. the positive integral values of 
κ and y which satisfy the equation 

ax? + 2hxy + by! + 2gx + 2fy + o0 — 0, 

a, b, c, f, g, h being integers. 

Solving this equation as a quadratic in a, as in Art. 127, we 
have 

ax + hy +g -* JJ (M —ab) y + 2 (hg -af ) y + (g^ —ac)...(1). 
Now in order that the values of x and y may be positive 


integers, the expression under the radical, which we may denote 
by py’ + 29//}- r, must be a perfect square; that is 


py! + 2qy+ r= z", suppose. 
Solving this equation as a quadratic in y, we have 
py + gc e —pr+ pal; 
and, as before, the expression under the radical must be a perfect 
square ; suppose that it is equal to £^; then 


t — pz! =q- pr, 
where / and s are variables, and p, 9, r are constante, 
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Unless this equation ean be solved in positive integers, the 
original equation does not adiuit of a positive integral solution. 
We shall return to this point in Art. 374. 


If a, Ù, h are all positive, it is clear that the number of 
solutions is limited, because for large values of c and y the sign 
of the expression on the left depends upon that of ax’ + 2hzy + by’ 
[Art. 269], and thus cannot be zero for large positive integral 
values of x and y. 


Again, if À'— ab is negative, the coefficient of y' in (1) is 
negative, and by similar reasoning we see that the number of 
solutions is limited. 

Ezample. Solve in positive integers the equation 
x? — dry + Gy? — 2x — 20y = 29. 
Solving as a quadratic in z, we have 
om Qy+1& κ/ 90 + 24y — Dy? 


But 30+ 24y ~ 2y?= 102 — 2 (y — 6)*; hence (y - 6)? cannot be greater than 
δ1. By trial we tind that the expression under the radical becomes 8 
perfect square when (y—6)?=1 or 49; thus the positive integral values of y 
are 5, 7, 13. 


When y=6, z=21 or 1; when y=7, zz20 or 5; when y=13, 
x =29 or 25. 


*368. We have seen that the solution in positive integers 
of the equation 
az" + 2hay + by + 2gx + 2fy - ο-- 0 
can be made to depend upon the solution of an equation of the 
form : 
af Αγ = he d, 
where J and a are positive integers. 


The equation z'- Ny'=-a has no real roots, whilst the 
equation æ Ny'-« has a limited number of solutions, which 
may he found by trial; we shall therefore confine our attention 
to equations of the form a’ — Ny’ == a, 


*369. To shew that the equation x! — Ny! - 1 can always be 
solved in positive integers. 

Let ,/V be converted into a continued fraction, and jet 
p " 


e 5, * be any three consecutive convergents; suppose that 


κ. - . * 
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— is the complete quotient corresponding to Ῥ E ; then 
: r. (pq! — pq) = Λα —p* [Art. 358] 
But r, — 1 at the end of any period (Art. 361]; 
opm -Nq'-yq-p» 
p 


, being the penultimate convergent of any recurring period. 


“5 


, 


a . 9 » . ) ΓῚ 
If the nümber of quotients in the period is even, p iS an even 
έ 


convergent, and is therefore greater than J-V, and therefore 


greater than Ῥ ; thus p'q—pq'--). In this case p* — Nq" «1, 
and therefore x — »', y =g is a solution of the equation z* — Vy* = 1. 


Since 4 is the penultimate convergent of any recurring 


period, the number of solutions is unlimited. 


If the number of quotients in the period is odd, the penultimate 
convergent in the first period is an odd convergent, but the 
penultimate convergent in the second period is an eren convergent. 
Thus integral solutions will be obtained by putting αρ y= Q', 


where Pp. is the penultimate convergent in the second, fourth, 
sixth,...... recurring periods.  llence also in this case the number 


of solutions is unlimited. 


*370. To obtain a solution in positive integers of the equation 


x*— Ny! -- 1. 
As in the preceding article, we have 
p'- Ng” = p - yq. 
If the number of quotients in the period is odd, and if z 


, 


is an odd penultimate convergent in any recurring period, 7 « : j 


and therefore »'g — pq’ -- — 1. 
In this case p"— Λη ----ᾖ, and integral solutions of the 
equation a” — Ny - — 1 will be obtained by putting a =p’, y ^q, 


where 5 is thé penultimate convergent in the first, third, fifth... 


“ 


1 


recurring periods. 
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Example. Solve in positive integers r°- 18y?= +1, 
We can shew that 
111 1 21 
1-14 14+ 14+ 64-7 
Here the number of quotients in the period is odd; the penultimate con- 


/138=3+ 


vergent in the first period is : J hence r —18, y — à is a solution of 
ο = 13y?= - 1. 


By Art. 864, the penultimate convergent in the second recurring period is 


1/18 5 . 64 
: c t ig* 19) , that is, 180? 


hence z—649, y —180 is a solution of z? — 13y*— 1. 


By forming the successive penultimate convergents of the recurring 
periods we can obtain any number of solutions of the equations 


z? — 138y?- - 1, and αἲ-- 13y?— 4-1. 


*371. When one solution in positive integers of 2° — Vy? =1 
has been found, we may obtain as many as we please hy the 
following method. 


Suppose that a — h, y:-k is a solution, A and k being positive 
integers; then (AÀ'— NA*). 1, where n is any positive integer. 


Thus a Nf = (h? — NR)". 
~ JV) (ey M). 
Put e+ y /N -(h c kKJNy, wY JN = (b-k JN); 
~ 2w: (h+k/N)"+(A-k JN); 
Su JV = (A+ kJ NY —(h-k JN)". 
The values of « and y so found are positive integers, and by 


ascribing to οἱ the values 1, 2, 3,..., as many solutions as we please 
can be obtained. 


Similarly if w=h, y=k is a solution of the equation 
æ — Ny’ =- 1, and if n is any odd positive integer, 
ο-- ΝΡ. (W — ΛΑ)". 
Thus thé values of z and y are the same as already found, but 
n 18 restricted to the values 1, 3, 5,....... 


*372. By putting x —az', y «ay the equations c! — Ny* = + a* 
— x” Ny*=«1, which we have already shewn how to 
solve, | 
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*373. We have seen in Art. 369 that 
pt Nq” = -- r, (pg - pq) _ xr. 
Hence if « is a denominator of any complete quotient which 


, 
» . r 8 5 . LJ ) . 
occurs in converting JV into a continued fraction, and if P is 


the convergent obtained by stopping short of this complete 
quotient, one of the equations αὖ-- N y^. +a is satistied by the. 
values x =p, y —4q.. 


Again, the odd convergents are all Jess than JV, and the 


. } e 
even convergents are all greater than J.V ; hence if Ῥ is an even 
4 


, 
5 « "m - ν ) 
convergent, s- yp’, y q' is a solution of a? — Ny^- a; and if 1 } 


is an odd convergent, «— p’, y = q' is n solution of à? — Τρ, 


*374. The method explained in the preceding article enables 
us to find a solution of one of the equations a” — Vy’ = +a only 
when « is one of the denominators which occurs in the process of 
converting J/N into a continued fraction. For example, if we 
convert ,/7 to a continued fraction, we shall find that 


L l gd d 
l+ 141444 


Tat 


and that the denominators of the complete quotients are 3, 2, 3, 1. 


The successive convergents are 

2 3 5 B 31 45 82 1297 
PPP? 3! 14? 177 BL? 487 i 

and if we take the cycle of equations 

æ — Ty =--3, Ty «9, a Ἰγ)..-ᾱ, a^ — Ty 1, 

we shall find that they are satisfied by taking 

for x the values 2, 3, 5, 8, 37, 45, 82, 127,...... 

and for y the values 1, 1, 2, 3, 14, 17, 31, 48,...... 


*375. It thus appears that the number of cases in which solu- 
tions in integers of the equations z' — Nj* = =a can be obtained 
with certainty is very limited... Ina numerical example it may, 
however, sometimes happen that we can discover by trial a 

L H.H.A. 
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sitive integral solution of the equations αἵ — γ΄ =k a, when a 
is not one of the above mentivued denominators; thus we easily 
find that the equation αἲ -- Τη = D3 is satisfied by y= 2, α:--9. 
When one solution in integers has been found, any number of 
solutions may be obtained as explained in the next article. 


*376. Suppose that æ —/, y =g is a solution of the equation 
æ -- Ni =a; and let x= h, y= k be any solution of the equation 
x’ — Ny =1; then 
c! — Ny = (f* — Ny’) (W Δ.) 


= (fh we Ngk) — N (fh m= gh)’. 
By putting æ= fle Ngk, y - fk «gh, 


and ascribing to A, k their values found as explained in Art. 371, 
we may obtain any number of solutions. 


*377. Mitherto it has been supposed that JV is not a perfect 
square ; if, however, A is a perfect square the equation takes the 
form z* — ny? =a, which may be readily solved as follows. 


Suppose that a. be, where b and c are two positive integers, 
of which ὁ is the greater; then 


(o + ny) (ὦ - ny) = be, 


Put x+ny--b, 5»—vy-c; if the values of z and y found 
from these equations are integers we have obtained one solution 
of the equation; the remaining solutions may be obtained by 
ascribing to ὁ and c all their possible values. 


Example. Find two positive integers the difference of whose squares is 
equal to 60. 


Let æ, y be the two integers; then z?~y?=60; that is, (x--y)(»—y):-60. 
Now 60 is the product of any of the pair of factors 
1,60; 2, 80; 8, 20; 4,15; 5,12; 6, 10 
and the values required are obtained from the equations 


æ+ y =30, x+y=10, 
g-yx 2; anys 6; 


the other equations giving fractional values of # and y. 
Thus the numbers are 16, 14; or 8, 3. 
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Con. Inlike manner we may obtain the solution in positive 
integers of 
az! + 2hzy + by! + 2gu + 9fy --ο-- ἆ, 
if the left-hand member can be resolved into two rational linear 
factors. 


*378. If in the general equation a, or b, or both, are zero, 
instead of employing the method explained in Art. 367 it is 
simpler to proceed as in the following example. 


Example. Solve in positive integers 
2ry - 42° +127 -- 5y —: 11. 
Expressing y in terms of z, we have 


Ar - 12z4 11 
2: -- ὔ 


6 


In order that y may be an integer x must be an integer; hence ὃς -- 5 
must be equal to +1, or +2, or +8, or +ô. 


The cases +2, +6 may clearly be rejected; hence the admissible values 
of z are obtained from 21-5221, 27-5248; 


whence the values of z are 8, 2, 4, 1. 


Taking these values in succession we obtain the solutions 
£z9,ys»11; zæ=2, y= —3; z—4,y 9; z=1, y= -1; 
~nd therefore the admissible solutions are 
z=3, y=11; 2—4,y —9. 


*379. The principles already explained enable us to discover 
for what values of the variables given linear or quadratic 
functions of x and y become perfect squares. Problems of this 
kind are sometimes called Diophantine Problems because they 
were first investigated by the Greek mathematician Diophantus 
about the middle of the fourth century. 


Ezample 1. Find the general expressions for two positive integers which 
are Buch that if their product is taken from the sum of their squares the 
difference is a perfect square. 


Denote the integers by z and y; then 
z?—xy-ry* x: 2 suppose; 
n $(z-y)22-5. 
This equation ia satisfied by the suppositions 
*—— mesn(sey, n(z-y)em(s-y) 
where m and n are positive integers. ' 
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Hence me—-ny—ne==0, ne+t(m—n)y-me=0. 
From these equations we obtain by cross multiplication 


x y 2 


Inn-n? m-n? m—mn-t-n?' 


and since the given equation is homogeneous we may take for the general 
solution 
r-2mn-m!, γ-επιὸ--πΏ, s-m*-mnam. 


Here πι and τι are any two positive integers, m being the greater; thus if 
m", n=4, we have 
z240, y=33, 2-897. 


Example 2. Find the general expression for three positive integers in 
arithmetic progression, and such that the sum of every two is a perfect 
square. 


Denote the integers by z— y, £, x+y; and let 
2a-—y=p?, 2e=q*, 2a+y=r'; 
then pt --τὰ-- 243, 
or ri — gig - ρ'. 
This equation is satisfied by the suppositions, 


m (r — g) 2"(q - 2), n(r+q)=m(q+p), 
where m and x are positive integers, 


From these equations we obtain by cross multiplication 


n24+23mn—m? m+n miq42mn-nut 
Hence we may take for the general solution 


p-n*--2mn — m*, q —m*4- n?, r- m3 t-2mn -- πᾶ; 
whence --) (m3 + n3)9, y — 4mn (m? -- πᾶ), 


and the three integers can be found. 


From the value of <x it is clear that m and n are either both even or both 
odd; also their values must be such that z is greater than y, that is, 


(m? + n3)? > 8mn (m? — n°), 
or m3(m -- 8n) + 2m*n? + 8mn? + nt >0; 
which condition is satisfied if m> 8n. 
If m=9, n=1, then 17-3362, y=2880, and the numbers are 482, 8869, 


6242. The sums of these taken in pairs are 8844, 6724, 9604, which are the 
squares of 62, 82, 98 respectively. 
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*EXAMPLES. XXVIII. 


Solve in positive integers: 


1, 95»?—-10vy + 7y?= 77. 2. Ta- Qey+3y2= 27, 

3. y!-4xy +507 — 102 —4. 4. υψ-Ών-γ--8. 

9. 8v+3ay —4y=14. 6. 402-9? =315 
Find the smallest solution in positive integers of 

T. w—14y?=1, 8. 22 19y2=1. 9, 25--41y? -Ι. 
10. -ἳ-- 611 --ὔ--0. 11, a? -7y?- 9=0. 


Find the general solution in positive integers of 
12. a®-3y?=1. 19. 2? ~5y?=1. 14. οἱ - y=- 


Find the general values of » and y which make each of the following 
expressions a perfect square ; 


15. a’ -Beyt+3y% 16, at + Qeyt2y 17. 5e tyt 


18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 


19. Find & general formula for three integers which may be taken 
to represent the lengths of the sides of a right-angled triangle. 


20. Find a general formula to express two positive integers whicli 
are such that the result obtained by adding their product to the sum 
of their squares is a perfect square. 


21. “There came three Dutchmen of my acquaintance to see me, 
being lately married; they brought their wives with them, The men's 
names were Hendrick, Claas, and Cornelius; the women’s Geertruij, 
Catriin, and Anna: but I forgot the name of each man’s wife, They 
told me they had been at market to buy hogs; each person bought as 
many hogs as they gave shillings for one hog; Hendriek bought 23 hogs 
more than Catriin; and Claas bought 11 more than Geertruij; likewise, 
»ach man laid out 3 guineas more than his wife. I desire to know the 
name of each man’s wife.” (Miscellany of Mathematical Problems, 1743.) 


22. Shew that the sum of the first & natural numbers is a perfect 
square, if σι is equal to or £? — 1, where £ is the numerator of an odd, 
and 4' the numerator of an even convergent to 4/2. 


CHAPTER XXIX. 


SUMMATION OF SERIES. 


380, Examples of summation of certain series have occurred 
in previous chapters; it will be convenient here to give a 
synopsis of the methods of summation which have already been 
explained. 

(i) Arithmetical Progression, Chap. IV. 

(ii) Geometrical Progression, Chap. V. 

(iii) Series which are partly arithmetical and partly geo- 
metrical, Art. 00. 

(iv) Sums of the powers of the Natural Numbers and allied 
Series, Arts, 68 to 75. 

(v) Summation by means of Undetermined Coefficients, 
Art. 312. 

(vi) Recurring Series, Chap. XXIV. 

We now proceed to discuss methods of greater generality ; 


hut in the course of the present chapter it will be seen that some 
of the foregoing methods may still be usefully employed. 


381. Tf the r term of a series can be expressed as the dif- 
ference of two quantities one of which is the same function of r 
that the other is of r—1, the sum of the series may be readily 
found. 

For let the series be denoted by ^ 
U HU HU, +... HU, 


and its sum by S|, and suppose that any term u, can be put in 
the form v,— v, ,; then 


S, zt ~ e.) E (v,7v,) + (v,—,) *.eck (v, 17 9,9) x κ -v.) 
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Ezample,,- Sum to n terms the series 
T d QE μμ νι 
(1+2) (1+22) (ix32)(48z) (-43z2)ü44z) 77 


If we denote the series by 


Uy + Us + 
1/1 1 
πες "iis rex) 


"ο αυτ. 
a a2 i285) 


1/1 1 
— 
i =i (z RENE: —) 
"o zVAur 14n¢].2/’ 
lf 1 1 
, by addition, s=! (c "VLL 
— " z\l+z l+n+l.z 
EEE E RON S 
(1+2)(l+n+1.2) 
382. Sometimes a suitable transformation may be obtained 
by separating &, into partial fractions by the methods explained 


in Chap. xxm. i 
Ezample. Find the sum of 


nc α a? 
Lim (1-4 az) di (I-raz) (14-272) * (1-raiz) (1a: Πτα) t ... ton terms, 
ant A B 
+ ——-,;- Buppose; 


th κο ο es ee ee a ιο EN 
INN dom (l+a*'z)(l+a"r) lta Je l+a'z 
ο. acl A (1+a"r) +B (1--a"7lz). 
By putting 1--a"-1z, 1--a"z equal to zero ın succession, we obtain 


a?-1 a^ 
xig ce απο 
H 1 1 a ) 
ig “=I a Maz I+az/' 
imil 1 a a? 
ly, Dra 1 A) 
νο 2 
nn a (s a" ins) 1 
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L 383. To find the sum of n terms of a series each term of which 
is composed of r factors in arithmetical progression, the first factors 


^ of the severa arithmetical progression, 


Let the series be denoted by «v, + wu, * u, * ...... T Un, 
where 


tt, = (a nb) (a+n+1.6)(a+n+2.b)... (a+nt+r—1. b). 
Replacing n by n— 1, we have 
Un =(@tn—1.b)(a+nb)(atn+1.b)...(a+n+r—2.6); 
~ (a+n—1.b)u, (a4 ne r—1.b) u, ,— ὃν, 587. 
Replacing n by n 1 we have 
(α -- n*r.b)u,— θαι; 
therefore, by subtraction, 
(r+1)5. εν v,,1— v. 
Similarly, (r 1-1) δ. ι ~ Ca — Vras 
(r+1)b. u, ~ οι -- ο, 


(4-1) δ. a = 2, -%,. 


By addition, (r+1)6. Sn- vay — 01} 
. ny 
that is, η = (r+ dé 
(a+n +r. b) D Uin : 
^ p+ ΗΕ 


where C is a quantity independent of n, which may be found by 
ascribing to n some particular value. 


The above result gives us the following convenient rule: 


Write down the τι term, afix the next factor at the end, divide 
Ly the number of fuctors thus increased and by the common differ- 
ence, and add a constant. 
ος οι 


It may be noticed that C =- Grii” — u; itis 


however better not to quote this result, but to obtain C as above 
indicated. 
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Ezample, Find the sum of n terms of the series 


1.3.54+3.5.74+5.7.94....., 
The x term is (2n — 1) (20 4- (2n + ο hence T the rule 


—— — — — — ——— — 


4.2 
To determine C, put n=1; then the series reduces to its first torm, and 
we have SERRE H +C; whence C = ; 
(Qu — 1) (20 1) (2n --3) (2n - ϐ) 15 
a πολλα epee + s 


=n (20? 1 8i? 4-74 — 2), after reduction. 


384. The sum of the series in the preceding article may 
also be found either hy the method of Undetermined Coefficients 
[Art. 312] or in the following manner. 


We have u, =: (24 - 1) (2n. 1) (2n + 3) - 8n" + 122 —2n — 3; 
VAS, = RES 1 δι — 2Xn - 34, 
using the notation of Art. 70 ; 
n Na- Dae? (n + 1 + 2n (n + 1) (2 + 1) n (n 1) - 3n 
=m (n? + Bu? + Τον -- 2). 
385. It should be noticed that the rule given in Art. 383 ig 
only applicable to cases in which the factors of each term form an 


arithmetical progression, and the first factors of the several terms 
are in the same arithmetical progression. 


Thus the sum of the series 
1.3.584+2.4,645.5.74...... to n terms, 


may be found by either of the — suggested in the preceding 
article, but not directly by the rule of Art. 383. Here 


— 


u, +2) (2+ 4) = n(n+1+ 1) (n+ 2 +2) 
s:n (n+ 1) (n 2) - 2n (n+ 1) - n (n 2) - 24 
=n (n 1) (n4 2) 3n (n + 1) -- 3n. 


The rule can now be applied to each term ; thus 
S, = Fn (A-1) (n+ 3) (0 -- 9) +2 (n+ 1) (n+ 2) - ὅτι (n - 1) -O 
=i (n+1)(n+4) (+5), the coustant being zero. 


916 HIGHER ALGEBRA. 


986. To find the sum of n terms of a series each term of which 
és composed of the reciprocal of the product of r factors in arith- 
metal progression, the first factors of the several terms being tn 
the same arithmetical progression. 


Let the series be denoted by w, + Utg + Ug 4 ...... + Un, 
where 
2-7 (a- nb)(a- n1. b) (a n 2.0) — (a+n+r—1.6), 
^" 


Replacing n by ^ - 1, 
Ξ(α--π- 1. ὃ) (α 3 πὸ) (απ . ὃ)...(α ο n r—2.5); 
n (a-n*r-l.b)u,—(a-n—1.b)u, ,—v,, say. 
Replacing » by » 4 1, we have 
(a+ nb) Un — v4,15 
therefore, by subtraction, 
(r-1)56.u,— v, — v.i» 
Similarly (r—1)5. ον = v4 1— Uns 
(r—1)b.u,— 0 — ὃν 
(r—1)b.u, =v, - να. 
By addition, (r—1)6.S,=%, — a,15 


à θη, (v (a + nb) ty 
that is S. = (ea Ep (r-ijà ' 


where C is a quantity independent of n, which may be found by 
ascribing to n some particular value. 


1 l 
(r-1 Di (α 81.5)... (atn+r—1.6) 
Hence the sum may be found by the foilowing rule: 
Write down the n™ term, strike off a factor from the beginning, 


forie by the number of fuctora sò diminished and by the common 
difference, change the - and add a constant, j 


Thus $,- C - 


a +> rb 


The value of es Di πι — pi; but it is advisable in 
each case to determine C by. — to n some particular value, 
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Eszample 1. Find the sum of n terms of the series 


1 1 1 
1.2.3.4 * 2.8.4.5 8.4.6.0! "77 
— E: 

(n -i- 1) (n 4- 2) (n +8)’ 


hence, by the rule, we have 


1 
λα 3) (mtd) (nt) 


] 1 i, 
Put marl, then 1755-47 07 3.3,3.4^ Whence Cu igi 


The n'^ term is 


a S — 1 1 7 
"UU 18 8(n+1) (π 2) — 


By making n indefinitely great, we obtain Se=- E 
L 
. Fi tont f th series : 3 
Ezample 2 A Find the sum to n terms of the Ll A 


ῃ ν 
A n 


‘ 8 M a 
1.374 * 3.3.5 σι πια. 


Here the rule is not directly applicable, ‘because although 1, 9, 8, ...... ó 
the first factors of the several denominators, are in arithmetical progression, 
the factors of any one denominator are not, In this example we may 
proceed as follows: 

n+2 (n+ 2)? 
“n= amri mns ππτ (n+) (n+8) 
_ φ(η4-1) +8n44 
“amti (n+2) (n: 3) 
εν ER m PETS NEM à 4 
~ (n+2)(n+8) (nx1)(na2)(n43) m(nal)(n42)(n48) 


Each of these expressions may now be taken as the nth term of a series 
to which the rule is applicable. 


1 8 4 


c S.-C- 3:8 $(042) 39) S(iED (n3) (048)? 
put n=1, then 
3 1 8 t 29 
1,3,47 0747 878-4 83.8 4? Themes Cg; 
.. 1 


8 4 
"36 s-8 4342443). 8(n+1) (η +2) (n+ δ᾽ 
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887. In cases where the methods of Arts. 383, 386 are directly 
applicable, instead of quoting the rules we may always effect the 
summation in the following way, which is sometimes called ‘the 
Method of Subtraction.’ 

Example. Find the sum of n terms of the series 
2.54+5.8+8.11+11.14+4...... 


The arithmetical progression in this case is 
2, 5, 8, 11, 14,...... 


In each term of the given series introduce as a new factor the next term 
of the arithmetical progression; denote this series by S’, and the given series 
by 5; then 


8'22.5.845.8.114-8.11.14- ...... -- (3n — 1) (8n+2) (9n + 5); 
5.8'-2.5.8-5.8.11- 28.11.1411. 14. 17 - ... to (n - 1) terms. 

By subtraction, 
-2.5.8-9[5.8--8. 11 - 11. 14-- ... to(n — 1) terms] - (3n -- 1) (8n + 2) (n + 5), 
-2.5.8=9[S 2 .5]- (3n - 1) (8n-- 2) (3n + 5), 

9S — (3n — 1) (3n--2) (3n--5) -2.5.8--2. 5.9, 
S —n (8n? 4- On 4- 1). 
388. When the nf^ term of a series is a rational integral 


function of n it can be expressed in a form which will enable us 
readily to apply the method given in Art. 383. 


For suppose ¢ (n) is a rational integral function of m of p 
dimensions, and assume 


$ (n) -- 4 + Dn Cn (n 1) -- Dn (n 1) (n 2) » ...... j 
where A, B, C, D,...... are undetermined constants p+1 in 
number. 


This identity being true for all values of n, we may equate 
the coefficients of like powers of n; we thus obtain p + 1 simple 
equations to determine the p + 1 constants. 


e — — Find the sum of n terms of the series whose general term is 


ntt 6n? + 502, 
Assume : 


πό On? + D) =A + Bn + Cn (n - 1) Dn (n4 1) (π 1-3) - En {n+ 1) (n 1-3) (n -3); 


Equating oooefficients of like powers of n, since this is an identity, gives 
40, B=0, C= -θ, D=0, £—1. Thus e » 8 


86} 6n? + 5n*= n(n +1) (n +2) (n +3) - On (n 1-1). 
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Hence S gn (n+ 1) (n 4- 2) (n 4- 8) (n - 4) — 2n (n 1- 1) (n - 2) 


= n (n- 1) (n-+2) (n* - 7n 4 2). 


POLYGONAL AND FIGURATE NUMBERS. 


389. If in the expression n + 1n (n— 1)5, which is the suin 
of n terms of an arithmetical progression whose first term is 1 
and common difference b, we give to b the values 0, 1, 2, 3, ..., 
we get 
n, ia (nl) w, lu(3n-l),...... ; 


which are the 2" terms of the Polygonal Numbers of the second, 
third, fourth, fifth,...... orders; the first order being that in which 
each term is unity. The polygonal numbers of the second, third, 
fourth, fifth, ...... orders are sometimes called linear, triangular, 
square, pentagonal, ...... 


390. To find the sum of the first n terms of the r^ order of 
polygonal numbers. 
The «^ term of the zr! order is v + 1» (n — 1) (r — 2); 
S8, —ZXn-l(r-2)X(n-1l)w» 
z $n (n+ 1) ἠ- (r-2) (n— 1) το (οι + 1) (Ari. 383] 
zn (n +1) {(7 -- 3) (n— 1) + 3). 
391. If the sum of n terms of the series 
| LLLLI..., 
be taken as the 2" term of a new series, we obtain 
1, 2, 8, 4, 5, econ 


If again we take pmo x. , which is the sum of « terms of the 


last series, as the xt? term of a new series, we obtain 
1.3 Ὁ, 10-15; 55s 
By proceeding in this way, we obtain & succession of series 
such that in any one, the ntb term is the sum of n terms of the 


preceding series. The successive series thus formed are known 
as Figurate Numbers of the first, second, third, ... orders. 
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399. To find the n'^ term and the sum of n terms of the r*h 
order of figurate numbers. 

The n'h term of the first order is 1; the n^ term of the 
second order is n; the nt? term of the third order is En, that is 
n (n+ 1) 


1n (τι + 1); the n'è term of the fourth order is > , that is 
9 
— ; the «f^ term of the fifth order is X eer) erg). 


n(n + 1) (n+ 2) (n 9) | 
oo 


that is ; and so on. 


Thus it is easy to sce that the οὐδ term of the r!^ order is 
n (n+1)(n +2)... (n+r-2) : |n-r-2 
r—-1 πο ας] 
Again, the sum of n terms of the r!" order is 
οὐ (n 1) (n 2) ... (n r—- 1) 
It | 
which 18 tne «^ term of the (r + 1)™ order. 


Nore. In applying the rule of Art. 383 to find the sum of n terms of 
any order of figurate numbers, it will be found that the constant is always 
gero. 


393, The properties of jiywruie numbers are historically 
interesting on account of the use made of them by Pascal in 
his Z'raité du triangle aritmétique, published in 1665. 

The following table exhibits the Arithmetical Triangle in. its 
simplest forin 
I T EP & © EL doc Lx 
3 4 5 6 7 8 9 
6 10 15 21 28 86... 

20 35 56 84... 
15 35 70 126... 

21 56 126... 

28 84... 


— 


— CQ CU Ww C5 i5 m= 
jon 
© 


Pei ΜΑ pai poi ped pd eA γι κ 
«oO Oo 
- 55 
e 
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Pascal constructed tho numbers in tne triangle by the follow- 
ing rule : 

Each number is the sum of that immediately above tt and that 
immediately to the left of it; 
thus 16-- ὔ «10, 28=7+21, 126=56 +70. 


From the mode of construction, it follows that the numbers in 
the successive horizontal rows, or vertical columns, are the figurate 
numbers of the first, second, third, ... orders. i 


A line drawn so as to cut off an equal number of units from 
the top row and tho left-hand column is called a base, and the 
bases are numbered beginning from the top left-hand corner. 
Thus the 6th base is a line drawn through the numbers 1, 5, 10, 
10, 5, 1; and it will be observed that there are six of these num- 
bers, and that they are the coefficients of the terms in the ex- 
pansion of (1 + æ. 


The properties of these numbers were discussed by Pascal 
with great skill: in particular he used his Arithmetical Triangle 
to develop the theory of Combinations, and to establish some 
interesting propositions in Probability. The subject is fully 
treated in Todhunter's //istory of Probability, Chapter 11. 


394, Where no ambiguity exists as to the number of terms 
in a series, we have used the symbol X to indicate summation ; 
but in some cases the foliowing modified notation, which indicates 
the limits between which the summation is to be effected, will be 
found more convenient. 


Let ϕ (x) be any function of 2, then ΣΦ (x) denotes the sum 


of the series of terms obtained from 4 (z) by giving to x all posi- 
tive integral values from / to m inclusive. 


For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 


ο DAS dad E i 


b 


by giving to p all integral vaiues from r+ 1 to p inclusive. 
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Writing the factors of the numerator in ascending order, 

PS? (p-ri(p-rri)...(p-1) 

p-r4l T 

quies ...£32.8.4....(r-1) - ... c (p-7r)(p-r41)...(p-1)) 


the required sum — 


.l.GQ-n(p-7*1).. (p- Up [Art. 383.] 
|" r4l d ᾽ 


(p-1)(p-2)...(p-1). 


pu 


Since the given expression is zero for all values of p from 1 to 
r inclusive, we may write the result in the form 


PS? (p-1(p-2)...(p-r) p(p-l)p-2)...(p-1), 


B & ας 


EXAMPLES. XXIX.a. 


Sum the following series to n terms: 

Yl. 1.2.342.3.4413.4.54...... 

.2. 1.2.3.442.3.4.543.4.5.6-...... 
δ. 1.4.74+4.7.10+7.10.184...... 

4. 1.4.7-2.5 843.6.9+...... 

5. 1,5.94+2.6.104+3.7.11+...... 


Sum the following series to n terms and to infinity : 
] 1 ] 


m] 
E il 
A 
a 
-] 
5 


1 
*7.10.13* "7" 


μα) 
ε 


Iei; 
οοἱ 


11. 


| 

| 
| 
4 


12 


oo 
PF 
Qt 
o5 «a! 
σοὶ 


mT 
t» 
ο» 
oo 
e 
Q 
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Find the sum of n terms of the series : 


13. 1.3.2?.-2.4.3?--3.5. 4? 4. ,..... 

14, (42—1?)4-2 (33 — 92) 4-3 (4? — 32) 4- ...... 

Find the sum of n terms of the series whose n term is 

15. αἱ (n?— 1). 16. (n?--5n 4-4) (4? - δη -- 8). 
n? (n? — 1) nt 4-933 4- 52 — ] 

Ms 4ni-]l ' 18. ome n? 4- n 
93 -- 32? -- 95 4- 9 nip 112 4-1 

19. n? -- Ώχι ^ 20. "n vA 


21. Shew that the »™ term of the 7* order of figurate numbers is 
equal to the 7 term of the ο΄" order. 


22. Ifthe n™ term of the 7 order of figurate numbers is equal to 
the (4--2)* term of the (r — 2)" order, shew that r=n +2. 


23. Show that the sum of the first » of all the sets of polygonal 
numbers from the linear to that of the 7 order inclusive is 


(r- 1)nin - 1) 


19 (rn — 2m - r 4-8). 


SUMMATION BY THE METHOD OF DIFFERENCES. 


395. Let w, denote some rational integral function of οὐ. and 
let το, τω, Us, Uy... denote the values of 10 when for » the values 
1, 2, 3, 4,... are written successively. 


We proceed to investigate a method of finding u, when a 
certain number of the terms Uj, Us, Uy, *&,... are given. 


From the series wj, Ws, Ug, νι, Us,... Obtain a second series 
by subtracting each term from the term which immediately 
follows it. 


The series 
Wa — U, My m Ug, Ug— Ug, Ug— Uy... 
thus found is ealled the series of the first order of differences, and 
may be conveniently denoted by 
Ax, , 

By subtracting each term of this series from the term that 

immediately follows it, we have 
Au,—Au,, Au—A", Ay Aus... 

which may bp called the series of the second order of differences, 
and denoted by 


Au, Aw Ary,... 


Διί, Δρ, Δμίᾳ,... 
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From this series we may proceed to form the series of the 
third, fourth, fifth,... orders of differences, the general terms of 
these series being Aytip, Agip, Agez,,... respectively. 

From the law of formation of the series 


Uy, Uy, Uy, Uy, ts, Mgy ooo 


Aw, Au, Aug, Au, Διε,............ 
A; Δι, Διί, — Agttag.. ......... 
Ag, Δα, Ayers 


it appears that any term in any series is equal to the term 
immediately preceding it added to the terin below it on the left. 


Thus Ug =U, + Au,, and Aw, = Au, + Ayu). 

By addition, since u, + Au, - u, we have 
Uy =U, + ZAU + Azt. 

Tn an exactly similar manner by using the second, third, and 

fourth series in place of the first, second, and third, we obtain 
Au, = Au, + 2A,u, + Agua. 
By addition, since a, + Anu, = u,, we have 
U, = U, + 3Au, + SAU, + Agu. 

Bo far as we have proceeded, the numerical coefficients follow 

the same law as those of the Binomial theorem. We shall now 


prove by induction that this will always be the case. For sup- 
pose that 


n(n—} 
Uns) * 4 nau, + e, A,u + δες + "CA, + eveves + Apn > 


then by using the second to the (n + 2)" series in the place of the 
first to the (n + 1)" series, we have 


~ 1] 
Aus ,,= Au, + NAU, + ae Ay, + ooo + Ορ aA +... + Ag ist 
By addition, since v,,, + Aty,;  t,,,, We obtain 
. Maga = U + (+ 1) Au, ἠ.... + ("Ὅς t CS) Aga +... + AY sth 
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n+] 


n—r+l 
SET eee ie -X Vra 


But *0,4*0,,— ( 1) x "O, = 


αν D) n(n7 1). (n+l-r+l) ο 
E 1.2.3... (r- ljr p τ 
Hence if the law of formation holds for «,,, it also holds for 
η. but it is true in the case of w,, therefore it holds for u,, and 
therefore universally. Hence 


(n -- 1) (n = 2) 
1. 2 


Uy =U, + (n — 1) An, + — Aqu, +... + Ag aa 


396. To find the sum of n terms of the series 


Uy, Ug, Uy Seen 

in terms of the differences of u. 

Suppose the series t, tis, 15,... i8 the first order of differences 
of the series 

Vi, Vgs Vgs Ός,.... 
then v4,; = (v441 — Un) + (94, — v. 1) + ... + (v4 — v) +9, identically ; 
"oU. 170 Ug + M 1... + Ug t Uy tY. 
Hence iu the series 
O, Oe, ο Va, ος. 


14 Ue, Ugy δι ser son 


the law of formation is the same as in the preceding article; 


n (n — 1) 


y nu =O + mu, Ἕπτο Aw, + ... + Ån; 


that is, w, + Ug + Ug +... 4 


— -2 
= Nth + — Au, + πια en) Δον +... + Δι. 


The formule of this and the preceding article may be ex- 
pressed in a slightly different form, as follows: if @ is the first 
term of a given series, dj, dy, d,,... the first terms of the suc- 
cessive orders of differences, the nè term of the given series is 
obtained from the formula 


es(o-nà Qna. — ο αμ 
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and the sum of n terms is 


MEE απ. 


- 


Example. Find the general term and the sum of n terms of the series 
12, 40. 90, 168, 280, 483,....., 


The successive orders of difference are 


-1)(n- - 1) (n- 2) (n - 
Hence the n'^ term =12 4-28 (n — 1) + c d 4 O(n nd (n - 8) 


— 


=N? + bn? + On. 


The sum of n terms may now be found by writing down the value of 
En? + Yu +6En. Or we may use the formula of the present article and 


obtain S,,=12n+ τ τ + ΓΕ -3) , 6n(n- 1) : - 2) (n - 8) 


= ij (3u? + 26n + 693 +46), 
1 ; à 
=g” (n + 1) (8n* + 28n 4- 40). 


997. It will be seen that this method of summation will only 
succeed when the series is such that in forming the orders of 
differences we eventually come to a series in which all the terms 
are equal. This will always be the case if the n term of the 
series is a rational integral function of n. 


For simplicity we will consider a function of three dimensions; 
the method of proof, however, is perfectly general. 


Let the series be 
U HU HU ann. HU HU FU EM toe. 


where u,=An'+ Bn! 4 Cn 4 D, 


and let υ, w, 2, denote the n term of the first, Second, third 
orders of differences; 
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then v =U, U, =A (9n! + 8n4+1)+ B(2n - 1) 10; 


that is, Ὁ =3An' + (34 2B) m A - BC; 
Similarly | 4, —v,,, 0,24 (2n 1) - 34 - 277 
and z, =W, Z W, = 64. 


Thus the terms in the third order of differences are cqual ; 
and generally, if the «^ term of the given seriesisof p dimensions, 
the terms in the p™ order of differences will be equal. . 


Conversely, if the terms in the p order of differences are 
equal, the ΑΝ term of the series is a rational integral function of 
n of p dimensions. 

Example, Find the nt® term of the series 1, — 3, ὃ, 23, 03, 120,...... 


The successive orders of differences are 


— 2, 6, 20, 40, 66, ...... 
8, 14, 20, 26, ...... 
6, 6, ϐ,...... 
Thus the terms in the third order of differences are equal; hence we may 
assume Up= A + Ln Cn?+ Dn’, 


where A, B, C, D have to be determined. 


Putting 1, 2, 8, 4 for n in succession, we have four siraultaneous 
equations, from which we obtain 4 —3, B=- 38, C=- 2, D=1; 


hence the goneral term of the serios is 3 — 8n — 2n? -- "3, 


. 998. Jfa, ts a rational integral function of p dunensions 
Vn n, the serves 
αι, Qux aua + ... ax" 


ts a recurring series, whose scale of relation ia (1 — x)P*. 
Let S denote the sum of the series; then 
S (1-2) — a, +(a,—a,)u t+ («4 — 4... -(α — e, )ó M aa" 
=a, +b w +b +... + ba aat, say; 
here 6 = a, — a ,, so that 6, is of p — 1 dimensions in n. 


Multiplying this last series by 1- x, we have 
S(1—ay 


4,4 (b, —a w+ (b, — 5.) +... + (b, bni)" (a, tOn)" "  - a a"** 
— «, * (b, a, ote m! - c in ο... eua" - (o, b )a" * +a a" **, say; 
here c, = 5, -- b, ,, 80 that c, is of-p — 2 dimensions in n. 
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Hence it follows that after the successive multiplications by 
1 — æ, the coefficients of z" in the first, second, third, ... products 
are general terms in the first, second, third, . orderi of differoncos 
of the coefficients. 

By hypothesis a, is a rational integral function of n of p 
dimensions ; therefore after p multiplications by 1—:2 we shall 
arrive at a series the terms of which, with the exception of p 
terins at the beginning, and p terms at 'the end of the serics, form 
a geometrical progression, each of whose coefficients is the same. 


[Art. 397.] 
Thus S(1—-ayzk(a* {αὐτὶ +... m) e (a), 


where k is a constant, and f(x) stands for the p terms at 
the bezinning and p terms at the end of the product. 


τν E MEC 
that is, S= ΠΕΣ ; (15.9), 


thus the series is & recurring series whose scale of relation is 
(1—-xy*. [Art. 325.] 


Tf the general term is not given, the dimensions of a, are 
readily found by the method explained in Art. 397. 


Example. Find the generating tunction of the series 
8 + 5a + 9? + 15:73 + 90.14 + 8325 4 ...... 


Forming the successive orders of differences of the coefficients, we have 
the series 


thus the terms in the second order of differonces are equal; hence a, is a 
rational integral function of n of two dimensions; and therefore the" scale 
of relation is (1—2)3. We have 


Sz8--5r-- Qa2+ 1525 + 23244-3325 +...... 
—-8rzS:: — 9r- 1522-2725 - 4524 — 692° — ...... 
8238 = 9x2 + 15.453 + 27 c5 + 4525 H ...,.. 
- PS x - R- hr*- 9a5--...... 
By addition, (1-2)  Sz8 — 47+ 324; 
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399. We have scen in Chap. xxiv. that the generating 
function of a recurring series is a rational fraction whose denomi- 
nator is the scale of relation. Suppose that tliis denonunator can 


be resolved into the factors (1 ~ aw) (1 —&«)(1— er)... ; then the 

generating function can be separated into partial fractions of the 
4 B C 

form — + —- — en 


l—-ax 1l- μα l-er 


Each of these fractions can be expanded by the Binomial Theorem 
in the form of a geometrical series; hence in this case the re- 
curring series can "be expressed as the sum of a number of 
geometrical series. 


If however the scale of relation contains any factor 1] — au 
more than once, corresponding to tliis repeated factor there will be 
partial fractions of the form = eN — — ; which 

(l —ae)’?? (l- ax) 
when expanded by the Binomial Theorem do not form geometrical 
series; hence in this case the recurring series cannot be expressed 


as the sum of a number of geometrical series. 


400. The successive orders of differences of the geometrical 
progression 
a, ar, ar’, am, art, ar^, ...... 


are a(r- 1) a(r—1)r, a(r -1)7*, a(r—1)7,...... 
a (r - 1Y, a(r—-lyr, a (r -1ye*, 


which are themselves geometrical progressions having the same 
common ratio r as the original series. 


401. Let us consider the series in which 
u cart + $ (n), 


where $ (n) is a rational integral function of » of p dimensions, 
and from this series let us form the successive orders of differences. 
Each term in any of these orders is the sum of two parts, one 
arising from terms of the form a7"^', and the other from terms of 
the form (x) in the original series. Now since (n) is of p 
dimensions, the part arising from $ (n) will be zero in the (p + 1)” 
and succeeding orde-s of ditferences, and therefore these series 


will be geometrical progressions whose common ratio is r. 
[ Art. 400.] 
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Hence if the first few terms of a series are given, and if the 
p^ order of differences of these terms form a geometrical pro- 
gression whose common ratiu is r, then we may assume that the 


general term of the given series is ar'^' + f (n), where f (n) is a 
rational integral function of n of p — 1 dimensions. 


Example. Find the n term of the series 
10, 23, 60, 169, 494,...... 
The successive orders of differences are 
13, 37, 109, 8335, ...... 
24, 72, 216,...... 


Thus the second order of differences is a geometrical progression in which 
the common ratio is 3; hence we inay assume for the general term 


"μα. 077! bu c. 


To determine the constants «, b, c, make n equal to 1, 2, Asuccessively; 


then à 4b --σ--1θ, 3a -- 9b £623, 9a--3b 4 0-00; 
whence α--θ, bz 1, c3. 
Thus u,—0.8" 7! n4 322.39 4 3. 


402, In each of the examples on recurring series that we 
have just given, on forming the successive orders of differences 
we have obtained a series the law of which is obvious on inspec- 
tion, and we have thus been enabled to find a general expression 
for the «" term of the original series. 


If, however, the recurring series is equal to the sum of a 
number of geometrical progressions whose common ratios are 
a, b, c, ., its general ternueis of the form 4a"! + Z5"! 4 Cc", 
and therefore the general term in the successive orders of 
differences is of the same form ; that is, ali the orders of differ- 
ences follow the saine law as the original series. In this case to 
find the general term of the series we must have recourse to the 
more general method explained in Chap. xxiv. But when the 
coefficients are large the scale of relation is not found without 
considerable arithmetical labour; hence it is general worth 
while to write down a few of the orders of differences to sea 
whether we shall arrive at a series the law of whose terms is 
evident. 


403. We add some examples in further illustration of the 


preceding principles. 
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EX Ezamplel. Find the sum of n terms of the series 
DE got Ep ΡΝ ῬΡΤ 
1.3 ὃ 9.8 8? 3.43 4.584 * (6 9: 
2n+3 1 
Here τος — 


2243 A n 


Assuming ο... F3 
we find 428, Π----Ἱ, 
3 1 111 1 1 
— ανα E et T 
and therefore S.=1- 1 1 
ls utl’ a 


- Example 2. Find the sum of n terms of the series 


v 1, 3 5 


8 8.7 8:7.11 8 1-11; 15 eun 
9n -1 
th 1 MOREM DE CE PE 
Then emu» τ t ya «di 
24 - 1 2 A(n+1)+B 43 -Β 
Assume ue 8.9... da-1 8.T. πη 


~. In-1=An+(4 t D) - (An -- B) (4n - 1). 


On equating coefficients we have three equations involving the two 
unknowns A and B, aad our assumption will be correct if values of 4 and B 


can be found to satisfy ull three. 

Equating coefficients of n*, we obtain 4 --0. 

Equating the absolute terms, -1=28; that i #--- 4; and it will be 
found that these values of A and B satisfy the third equation. 


1 1 1 1 


- ———&—X — — 


7983 δ τι. -) 28.7... .. (An δ) (4n - 1)" 
1 1 1 


— 


hence : 557373'3,.7.11 — (án - I) ' 


,—ixample 3. Sum to n terms the series 
6.94+12.214+20.374+30.57+42.81+...... 
By the method of Art. 396, or that of Art. 397, we find that the nth term 
of the series 6, 12, 20, 30, 42, ..... . is 53 4-35 +2, 
and the nth term of the series 
9. 21, 37, 57, 81, ...... is 213 - 6n 4 1. 
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Hence Uy, (n 1) (n+ 2) {2η (1 4 3) +1} 
zn (n ἠ- 1) (πι 1-2) (n 4-3) +(n+1)(n +2); 


U S, πα | 1)(n+2)(n+3)(n+4)+5(n+1)(n+2)(n+3)-2. 


i /eample 4. Find the sum of n terms of the series 
2.2+6.4412.8+20.164+30.32+...... 
In the series 2, 6, 12, 20, 30, ...... the nth term is »* ^; 
hence Uy, = (n? +n) 2". 


Assume (n?+n)2"%= (An? + Bn+C)2" - (A (n - 1? - B(n - 1) - C) 271 ; 
dividing out by 2*-! and equating coefficients of like powers pf n, we have 


2-4, 2=24 +B, 0ZC- AB; 


whence A x2, B= -2, C=4. 
. Uy —(2n* - 2n 4- 4)2^ — (2(n - 1)? -2(n - 1) 42771 ; 
and S4 = (2n? - 2n + 4)2? - 4 (n* -n + 2)20* - 4. 


EXAMPLES. XXIX.b. 


Find the ntk term and the sum of n terms of the series: 
4, 14, 30, 52, 80, 114, ...... 

8, 26, 54, 92, 140, 198, ...... 

2, 12, 36, 80, 150, 252, ...... 

8, 16, 0, --θ4, -200, —432. ...... 

30, 144, 420, 960, 1890, 3300, ...... 


το ο ο 5 


Find the generating functions of the series : 
6. 1+32 + 722+ 1913 + 21z* -- 3125 - ...... 
T. 1420 + 02512025 --36z* + δ4α5 + ...... 
8. 2+ 5a + 1043 + 17x? + 2624 + 372° + ...000 
9. 1 -3x+ 5x? -Trt + Oat — llz5-...... 
10. 144 24a + Sta? + 49 + 5tz* 4 ...... 


Find the sum of the infinite series : 


11 1.22.3 3.4 4.5, 
5 3 33 33 ΓΤ 599994 
21 89: 4: δ: δὲ 
4 — — — ως, — — a “πον : 
12. 1 5 + 53 p tzi 55 + (ETETE 
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Find the general term and the sun of n terms of the series: 


13. 
14. 
15. 
16. 
17. 


9, 16, 99, δά, 103,...... 

—3, —1, 11, 39, 89, 167,...... 
9, 5, 12, 31, 86,...... 

1, 0, 1, 8, 99, 80, 193,...... 
4, 13, 35, 94, 262, 755...... 


Find the sum of n terms of the series: 


18. 
19. 


26. 


δ 5 


91. 


92. 


1 + 20 + 327 + 4234 5x! 4 ...... 

1 -- 3z-F 623 + 1023+ 152 4- ...... 
3 E OECD 1, 8 1 
1.929 3 οὗ 8 4Ο 4.59 


1: 3$ . B 4, 4 
z.a tga taa tthe: 
3.44-8.114-15.20-- 24.31 +435. 44 4 ...... 
1.3--4.7 -9.13-- 16. 21--25. 31 4 ...... 


1.54+2.154+3.31+4.53+5.81+4...... 


ΓΡ T2387 ^ 1:3.577.9 
2 3.9 3.8 4.3 

3 jf 5 (8 
2.244.4+7.8+11.164+16.32+...... 
1.34-3.3245.35-4- 7. 35-9. 354 ...... 


1 1.3 1.3.5 1.3.5.7 
4.4*2.4.6 9.4.6.8 2.4.6.8.10 ^ "77 
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404. There are many series the summation of which can be 
brought under no general rule. In some cases a skilful modifi- 
cation of the foregoing methods may be necessary ; in others it 
will be found that the summation depends on the properties of 
certain known expansions, such as those obtained by the Binomial, 
Logarithmic, and Exponential Theorems. 


Example 1. Find the sum of the infinite series 
του 00 ΠΒ. 
ia δ —€ 
The nth term of the series 2, 12, 28, 50, 78, ...... is 9n? +n -2 ; hence 
" _3n?+n-2 3n(n-1)44n-2 
E on NN 
3 4 E -3. 
F |n -1 [n 


mere are 


Put n equal to 1, 2, 3, 4, ... in succession ; then we have 


2 _3 4 2 
and 80 on. 


u-4- a 
Whence S, =3e + 4e - 2(c - 1) --δε +2. 


τ’ %7 


oat * ΝΕ. 


lrample2. If (1+2)"=cg+e,7+c,77 +... c,c", find the value of 
Ley + 2*?c, 4 39e, +... + η ορ. 


As in Art. 398 we may easily shew that 
1? + 22x 4- 9323 + 42x34... «πλαν 4... ME iui 
KET 
Also c, + Oy. 0 t. Cara eanl er? =(1 +2)" 


Multiply together these two results ; — Mn given series is equal to 
(1 ο.) -I-z)"': 


n-i; (2-1-z)". 
the coefficient of r"-1 in — Το) (1-2) 


that is, in 


The only terms containing z*?-1 in this expansion arise from 


2^4 (1 -zy - (a 4 1)2^(1 ape 


2n-*(1 -z); 
.. the given seri — itm -na +1204 PR 2n- 


t 


=n(n +1)29-8, 
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Example 8. If b=a+1, and n is a positive integer, find the value of 


b^ — (n - 1) ab*-? + (n 79) (n - 8) e -5) apn 4 E = -8) (n € 4) ( (n- - b) αλα... 


By the Binomial Theorem, we see that 
1 (972-72). (π- δ} (ο -- 4) ( -- 8) 


1, n- | 2 ; p DM 
are the coefficienta of z*, z*7?, x74, z*-$,...... in the expansions of (1 -- z)~), 
(1-2), (1- 2)-?, (1- zy^^, ...... respectively, Hence the sum required is 


equal to the πο of ο» in the expansion of the series 


1 aso, de dt 
l-bór (i-bz) (1-1α᾽’ (1-εγ 
and although the given expression consists only of a finite number of terms, 
this series may be considered to extend to infinity. 


+... ... 


But the sum of the series — E s Lg ac ) ὶ 
ι στι -ὂᾳ | l-ar) 1 - ατα 


1 : 1 
7 1- (a-- 1) zb ag? ΗΝ 
1 


Hence the given series — —coetficient of x” in (1-2) (1- aa) 


zz coefficient of τ" in 1 MT 1 
t - 1M 


-ar l-g 
a"n-] 
TER 
Ezample 4. If the series 
i5 eti — p n € at τ — — 
B WT d x 


&re denoted by a, b, c respectively, shew that Fs P + οὔ — Babe =1, 
If w isan imaginary cube root of unity, 
a3 +38 -ε c -- — (a+ wh + we) (4 + wd + we). 


τι τ 
Now atb+c= iisi E Ἔτι 


B js 
g? PS ων wtr 


eee E E 


Bnd a + ub 4- w*c — =1}wa+ 


wr 
=z? 5 


similarly a atb uc ze" P, 
we _ Ml Ἔωτωλα 


«ο a3 eb? +c? -3abe =e” - ο. .€ 
zz 1, since 1 --ω--ω---0, 
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405. To find the sum of the r^ powers of the first n natural 


numbers. 


Let the sum be denoted by S,; then 
S al + 2°43" +t’, 
Assume that 
S = Ayn) + An + Απ Am mU +... +A + Ay esses (1), 
where A,, A,, 4,, 4, ... are quantities whose values have to be 
determincd. 


Write n+ 1 in the place of οἱ and subtract; thus 
(n ly2A,((n -1)* ewt] A {(π -- 1)’ en} 
+A f(n 4 1)7 —w7 be ALl( n 1077-7)... A... (2). 


Expand (n+ 1} ᾽ν (n- ly, (n +1)’, ... and equate the co- 
efficients of like powers of n. Ly equating the coefficients of n”, 
we have 


1 


1=A,(r+1), so that A, ο ας 


ν-ι 


By equating the coefficients of ο΄", we have 


pui m + Ar; whence A, = 


to = 


Equate the coefficients of οι’, substitute for A, and A,, and 
multiply both sides of the equation by 


| 9 
( =1)( ) i ( -- 7l) 3 
we thus obtain 


-l 1, ,7_, ple), 422-1) -2) 
1 “el + gta λα Των με (r — 2) + .» (9). 


In (1) write n — 1 in the place of n and subtract; thus 
n= A n *' -(n-1y ος A, (v — (n-1y]- 4, 17 - (n - 107) +... 
Equate the coefficients of π΄’, and substitute for 4,, Αι; thus 


1 1 P(p-i) 4 p(p-1)(p-2) _ 
Om p17 ολ Agen t rr De-m A 
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From (3) and (4), by addition and subtraction, 


1 1 ,p,,pí(p-D(p»-9) 
1 22145 4, r(r—1)(72) ο ο ο e EAE UE (5). 
ua RO gy POP Dp S em i ern) 


"r(r-1) "'r(r-1)(r-2)(r-3) 


By ascribing to p in succession the values 2, 4, 6,..., we see 
from (6) that each of the coefficients 4,, 4,, 4,,... is equal 
to zero; and from (5) we obtain 


ED AT ~ 1 r(r-l)(r-2). 
4,7 6 [3᾽ 4,7730 = (dM ? 
Asl. r(r-1)(r-2) (73) (r- 4). 
«^ 49" [6 yp veces 


By equating the absolute terms in (3), we obtain 
l=A tA tA tA t +A); 
and by putting n== 1 in equation (1), we have 
l= 4-4 FAL Ayton +A +A, 5 


thus A,,, = 0. 


406. The result of the preceding article is most conveniently 
expressed by the formula, 


nr l, P ou r(r-1(r-2) .., 
— Tn thg" - Hh, HO ES c "n 


NL e-ne- 36-5... 


where B, = £, B, =70 “Ον - τὴν B, -ψον B= γεν -.- 
The quantities B,, B,, B,,... are known as Bernoulli's Numbers; 


for examples of their application to the summation of other series 
the advanced student may consult Boole's Finite Differences. 


Example. Find the value of 15+ 2° 4 35+,.....475. 


6 5 
We have δας +% +B, a- ποι 


4 the constant being zero, 
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EXAMPLES. XXIX. c. 


Find the sum of the following series : 


1. F ^ + pot 2. stia + Tee 
3. 2+5 + > + veseas 4, jr — T ER xu sccone 
δ. 1! e+ = 3 "33st a — — 

6. P 1 — dee — Ἢ Fosses to r+ 1 terma 


(1-2) _ n(n—1) 1l+2e 


T. lear 2 '( Har)? 
n(n- i)(a-2) l-r3c 
+ |3 ‘iene ὑπο to 4 ter 
8. 143 E ans: : νο. to ^ terms. 
2n 2n — 
»*, 20? (nv? — 14)  wSiut—15(428--27*) 
9. l — 12 ENE ων 12, 33. 32 -+ sosoo to “+ 1 tering 


10. (1 -- 3) log, Rent (log, 2 yy ia ? 00g, 2) 4- 


8 
12. 3 3 tata 1 


17 87 8 are TM 


2 αμ "a 2135 

A En Eid 
S oq" oue x 

14. Without assuming the formula, fiud the sum of the series: 

(1) 18+ 25 -- 35 -- ...... -- (3) 1'--97-- 37 4 ...... Tu. 
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33 43 53 


15. Find the sum of 15 -ἵ- 23 +--+. +t --...... 
pte n 

16. Shew that the coefficient of 2” in the expansion of 1 M" - is 

fete , Q3 -DG- 3) a g 007 DG 4) (nl 9) αμ... E 
3 9 d 
17. lí»is a positive integer, tind the value of 
—-9)n-i BICIS 
NUM 1:4. 2)(n — 3) — (νο — 3)ín Ἕν" - 5) gu by : 
i> 5 
nd if » is a multiple of 3, shew that 
fy) --- ώς : 7 SER. " E iuc. 5 
L- (n-1)+ V - τή DIN Et) i s ος (-τ). 


18. If is a positive integer greater than 3, shew that 
n (n — 1)(» - 2)(n— οκάδες. 


* n (n — 1) "EUM 
A" + j2 (n 2) + --------- (HB 
B = 92 (n + 3) 2" * 


19. Find the sum of 2 terms of the series : 
1 9 3 


) ΠΝ Se αν -- 
ο ο past λα. 
9 3 9 7 13. ΙΤ 17 
4) 1273.3*3.4 asthe 6.77 7.8 "77 


( az ] \n * Lyn 
n Uc 1) («4-2)' 
21. If (+P =t G0 + 42? eng ειν... +cat”, 2 being a positive 
iteger, find the value of 
(n — 1)%e, + (n — 3)*e, + (n — 5)*e, + ...... 


90, Sum to infinity the series whose nt} term is 


99 Find the sum of n terms of the scries : 


9 4 8 16 32 
1) i1575.5*7.1? 17.31 381.68 777 


(2) 173.3 79.3.4 3.4.5 4.5.65 5.6.7 "77 
23. Prove that, ifa « 1, (14-ax)(1 -- a*»)(1-r a5z)...... 
atx? uis 
6. (l —a*)(1 - a) + (1 — a3) (1 — at) (1 -- a") + cooszes 
M - H.H.A. 
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24, lf A, is the coefficient of 2^ in the expansion of 


aer (143) (145) (ied) — 


j (deat 4e) and 4, — 


93 
I - 2 
prove that A, ον TD 


25. Ifnis a multiple of 6, shew that each of the series 
(A (n-1)n-2) α g4” (n-1)n»-2)(n 3)(» -4) 3 
3 


8 ΗΝ 
— 1)(n—2) 1,»(n-1)(»—-2)(n-3)(n—-4) 1 
8. 7 858  — Wi 


is equal to zero. 


26. If isa positive integer, shew that 


, n —-9)(n—3 
(p*q* -(n- 1) pa pay x xm py (ptgq)r*- 
n+l n+l 
is equal ἰο΄-...-1. 
» Pg 
91. If P,-(n-r)(n—-r4-1)(n—r-2)...... (n—-r-Fp- 1) 
Q. 2r (r--l)(r-2)......(r-- 9 — 1), 
ahew that 
p|gin-ltptg 
P Q+ P4,Q, 4- PQt TIPP + PQ = Fi — 


Iptgtlin-3 


28. If^is & multiple of 3, shew that 
n- -3 QU -4)(n-— à -- ὅ) _(n- -5)(n -θ)(η -- τ) κ 


l- 2 — — 


ο ra ja ος 
giga ie ο a 

3 ] 
is equal to soe, according as v is odd or even, 


29. If is a proper fraction, shew that 


x «5 t αὐ . 4 ze x i 
= μυ σα ο αἳ — pi να ΓΤ La tig! 11. ριο 95.998 


CHAPTER XXX. 


THEORY OF NUMBERS, 


407. In this chapter we shall use the word mwmoer as equi- 
valent in meaning to positive integer. 


A number which is not exactly divisible by any number 
— itself and unity is called a prime number, or a prime; Β 
number which is divisible by other numbers besides itself and 
unity is called a composite number; thus 53 is a prime number, 
and 35 is a composite number. Two numbers which have no 
common factor except unity are said to be prime to each other ; 
thus 24 is prime to 77. 


408. We shall make frequent use of the following elementary 
propositions, some of which arise so naturally out of the definition 
of a prime that they may be regarded as axioms. 


(i) Ifa number « divides a product bc and is prime to one 
factor b, it must divide the other factor ο, 


For since a divides bc, every factor of a is found in bc; but 
since a is prime to b, no factor of a is found in b; therefore al! 
the factors of & are found in c; that is, a divides c. 


(ii) If a prime number a divides a product bcd..., it must 
divide one of the factors of that product; and therefore if a 
prime number a divides 6", where n is any positive integer, it 
must divide ὁ. 

(iii) If ais prime to each of the numbers b and c, it is prime 
to the product bc, For no factor of a can divide b or c; there- 
fore the product dc is not divisible by any factor of a, that is, a 
is prime to dc. Conversely if a is prime to be, it is prime to each 
of the numbers 5 and e. 

Also if a is prime to each of the numbers 4, c, d, ..., it is 
prime to ths product bed... ; and conversely if a is prirae to any 
number, it is prime to every fastor ef that numL-r. 
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(iv) If α and b are prime to each other, every positive 
integral power of a is prime to every positive integral power of b. 
This follows at once from (iii). 


e a 


(v) If a is prime to b, the fractions j and j are in their 
lowest terms, n and m being any positive integers. Also if ; and 


7 are any two equal fractions, and ; is in its lowest terms, then 
({. 


c and d must be equimultiples of a and b respectively. 


409. The number of primes is infinite. 

For if not, let p be the greatest prime number;:then the 
product 2.3.5. 7.11...p, in which each factor is a prime num- 
ber, is divisible by each of the factors 2, 3, D,...p ; and therefore 
the number formed by adding unity to their product is not 
divisible by any of these factors; hence it is either a prime 
number itself or is divisible by some prime number greater than 
p: in either case p is not the greatest prime number, and there- 
forc the number of primes is not limited. 


410. No rational algebraical formula can represent prime 
numbers only. 


If possible, let the formula a+ bx + ca’ + dax’ +... represent 
prime numbers only, and suppose that when 2 =m the value of 
the expression is J, so Lhat 


p= &+bm+ en’ + dm 4 ...... ; 
when  -- 2n - np the expression becomes 
a+b(m+np) +e(m+np)? +d (m+ np) +., 
that is, a+bm -cm! - dm?  ... + a multiple of p, 
or p +a multiple of p, 
thus the expression is divisible by p, and is therefore not a prime 
number. 


411. A number can be resolved into prime factors in only one 
way. 

Let N denote the number; suppose A —abed..., where 
a, b, ο, d, ... are prime numbers. Suppose also that N =afyé..., 
where a, £, y, ὃ, ... are other prime numbers. Ther 


abod... = afi... } 
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hence a must divide ahed...; hut each of the factors of this pro- 
duct is a prime, therefore a must divide one of them, @ suppose. 
Lut a and « are both prime; therefore a must be equal to a. 
Hence bed... βγδ...; and as before, 8 must be equal to one of the 
factors of bcd...; and so on. Hence the factors in af9y8... are 
equal to those in abcd..., and therefore N can only be resolved 
into prime factors in one way. 


413. To find the number of divisors of a composite number. 


Let V denote the number, and suppose N =a"b'e..., where 
a, b, c, ... are different prime numbers and y, q, 7, ... are positive 
integers. Then it is clear that each term of the product 
(1 4 «ca! +... +a) (1 -- ὁ -- ὐἳ +... 03) (1 --σο- σε... 1 ο)... 
is a divisor of the given number, and that no other number is a 
divisor; hence the number of divisors is the number of terms in 
the product, that is, 


(p * I) (q 9 1) (7 4 1)...... 
This includes as divisors, both unity and the number itself. 
413. To find the number of ways in which a composite number 
can be resolved into two fuctors, 


Let M denote the number, and suppose JV = a’b'c’..., where 
a, b, c... are different prime numbers and p, q, 7... are positive 
integers. Then each term of the product 


(1 --α -- a + ... a) (1-60 uc δ) (1 --σ -- οἳ -... te’)... 


is a divisor of NM; but there are two divisors corresponding to 
each way in which J can be resolved into two factors; hence the 
required number is 


Σίν 51) (ᾳ 4- 1) (σ -- 1) — 


This supposes AV not a perfect square, so that one at least of the 
quantities p, q, 7, ... is an odd number. 


If N is a perfect square, one way of resolution into factors 
is JN x JN, and to this way there corresponds only one divisor 
JN. If we exclude this, the number of ways of resolution is 


s fto» 1) 1) 1). - 1), 


and to this we must add the one way ,/NV x N; thus we obtain 
for the required number 


aln 1) (q+ 1) (r+ 1) oe t 1. 
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414. To find the number of ways in which a composite 


number can be resolved tnto two factors which are prime to each 
other. 

As before, let the number N =a?b'c’..... Of the two factors 
one must contain a’, for otherwise there would be some power of 
a in one factor and some power of α in the other factor, and thus 
the two factors would not be prime to each other. Similarly δ 
must occur in one of the factors only; and so on. Hence the 
required number is equal to the number of ways in which the 
product abc... can be resolved into two factors; that is, the 


number of ways is la - 1) (1 -- 1) (1 -- 1)... or 2, where n is 


the number of diferent prime factors in V. 


415. To find the sum of the divisors of a number. 


Let the number be denoted by a’b'c’..., as before. Then each 
term of the product 


(l+a+a'+...+a°)(14+640'+...40%) (1 -- ο -- ο) -- ... +07)... 


is a divisor, and therefore the sum of the divisors is equal to this 
product; that is, 


; a*'— |] btl οἱ. -ἶ] 
the sum required = ες bad dad 
Example 1. Consider the number 21600. 
Bince 21600 = 63 . 103 = 28 . 3? . 93 ο LE 95 . 33 . δ᾽ 
the number of divisors = (5 + 1) (8 -- 1) (2-- 1) 2 72; 


ica 26-1 34-1 53-1 
the sum of the divisors —;— 1'871'5-À3 
= 63 x 40 x 31 
== 78120. 
Also 21600 can be resolved into two factors prime to each other in 93-1, 
or 4 ways. 


Example 2. If 2 is odd shew that n (1! — 1) is divisible by 24. 
We have n (1! - 1)zm (n - 1) (n+1). 


Since n is odd, n - 1 and n--1 are two consecutive even numbers; hence 
one of them is divisible by 2 &nd the other by 4. 


Again n - 1, n, n-- 1 are three consecutive numbers; hence one of them 
is divisible by 8. Thus the given expression is divisible by the product of 2, 
8, and-4, that is, by 24. 
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Example 8. Find the highest power of 3 which is contained in [100. 


Of the first 100 integers, as many are divirible by 8 as the number of 
times that 8 is contained in 100, that is, 83; and the integers are 8, 6, 9,...99. 
Of these, some contain the factor 8 again, namely 9, 18, 27,...99, and their 
number is the quotient of 100 divided by 9. Some again of these last 
integers contain the factor 8 & third time, namely 27, 54, 81, the number of 
them being the quotient of 100 by 27. One number only. 81, contains the 
factor 8 fonr times. 

Hence the highest power required = 38 + 11 -- 3 - ] — 48, 


This example is a particular case of the theorem investigated in the next 
article. 


416. To find the highest power of a prime number a which is 
contained in n. 


; NANN N : 
Let the greatest integer contained in ao gt) quer respectively 


\ 
be denoted by / (=) i (5) . 4 ( s) ... Thenamong thenumbers 
a α α 
1, 2, 3, ... n, there are J (7) which contain a at least once, namely 
the numbers a, 2a, 3a, 4a, ... Similarly there are / ( Ry which 
\ 


n ; : 
contain a’ at least once, and 7 ( =) which contain a’ at least once; 
í 


and soon. Hence the highest power of a contained in !» is 
ης)” ΑΟ ers 
a a a 


417. In the remainder of this chapter we shall find it con- 
venient to express a multiple of n by the symbol M (n). 


418. Το prove that the product of τ consecutive inteyers 18 
divisible by |r. . 


Let P. stand for the product of r consecutive integers, the 
least of which is n; then 


P, =n(n+1)(n+2)... (n+r—1), 
and P. Lm (n+ 1) (n+ 2) (n+ 3)... (n 7); 
. WPL (nur) P, 2nP, «P. ; 


P, 
ee σα... 


= ¢ times the product of r — 1 consecutive integers, 
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Hence if the product of r — 1 consecutive integers is divisible by 
|τ--- 1, we have 
PaP rM) 
=M (|r). 

Now 2’, = |r, and thcrefore P, is a multiple of |r; therefore 
also P,, Pp ... aro multiplesof jr. We have thus proved that if 
the product of r— 1 consecutive integers is divisible by |r — 1, the 
product of r consccutive integers is divisible by |r; but the 
product of cvcry two consccutive intogers is divisible by |2; 
ὑποτοΐοτο thc product of cvory three consccutive integers is divisible 
by |3; and so on gcnerally. 


This proposition may also be proved thus: 


3y means of Art. 416, wc can shew that every prime factor 
is contained in jn +7 as often aé least as it is contained in |n |’. 


This wc lcavc as an exercise to the student. 


419. If pisa prime number, the coefficient of every term in 
the expansion of (a + b)", except the first and last, is divisible by p. 

With the exception of the first and last, every term has a co- 
efficient of the form 

p(p-1)(p-2)...(p-r^1) 
Ir 9 

where * may have any integral valuo not exceeding p—-1. Now 
this cxpression is an integer; also since p is prine no factor of (r 
is a divisor of it, and since p is greater than r it cannot divide 
any factor of |r; that is, (p -- 1) (p—2)...(p—1r+1) must be 
divisible by ir. Hence every coefficient except the first and 
the last is divisible by p. 


420. Jf pisa prime number, to prove that 
(at+b+c+d+...)P=aP+ b? ++ dP +... + M(p). 


Write B for b+c +...; then by the preceding article 


(a+ B za 4 R+ M(p). 
Again — Br=(b+c+d +...) (by) suppose; 
=P + y + M (p). 


By procecding in this way we may establish the required result, 
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49]. [Fermat's Theorem.] 7f p is a prime number and N is 
prime to p, then NY^' — 1 is a multiple of y. 


We have proved that 
(ab cd... A(); 
let each of the quantities a, b, c, d, ... be equal to unity, aud sup- 
pose they are N in number; then 
Δ’ N+ (p); 
that is, N (NP! 1) = M (p). 


But JV is prime to p, and therefore .V"~'— ] is a multiple of p. 


Cor. Since y is prime, p — 1 is an even number except when 
p=. Therefore 
p od 


»-1 
(VR »D(N3-1) M(p). 
y- 1 )-1 
Hence either N’? + lor N ? —lisa multiple of p, 


a r p- » re . . 5 
that is V ? . Ap=1, where A is some positive integer. 


493. It should be noticed that in the course of Art. 421 it 
was shewn that A? — N = M (p) whether N is prime to p or not, 
this result is sometimes more useful than Fermat’s theorem. 


Example 1. Shew that n? -- is divisible by 42. 
Since 7 is a prime, n? —n=M (7); 
also η —n=n (nf —1)=n (n+1) (n - 1) (n3 - 2? +1). 
Now (n — 1) n (n+ 1) is divisible by 8; hence πῖ — n is divisible by 6 x 7, or 42. 


Erample 2. If pis a prime number, shew that the difference of the pt* 
powers of any two numbers exceeds the difference of the numbers by a 
multiple of p. 

Let z, y be the numbers ; then 

zP-r-M(p) and y?-y=1 (pj 
that is, zP —y? ~(x—-y)=M (p); 
whence we obtain the required result. 


Example 8. Prove that every square number is of the form ön or 5n. 41. 


If N is not prime to 5, we have N?=5n where n is some positive integer. 
If N is prime to 6 then N*—1 is a multiple of 6 by Fermat's theorem; thus 
either N?—1 or N*+1 is a multiple of 5; that is, N*= 6241. 
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EXAMPLES. XXX. a. 
1. Find the least multipliers of the numbers 
"E 3675, 4374, 18375, 74088 
respectively, which will make the products perfect squares, 


2. Find the least multipliers of the numbers 
7623, 109350, 539539 


respectively, which will make the products perfect, cubes, 


3. If rand y are positive integers, and if z— y is even, shew that 
a? — y? is divisible by 4. 


4, Shew that the difference between any number and its square 
is even. 


b. lf4r-yisa multiple of 3, shew that 42?+ 7.1y — 2j? is divisible 
by 9. 


6. Find the number of divisors of 8064. 


7. In how many ways can the number 7056 be resolved into 
two factors 1 


8. Prove that 25^ — 1 is divisible by 15. 
9, Prove that n (n -- 1) (n-- 5) is a multiple of 6. 


10. Shew that every number aud its cube when divided by 6 leave 
the same remainder. 


11. If is even, shew that n (»*-4-20) is divisible by 48. 
12, Shew that 2 (x? — 1) (3+ 9) is divisible by 24. 


13. If is greater than 2, shew that n5~52°+4n is divisible by 
120. 


14. Prove that 3?*--7 is a roultiple of 8. 


15. If n is a prime number greater than 3, shew that n*—1 is 
& multiple of 94. 


16. Show that n5— is divisible by 30 for all values of n, and by 
240 if n is odd. 


17. Shew that the difference of the squares of any two prime 
numbers greater than 6 is divisible by 94, 


19, Shew that no square number is of the form 3x ~ 1. 
18. Shew that every cube number is of the form θη or 94:1, 
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20, Shew that if a cube number is divided by 7, the remainder 
is O, 1 or 6. 


21. If à number is both square and cube, shew that it is of the 
form 7n or 72 4- 1. 


22. Shew that no triangular number can be of the form 3a — 1. 


29. If 2n+1 is 8 prime number, shew that 1?, 2$, 33 3 when 
divided by 2n+1 leave different remainders. 


24. Shew that a” +a and a* ~a are always even, whatever a and 9 . 
may be. 


29. Prove that every even power of every odd number is of tho 
form 8r 4- 1. 


26. Prove that the 12" power of any number is of the form 13a 
or 13a -- 1. 


27. Prove that the 8 power of any number is of the furm 174 
or 17η]. 


28. If ^ is a prime number greater than 5, shew that nt—1 is 
divisible by 940 


29. If is any prime number greater than 3, except 7, shew that 
n9 —] is divisible by 168. 


30. Show that n% —] is divisfble by 33744 if n is prime to 2, 3, 19 
and 37. 


91. When p+1 and 2p+1 are both prime numbers, shew tha‘ 
23» —] is divisible by 8(p+1)(2p+1), if x is prime to 2, p+1, and 
2Ρ 4-1. 


32. If p is a prime, and z prime to p, shew that z5-»' —1 is 
divisible by p”. 
$3, If m is a prime number, and a, b two numbers less than m, 


prove that 
am— 24 qm-3b απ AD? 4... πλ 


is a multiple of πι. 


423. If a is any number, then any other number A may 
be expressed in the form N =ag+r, where g is the integral 
quotient when J is divided by a, and r is a remainder less than a. 
The number a, ‘to which the other is referred, is sometimes called 
the modulus ; and to any given modulus a there are a differont 


350 HIGHER ALGEBRA. 


forms of a number N, each form corresponding to a different 
value of r. Thus to modulus 3, we have numbers of the form 
3g, 3¢+1, 3¢+2; or, more simply, 3g, 3g = ], since 3q + 2 is 
equal to 3 (g+1)—1. In like manner to modulus 5 any number 
will be one of the five forms 5g, 5g #1, 5g = 2. 


424. τι b, c are two integers, which when divided by a 
leave the same remainder, they are said to be congruent with 
respect to the modulus a. In this case b — cis a multiple of a, and 
following the notation of Gauss we shall soinetimes express this 
as follows: 

b=c (mod. a), or b- οΞ 0 (mod. a). 


Either of these formule is called a congruence. 


435. If b, c are congruent with respect to modulus a, then 
pb andl pe ure congruent, p being any integer. 


For, by supposition, b— c= na, where m is some integer; 
therefore pb — pe = pna; which proves the proposition. 
426. If a is prime to b, and the quantities 
a, Ja, 3a, ...... (b—1)a 
are divided by b, the remainders are all different. 


For if possible, suppose that two of the quantities ma and 
m'a when divided by ὁ leave the same remainder r, so that 


ma=qb+r, ma=qb+r; 
then (m—m)a=(q-—q')b; 


therefore b divides (m — ην) α; hence it must divide m — m’, since 
it is prime to a; but this is impossible since m and m’ are each 
less than 6. 


Thus the remainders are all different, and since none of the 
quantities is exactly divisible by b, the remainders must be the 
terms of the series 1, 2, 3, ...... b — 1, but not necessarily in this 
order. 


Cor. If a is prime to b, and c is any — the b terms 
of the A. P. 


0,060, C+ 28, ...... — 
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when divided by b will leave the same remainders as the terins 
of the series 


e, c+ 1, c+ 4, ...... c * (b — 1), 
though not necessarily in this order; and therefore the re- 
mainders will be &, 1, 2, ...... b — 1. 
431. Jf bj, b,, b,, ... are respectwely congruent to €,, Cys Cys oe 


with regard (o modulus a, then the products b,b b, ..., cee, ... 
are also congruent. 


For by supposition, 
b,—e, - 1a, ὐ —e 1, b,— 0 2d, ... 
where ?,, Τρ, t ... are integers; 
.. bbb,- - (οι tna) (e, + qu) (e, + mq)... 
= 6,6, ... M (a), 
which proves the proposition. 


428. We can now give another proof of Fermat’s Theorem. 


If p be a prime number and N prime to p, then NY —1 is 
a multiple of p. 


Since .V and p are prime to each other, the numbers 


Ny Αρ GaN y eie RE B^ ue (L), 
when divided by p leave the remainders 
1; ων Dp. dece: Qe ο ο e T (2), 


though not necessarily in this order, Therefore the product of 
all the terms in (1) is congruent to the product of all the terms 
in (2), p being the modulus. 


That is, |p- 1 OV" ' and lp — 1 leave the same remainder when 
divided by p; hence 


ip-1(N^-1)- M (p); 
but p—1 is prime to p; therefore it follows that 
Pr — l= ή (p). ; 


429. We Ελα] denote the number of integers less than a 
number a and prime to it by the symbol $ (a); thus $(2)-1; 
$(13)212; $(18) 26; the integers less than 18 and prime to 
it being 1, 5, 7, 11, 18, 17. It will be seen that we here 
consider unity as prime to all numbers, 


— 
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430. To shew that if the numbers a, b, ο, d, ... are prime to 


each other, 
$ (abcd ...) = $ (A). $ (b) . φ (c) .... 


Consider the product αὖ; then the first αὖ numbers can be 
written fn ὅ lines, each line containing a numbers; thus 


l, AEE J——— a, 
α-- 1, α - 2, ...... a+ ky ος α--α, 
2a+1, 2a+2, ...... 2a + ky ...... 2a +a, 


(ὁ--1)α- 1, (ὁ -- 1)α--2, ... (b-1)a+ k, ...(b—-1)a-a. 


Let us consider the vertical column which begins with 4; if 
k is prime to a all the terms of this column will be prime to a; 
but if k and a have a common divisor, no number in the column 
will be prime to a. Now the first row contains ¢ (a) numbers 
prine to a; therefore there are $ (a) vertical columns in each 
of which every term is prime to a; let us suppose that the 
vertical column which begins with ἆ is one of these. This column 
is an A.P., the terms of which when divided by ὁ leave remainders 
0, 1, 2, 3, ... 5-1 [Art. 426 Cor.]; hence the column contains 
) (b) integers prime to b. 

Similarly, each of the ¢ (a) vertical columns in which every 
term is prime to a contain ¢ (ὁ) integers prime to 6; hence in the 
table there are $(«). φ (b) integers which are prime to α and 
also to b, and therefore to αὐ; that is l 


$ (ab) = $ (a). $ (2). 
Therefore ¢ (abed ...) = ġ (a) . (bed...) 
=p (a). p (b). 9 (ed ...) 
= $ (a). (0). $ (c). (d) .... 


431. To find the number of positiwe integere less than a 
gwen number, and prime to it. 


Let M denote the number, and suppose that N αλα”... 
where a, 6, c, ... are different prime numbers, and p, Q, τ... 
itive integers, Consider the factor a”; of the natural num- 

rs 1, 2, 3, ... α) — 1, «^, the only ones not prime to a are 


a, Ja, 3a, ... (4^! —1)a, (47)a, 
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and the number of these is «’~'; hence 
l 
pejae-w na (1-}), 
Now all the factors a’, ῥ', ο”, ... are prime to each other, 


$ (ate ...) =p (a). p (P) .ϕ (6) .. 


— ο) ες) 
- οὐ... (ι 5 =) (1 = ;) ( - -) = 
that is, $(N)- ΑΓ (1 - J ( . ) (1 -) — 


Example. Shew that the sum of all the integers wuich are less thun N 
and prime to it is 2 N $ (N). 


If x is any integer less than N and prime to it, then À - x is also an 
integer less than N and prime to it. 


Denote the integers by 1, p, g, 7,..., and their sum by S; then 
S=l+pt+q+r+...4(N—r)+(N-qg)+(N-p)+(V-1), 
the series consisting of ϕ (N) terms. 
Writing the series in the reverse order, 
S=(N-1)+(N-p)+(N-g)+(N-1)+...47+¢+p4+1; 
ο. by addition, 285=N+N+N+... too (N) terms; 
~ S=4No(N). 


432. From the last article it follows that the number of 
integers which are less than JY and vot prime to it is 


x-x(1-2) (1 - g) (1-2) (1 - i) m 


that is, 


Here the term Z gives the number of the integers 


N 
a, 2a, 3a, ... "E. 


which contain a as a factor; the term 3 gives the number of 
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«b 
and so on. Further, every integer is reckoned once, and once 
only; thus, each multiple of ab wil appear once among the 
multiples of ἃ, once among the multiples of b, and once negatively 
νοις the multiples of ab, and is thus reckoned once only. 
; ; . V NN 
Again, each multiple of abc will appear among the =, $3.75 
terms which are multiples of a, b, c respectively; among the 
N N 
ab’ ac’ be 
N — 
and among the abe multiples of abc; that is, since 3-3+1-- 1, 
each multiple of abe occurs once, and once only. Similarly, other 
cases may be discussed. 


the integers «b, 2ab, 3ub, .. ab, which contain αὖ as a factor, 


terms which are multiples of ab, «c, be respectively ; 


433. [Wilson's Theorcin.] IF phe a prime number, 1 + |»-1 
es divisible by p. 


by Ex. 2, Art. 314 we have 
ο a το i 
|p- 1-(p-1y -(p-1)(p-2y (QU no ρω Bye 


l. 
— ea 


122 
. 


4) ει to p -- l terms; 


and by Fermats Theorem each of the expressions (p —1y"!, 
(p-2)9 ^, (p- 3y"!, ... is of the form 1 + (y); thus 


- - 32 
|l» =l = M (p)+ fı —(p-l)-* ο ος S.top-l terms} 
= Af (p) +Q- 1! - (- 1 
= JM (p) -- 1, since ῥ -- 1 is even. 


Therefore 1 + !'p — 1 = M (p). 


This theorem is only true when p is prime. For suppose p 
has a factor q; then g is less than p and must divide p — 1; hence 


1+!p—1 is not a multiple of q, and therefore not a multiple of p. 


Wilson's Theorem may also be proved without using the 
result quoted froin Art. 314, as in the following article, 
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434. [Wilson's Theorem.] Jf p be a prime number, 1 + jp—1 
ts divisible by p. 
Let a denote any one of the numbers 
15:22, ο ᾱ οἱ (DL) ο ο ο. (1), 
then a is prime to p, and if the products 
l.a, 2.a, 3.a, ...... (p—-l)« 
are divided by p, one and only one of them leaves the re- 


mainder l. [Art. 436.] 


Let this be the product ma; then we can shew that the 
numbers m and a are different unless «-— p—] orl. For if a’ 
were to give remainder 1 on division by p, we should have 


a” -- l = 0 (mod. p), 
and since p is prine, this can only be the case when «41 p, 
or a — l -. 0; that is, when a= p— l or I. 


Hence one and only one of the products 2a, 3u, ... (p—2)a 
gives remainder | when divided by p; that is, for axy one of the 
series of numbers in (l), excluding the first and last, it is 
possible to find one other, such that the product of the pair is of 


the form M (p) + 1. 


Therefore the integers 2, 3, 4, ... (p —2), the number of 
which is even, can be associated in pairs such that the product of 
each pair is of the foma M (5) + 1. 


Therefore by multiplying all these pairs together, we have 
2.3.4 ... (p-2)-M (ϱ) 1; 
that is, 1.2.3.4 ... (p- 1)-(p- 1) LM (p) e 13; 
whence | p-1 =M(p)+p—1; 
or 1 -|p —1 is a multiple of p. 


Cor. If 954] is a prime number (2) + (— 1) is divisible 
by 2p +1. 
For by Wilson's Theorem 1 + |2p is divisible by 2» + 1. Put 
n  9p-- 1, so that p+ 1 2» —p; then 
2p = 1.2.3.4 ...... p(p*1)(p2)...... (n — 1) 
^ «1(n-1)2(n—-2)3(u—3) ... p(n- p) 
=a multiple of n (-- 1) (pY. 
Therefore /--(-- 1) (1) is divisible by ου or 2p 4 1, and 
therefore (!p)'--(— 1)’ is divisible by 2p+ 1. 
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435. Many theorems relating to the properties of numbers 
can be proved by induction. 
Example 1. If pis a prime number, z? -- α is divisible by p. 
Let z? ~ a be denoted by f(z); then 
f (zx -- 1) — f (x) m (x -- 1P = (2 +1) - (αΡ-- x) 


zprP-! «Ἔν αΡ-3}-,.. 4px 


=a multiple of p, if p is prime [Art. 419.] 
«. f (z4 1) f(x) - à multiple of p. 
If therefore f (x) is divisible by p, so also is f(x -- 1); but 
f (2) 9? - 22 (141)? - 2, 


and this is a multiple of p when pis prime [ Art. 419]; therefore f (3) ia divisible 
by p, therefore f (4) is divisible by p, and so on; thus the proposition is true 
universally. 


This furnishes another proof of Fermat's theorem, for if z is prime to p, 
it follows that z?7! — 1 is a multiple of p. 


Example 2. Prove that 5?^*? ~ 24n — 25 is divisible by 576. 
Let 529+? — 24n -- 25 be denoted by f (n); 
then f (n 4 1) 2 82H — 24 (n 4- 1) - 25 
z53.05?^*2.24n — 49; 
eS (n+1) - 25 f (n) 2:28 (341 -- 25) — 24n — 49 
= 516 (n 4- 1). 


Therefore if f(n) is divisible by 576, so also is f (n-- 1); but by trial we 
see that the theorem is true when n = 1, therefore it is true when n = 2, there- 
fore it is true when n—3, and so on; thus it is true universally. 


The above result may also be proved as follows: 


EMH? — 24n — 9532 DHMH - 94m — 95 
= 25 (1 +24)” — 2in — 25 
=25 +25. n , 24 -+ M (443) — 24n — 86 
æ 676n + M (576) 
- (576). 


4 


EXAMPLES. XXX.b. 


Shew that 10*--3. 4*+2+5 is divisible by 9. 

Shew that 9 7338. 5^ — 5 is a multiple of 94, 

Shew that 4, 6* -- 6**! when divided by 20 leaves remainder 9. 
Shew that 8. 7*-4^*? is of the form 24 (2r — 1). 


eS Pr 


|... 
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5, If pis prime, shew that 2 p—3+1 is a multiple of p. 
6. Shew that a*^*!1— a is divisible by 30. 
7. Shew that the highest power of 2 contained in 2”-1 is 
27—-r—1. 
8. Shew that 31^*?.-5?^*! jg a multiple of 14. 
9. Shew that 3?»*5.- 160»? — 56n — 243 is divisible by 519. 


10. Prove that the sum of the coefficients of the odd powers of ‘# 
in the expansion of (14+2+.27+ x3 + x*)^7!, when n is à prime number 
other than 5, is divisible by n. 


11. If is a prime number greater than 7, shew that »5—1 is 
divisible by 504, 


12. If n is au odd number, prove that n5--32*--722?—11 is a 
multiple of 198, 


18. If pis a prime number, shew that the coefficients of the terms 
of (1--2z)?-^' are alternately greater and less by unity than some mul- 
tiple of p. 


14 If ? is a prime, shew that the sum of the (p — 1)'^ powers of 
any p numbers in arithmetical progression, wherein the common differ- 
ence is not divisible by p, is less by 1 than a multiple of p. 


15. Shew that a} — »'? is divisible by 91, if æ and b are both prime 
to 91. 


.16. If pis a prime, shew that |p—2r |r —1—1 is divisible by p. 


17. If n—1, n+l are both prime numbers greater than 5, shew 
that n(n?—4) is divisible by 120, and n?(n?+16) by 720. Also shew 
that n must be of the form 90έ or 30¢+ 12. 


18. Shew that the highest power of n which is contained in 'π---1 


"'"—nr--r-1 


is equal to — 


19. If p is a prime number, and a prime to p» and if a square 
number c? can be found such that c!—« is divisible by p, shew that 
— 
di' —1 is divisible by p. 
20. Find the general solution of the oongruence 
9 
982-150 (mod. 139). 
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91. Shew that the sum of the squares of all the numbers less than 
a given number N and prime to it is 


‘ ( ) (1 -;) (1 τε) σα -α) (1 -- ὃ) (1—0)... 


Ly 


and the sum of the cubes is 


A (1 7 ) ( é ) e X a-a) (1—8) (1—0)... 


a, b, ο... being the different prime factors of N. 


22. If p and g are any two positive integers, shew that |pg is 
divisihle by (\p)*. lg and by (192. Ip. 


23. Shew that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of x in the ex- 


pansion of Du "I and that the square numbers which are also 
pentagonal bs the coefficients of the powers of z in the expansion of 
1 
1-1l0z42i* 


24, Shew that the sum of the fourth powers of all the numbers 
less than V and prime to it is 


-= ) -; (1-2). 0-2 (1-5) (1-9)... 


N 3 Ν (1— 
a, b, c... being the different prime factors of N. 


25. If (A) is the number of integers which are less than V and 
prime to it, and if v is prime to W, shew that 


a9 150 (mod, M). 
96, Ifd, dy d, ... denote the divisors of a number J, then 


$ (d) + (d) +o (dy) +.. =N. 
Show also that 
(1 ~ 23) 


2 É «5 o£; 00-23) 
$ (1) iza-$) iss $0 lm ad inf. -- (xai) i 


* CHAPTER XXXI. 


THE GENERAL THEORY OF CONTINUED FRACTIONS, 


*436. In Chap. xxv. we have investigated the properties of 


. e ] 
Continued Fractions of the form a, topag , where a,, «,, 
αι 


a, 
are positive integers, and αι is either a positive integer or zero. 
We shall now consider continued fractions of a more general 


type. 
*437. The most general form of a continued fraction is 
b b b 


πα E — — , Where αι, αι, αν ..., 5, b,, Ops ... represent 
l 
any quantities whatever. 


The fractions : | TE ; 3,... are called components of the 


continued σος ' We shall confine our attention to two cascs; 
(i) that in which the sign before each component is positive; 
(1) that in which the sign is negative. 


*438. To investigate the law of formation of the successive 
convergents to the continued fraction 


ο ae: 
at a+ ato 
The first three convergents are 
2. a,b, a, a,b, 4- b,. b, 
a, aa, +b, a, (0,4, +b) δα, a, 


We sce that tho numerator of the third convergert may be 
formed by multiplying the numerator of the socond convergert by 
a,, and the numerator of the first by b, and adding the results 
together ; ; also that the denominator may be formed in like 
manner. 


860 HIGHER ALGEBRA. 


Suppose that the successive convergents ure formed in a 
similar way; let the numerators be denoted by p,, Pas p,..., 
and the denominators by q,, 4,, 0., ... 


Assume that the law of formation holds for the »~ con- 
vergent; that is, suppose 
| P= Py E + b. 5 2,7 t .-ι * balas" 
The (n+ 1) convergent differs from the » only in having 
a + eti in the place of a, ; hence 
a+} 


the (n + 1) convergent 


— a P. + b, a azl, 


b b, 
(a, + 8) P. * b. D. -s Pa + a n Pai 
— «Εις I 
αμ γιοι, + 0, Iams 


b + 
(a, + 2m) y + b, Qa- 4, t τ V ME 


n+l ntl 


If therefore we put 


Pass = Uni Pa Oe: Panis Une = μιά, One Tui 
we see that the numerator and denominator of the (n +1) con- 
vergent follow the law which was supposed to hold in case of the 
nv, But the law does hold in the case of the third convergent ; 
hence it holds for the fourth; and so on; therefore it holds 
universally, 
*439, In the case of the continued fraction 


we may prove that 
Pa = % Pani — b. Pas TE νι 5.9... , 
a result which may be deduced from that of the preceding article 
by changing the sign of ὁ. 
*440. In the continued fraction 
b, È 


we have seen that 
Pa =%,P,., + o Pass Ia T Ofn- t μας 
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P. — P, =a (2... Pn + ων 1 Το Dg GPP VP + b... |) P. 


Qi 6, latifa 
wn Ont Gant (Pu η 
Qati 6, Vn—y á 
but PT, TERN, E 
Iati GTST A + ae π-ι 
and is therefore a proper fraction ; hence Past _ Pu ig numerical y. 
ut) 7. 

less than ^* — P» , and is of opposite sign. 


By reasoning as in Art. 335, we may shew that every con- 
vergent of an odd order is greater than the continued fraction, 
and every convergent of an even order is less than the continued 
fraction ; hence every 'convergent of an odd order is greater than 
every convergent of an even order. 


Thus Pat! _ Pes ig positive and less than Pi P»? hence 
Qon i ds. 2n—1 ds, 
Pans * Ps -i Ν 
οι νι Qa --ι 
Also Pii — Pw ig positive and less than Di. Paves ; hence 
|. 93^ 2n—1 gn-:39 
Ῥω. Prec. 
ds. Ts. -s 


Hence the convergents of an odd order are all greater than 
the continued fraction but continually decrease, and the con- 
vergents of an even order are all less than the continued fraction 
but continually increase. 


Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, 
and the convergents of an even order must also tend to some 
finite limit; if these limits are equal the continued fraction tends 
to one definite limit; if they are not equal, the odd convergents 
tend to one limit, and the even convergents tend to a different 
limit, and the continued fraction may be said to be oscillating; in. 
this case the continued fraction is the symbolical representation of 
two quantities, one of which is the limit of the odd, and the other 


that of the even convergenta, 
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b b b 
To shew that the continued fraction - cu. u$. 078 


*44]. re 
,+ at a + 


has a definite value 1f the limit of nos when n is infinite 48 


Del 


greater than zero, 


The continued fraction will have a definite value when n 18 


infinite if the difference of the limits of "+ and P. 
a+1 n 


ο ὃς Ae (2: _ — 
Qua Vn q.i 


Pati _ D, -(- 1)" l b, aqua 1 ΚΣ J yal XA bd Ds — P E 


is equal to zero, 


Pei Pu 
Qua In 


whence we obtain 


Now 


Qna qn 6, +1 Vn 9. 6, 4, 9 | 
But b. dei uade πο oe l = ; 
d Bait dn + + b ud "M Sen. |] 
πα {κι 
and 0, 9. — Qa (αι + 5,9, ο) Z By Unyi + Oa balna, 
b, dai basi b a b ds 


also neither of these terms can be negative; hence if the limit of 


PR ig greater than zero so also is the limit of Tene. ; in which 
δ " n+l Vans 
case the limit of 1.1 is Jess than 1; and therefore Pa Pu ig 


Iny In 
the limit of the product of an infinite number of proper fractions, 


and must therefore be equal to zero; that is, — "H and ^ * tend to 


n-li " 


the same limit; which proves the proposition, 


For example, in the continued fraction 


1 93 393 n? 

FI ο ωρα 
Lim σαι, p, ο "DOR t2). 4; 

tt (n+ 1) 


( 


and therefore the continued fraction tends to a definite limit, 
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; . b bL b 
*442, In the continued fraction —- —- --ᾱ- , 
a — a, — A- 


if the denominator of every component exceeds the numerator by 
unity at least, the convergenta ure positive fractions in ascending 
order of magnitude. 


aeo be d F 
By supposition i j κα 4 ... are positive proper fractions 


; ; NECEM 

in each of which the denoninator excecds thc numerator hy 
9 1 | ὦ . b * ι 
unity at lcast, The sccond convergent is — and since a, 

) 

an 

V. 

a b, * . . . 
exceeds b, by unity at least, and ? is a proper fraction, it follows 
a, 


b . 5 ο 
that «,— is greater than 5,; that is, tlie second convergent is 
a 
ο . 3 5 . . 
a positive proper fraction. In like manner it may be shewn 


that — is a positive proper fraction; denote it by {, then 
J 


3 
a 


ο 9 b . a . 
the third convergent is — ' ,, and is therefore a positive proper 


a, -f 


- ) bh oO, οὖς 
fraction. Similarly we may shew that- — + ο is a positive 


3 
proper fraction ; hence also the fourth convergent 


b b δ, b, 


Rid 2. "8 
Q,— ο - 0,— αι 


is a positive proper fraction ; and so on. 
Again, P, = που e b P. d e 075-1 ~ bg, s 3 


Pasi _ 1 = b igi (2: = Paza) . 
Qat: 4, Qati 7. Gani 


hence Pasi _ Pa and e P — have the sare sign. 
n+} a 
But δε. δι 0 δι o, , ard is thorefore positivo; 


hence ^* >, Ps i P >a, and so on; which provs the 
4, Δι 4, 94$ 4. 4 
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Cor. If the number of the components is infinite, the con- 
vergents form an infinite series of proper fractions in ascending 
order of magnitude ; and in this case the continued fraction must 
tend to a definite limit which cannot exceed unity. 


*1443." From the formula 
P. z Q.D, | + E 9. d πῶς + R, 


we may always determine in succession as many of the con- 
vergents as we please. In certain cases, however, a general 
expression can be found for the »' convergent. 
: " 6 6 6 
Ezample, To find the n'^ convergent to — δ. Fo 
 - — = 


We have p, = 5p, .,— 0p, .,; hence the numerators form a recurring series 
any three consecutive terms of which are conneoted by the relation 


αν Opa-1 T 6p, a 


Let Spy t+ por HPT? +... Ελα + 00.3 
then, as in Art. 325, we have S nti 2m ve : 
1 -- 5r +623 


But the first two convergents are a τ 


ο. πο - "πεις 
1 -ὂπ--θα 1-327 1-2z' 
whence pQ.sm18.2"7! 12, 2"-1— ἢ (3^ - 33). 
Similarly if S'zq qa quii... qaam... 
eas — zu s 71 ο βα iu 
whence q,759.8971-4,9»-12 gv — 2n, 
. δε. 6 (3% - 23) 


- - — 


mE q, 8"-9"n 


This method will only succeed when a, and b, are constant 
for all values of ». Thus in the case of the continued fraction 


b b b .., we may shew that the numerators of the 
G+ a+ at 
successive convergents are the coefficients of the powers of α in 


the expansion of T5 et and the denominators are the 


em : l æ + bz 
ooefficients of the powers of x in the expansion of [αρα 
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*444. For the investigation of the general values of p, and q, 
the student is referred to works on Finite Differences ; it is only 
in special cases that these values can be found by Algebra. The 
following method will sometimes be found useful. 


Example, Find the value of 1 hl i TE 

The same law of formation holds for p, and q,; let us take ει. to denote 
either of them; then Ug = Nuy] IU as 
or us — (n 4-1) 4, 42 — (us, — Mny). 

Bimilarly, ug] fus gx — (ua a7 lu, s). 


tly — 4u4— — (ug - 9u); 
whence by multiplication, we obtain 


ty — (n4-1)u, 4 = (~ 177? (ug — δν). 


The first two convergents are - : 1 hence 


Pa- (n +1) Pai = (— 1p, qg—(n+1) n-i =(~ 1)”. 


Thus  — P. -Pma (- D ine - LN JE : 
Ep qe per^ E 
Άπ-ι _ Pn- E 113 Ta- 1 Iu 2 zs im 
n |n - 1 l ln : p è in-i |n : 
m Moode frati 
[3 2 3 3 2 3 
hi = 1 he το — 
[a 2 2 2 |2᾽ 
whence, by addition 
S.l l.l. (-1"-. 
inti B B* τ — tal 3 
EM gt: 1γν-4 
n+l 1-g d -β᾽ assos quei 9 


By making n infinite, we obtain 
Lin ?* - 14. (1 2 =) — 
, 4, £ ej e-i 


ioh is therefore the value of the given expression. 
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6. Shew that 
1 1 3 1 l 2 x 
(a+ uF Su a) * (a u cms 5) zz 2g, 
d l l — i — 1. 
aud το Rug JA. Gas 4a- 0] 7 Se dgi- 


- 


7. ln the continued fraction 


b b b 
a+ a+ a+ UC i 
shew that Pn+i™ Jn, bg 417 9p. 45D. -, 
b b b a? — BF 
8. Shew that a+ a+ a+ —X =b. Sri gett ; 
æ being the number of components, and a, 8 the roots of the equatior 
k? —ak — 5-0. 
9. Prove that the product of the continued fractions 
1 1) 1 1] 1 1 1 1 
— SE ag -d+ coU bus mad adp 
is equal to — 1. 
Shew that 
1, 2 3 8, 9 (51-51! σα) (2) (313) 
* T= 5- 13- 25- """ ni-(n41) 6 i 
11 2 3 8 43--1 A (n3) 
| l- 5- T- "7 22 +1 2 
2 3 4 n+l n+2 
12. gZ 32 jI ee" nt1— npom tit |&r dt... +|s 
1 1 2 8 "n—1 
13. IL g A — n+1— -....» m 8 — l. 
14 4 6 8 2n 4-2 ,, 2(0-1) 
| IF 24 8477774 77780 Tl 
15. 3.3 3.4 3.5 δα) (hel) 
. 1+ 2+ 3+ ΙΤ] 9. + 9406. "77 5e — 9 e. 
a b a+b ; ; 
16. lf w- δν ποτ ὃν aparen” each successive fractio 


being formed by taking the denominator and the sum of the numerat 
and denominator of the preceding fraction for its numerator and denom 
nator respectively, sew that wu. =Y- : . 
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17. Prove that the »'* convergent to the continued fraction 


a φ. ! 
E Cue —— ue E TL T . 18 E 
r-l— r+i-— r+l- mati] 


a, αυ πε l'a 
"^29 3 


18. Find the value of --... — — 

atl- «-1— αξἰ- 

αι, MH, €3,... being positive and greater than unity. 
1 ] | 

is equal to 


19. Shew that the 4" convergent to 1— - " 
1 1 1]. 1 
yy -.. th DUE y — E A : 
the (24 — 1) nvergent to 1 δ oda $E UU 
20. Shew that the 32!" convergent to 
| p dod: 1 1 35205 an 
5— 2- 1- 5- 2- l- 5— UVY © Bnl’ 
l 2 3 3 τ e 
— i gd 


21. Shew that TE xm e 


hence shew that e lies between 23 aud 28 


CONVERSION OF SERIES INTO CONTINUED FRACTIONS 


*447. It wiil be convenient here to write the series in the form 


1 ] ] ] 
----------...... T— 
Vu us 8 u 
1 ] 1 
Put -----------} 
u, Urti u, * x, 
then (u, + α) (uw, ir V.) mW εἰν 
4 u 2 
αν τς: —————— 
: U, + uel 


Henoe 
» u s 
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Similarly, 
l 1 ] 1 I ] 
- +4 — + — εν - le 2 SS — 
1, U 95 οι "X, "- 9, 
s 2 
l å w 008 
^ Wa — 9,4 9,- 4,3 V, 


and so on ; hence generally 


Frample 1. Express as a continued fraction the series 


1 z x rt 
-- + -- - ries 4(-1" -- ; 
ty αρα ded n, αραιά»... A 
1 T 1 
Put — — 
An Anini GEM 
then (“anty n) (a. 17 $)-74,0441; 
a,x 
e Yn -ᾱ 
y L| 
1 T 1 1 yt 
Hence — = — v. 
: 1 T a? 1 r/1 T 1 T 
Again, -—- --+- = ~= ------]------------------ 
αν dado «μή gg αμα’ Vo αραιά gg) 
1 ας 
y Qty- 
_ 1 aT um 
dot dQ—4 apor’ 
1 T T? x” 
and generally --- + ——-...+(-1)" 
= 1 Aet ax da T 
dot -e+ αρ -- tt αι” 4 


Fxarıple 2. Express. log (1+ 2) as a continued fraction. 
sI νὴ γή 
We have ] zr- M 
| e ha og (l+a)=2 Κω i 
The required expression is most simply deduced frum the continued 
fraction equivalent νο the series 
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By putting μμ." 


Gn «γι Sant Yn 7 
we obtain 


hence we have 


x at LU wt z at aut aar 
-- -- - ------ (UE V. — -r"a — — . 
dy «αν dy αι Ut dQ4—- VC Hadr Rod, μμ ο 
T l*r 22, Απο ᾿ 


oe log (17), , 2—r-c4 8-92:t4 4-47 


*448, In certain cases we may simplify the components of the 
continued fraction by the help of the following proposition : 


The continued fraction 


b b, b b ! 


αι + tet At a+ 
is equal to the continued fraction 


οὖ, ¢¢,0, οιοὖι ec D, 


9 
C0, + Cat σα. οἷα. - 
where C, Cys €,, €,,...-. . are any quantities whatever. 
b, b, 
Jet ἢ denote —3- - 4 ...... ; then 
a,+ at 
: : b c,6 
the continued fraction = —'., =: —'--,. 
+f, ¢a,+¢fi 
b, ò 
Let f, denote * —4 ...; then 
α,- αι + 
— eb, οισιόι 
p * ps 
αι f, ea,+e7, 
c cb. 


imi ο A ; whence tl iti 
| papal eu, Parle and so on; whence the proposition 
is established. 


H.H.A. 
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*EXAMPLES. XXXI. b. 
Shew that 


] ] ] ] 
les μα. -ί-1)-- 
QN th h th 4 
24 QM LM LL Me. 
Uot 14 = y+ — — t + Va — Un~y 
1 * 
g. E - i 
Ay Mt, Alty αραιαν... αι 
] dut CTE ἀμ... 
ᾱρ- a+r- qtr 75 αν +T 
3 r-] r rk) 3 
> r-2 — —— r+ l e r+ ως... 
2n, ] 1 1 | ; 
E nm, c. y is. 
4. xl 1042094 9 to n quotients 
] 1 ] 1 1 1 9 n? 
5. l+ tat e»... TOig 3— 5 — asco n+l ` 
δα 
e 12 92 oossoo (n 4-1); 1 er 1242 55595959 115 }- (n }- 1)3᾽ 
πα a ὃ 22r 3r 
T. € I+, πω 5333 4.4209 e. 
| | | l 1 d b ο 
8. =e πέος + Y —— 4 πο σος C4 —3 ---------- ε-νοοου 
a «ὦ aube abed a+ 6-14 c-14 d-14 
1,1 i 1 1 r D 75 
9. Pot at ott lt AT ple tall 
Jo 9" 9 ᾱ ey ed ὧν -3 
a+ a+ cu τάς ld Goa, αφ 77 Gs 1 
b ο a b c 
> au — 
ll |f r= ἀξ bt eph” » Q bx cx dts , 
shew that P (a4+14+Q)=a4+9. 
"I 
12. Shew that 1 — ο... +... 18 equal to the con- 
Φι is, a 4A 
tinued fraction -- 7 ad ., Where gi, ϐ Q4, ... are the 


denominators of the successive Eo MAR t 


CHAPTER XXXII. 
PROBABILITY. 


449, Derinition, lfan event can happen in a ways and fail in 
ὃ ways, and each of these ways is equally likely, the probability, 
or the chance, of its happening is στη , and that of its failing is 

b - 

a+b’ 

For instance, if in a lottery there are 7 prizes and 25 blanks, 
the chance that a person holding 1 ticket will win a prize is τ 

OR 

and his chance of not winning is 5 

450. The reason for the mathematical definition of pro- 
bability may be made clear by the following considerations : 


Tf an event can happen in a ways and fail to happen in ὦ 
ways, and all these ways are equally likely, we can assert that the 
chance of its happening is to the chance of its failing as a to b. 
Thus if the chance of its happening is represented by ka, where 
k is an undetermined constant, then the chance of its failing 
will be represented by Ab. 


'. chance of happening + chance of failing = & (a + 0) 


Now the event is certuin to happen or to fail; therefore the sum 
of the chances of happening and failing must represent certainty. 
If therefore we agree to take certainty as our unit, we have 


]-ἑ(α-ὀ) or k=; 
'. the chance that the event will happen 18 στι , 


and the chance that the event will not happen is y 


Cor. If mis the probability of the happening of an event, 
the probability of its not happening is 1 — p. 
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451. Instead of saying that the chance of the happening of 


an event is --- p? it is sometimes stated that the odds are a to b 


a 
in favour of the event, or b to a against the event. 


452.. The definition of probability in Art. 449 may be given 
in a slightly different form which is sometimes useful. If ο is the 
total number of cases, each being equally likely to occur, and of 
these a are favourable to the event, then the probability that the 


event will happen is =, and the probability that it will not 


happen is 1 -- ; 


Example 1. What is the chance of throwing a number greater than 4 
with an ordinary die whose faces are numbered from 1 to 6? 


There are 6 possible ways in which the die can fall, and of these two 
are favourable to the event required ; 


therefore the required chance =; = ᾿ i 
Ezample 2. From a bag containing 4 white and 5 black balls a man 
ws 8 at random; what are the odds against these being all black ? 


The total number of ways in which 8 balls can be drawn is ?C,, and 
the number of ways of drawing 3 black balls is 5C,; therefore the chance 
of drawing 3 black balls 
5 
49 . 


8 
C, 9.8.7 4 
Thus the odds against the event are 37 to 5 


Example 5. Find the chance of throwing at least one ace in a single 
throw with two dice. 


The possible number of cases is 6 x 6, or 86. 


An ace on one die may be associated with any of the 6 numbers on the 
other die, aud the remaining 5 numbers on the first die may each be asso- 
ciated with the ace on the second die; thus the number of favourable cases 
is 11. 


Therefore the required chance is i à 


Or we may reason as follows: 


There are 5 ways in which each die can be thrown so as not to give an 
ace; hence 25 throws of the two dice will exclude aces, That is, the chance 
of not throwing one or more aces is - so that the chance of throwing one 

f. 


; i 11 
&ce at least is 1—4., or 86 ' 
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Example 4. Find the chance of throwing more than 15 in one throw with 
8 dice. 


A throw amounting to 18 must be made up of 6, 6, 6, and this can occur 
in 1 way; 17 can be made up of 6, 6, 5 which can occur in ὃ ways; 16 may 
be made up of 6, 6, 4 and 6, 5, 5, each of which arrangements cun occur in 
3 ways. 

Therefore the number of favourable cases is 

1+3+3+3, or 10. 

And the total number of cases is 6%, or 216; 


i ; _ 10 5 
therefore the required chance = 216 = Tog ` 


Example 5. A has 8 shares in a lottery in which there are 3 prizes and 
6 blanks; B has 1 share in a lottery in which there is 1 prize and 2 blanks: 
shew that 4's chance of success is to /3’s as 16 to 7. 


A may draw 3 prizes in 1 way; 


€ 
he may draw 2 prizes and 1 blank in τς x6 ways; 


ΞΕ 


he may draw 1 prize and 2 blanks in 3 x . ways; 


the sum of these numbers is 64, which is the number of ways in which 4 can 


win & prize. Also he can draw 3 ticketa in ο. , or 84 ways; 


1.3.3 
therefore A's chance of ERR d. = 16 ; 
si 21 


H'8 chance of success is clearly : d 


therefore A’s chance : 18 ώμο: : 1 
21 3 
=16: 7. 
Or we might have reasoned thus: A will get all blanks in i S : g» OF 
... 20 5 
20 ways; the chance of which is g4' 8 τ’ 
therefore A’s chance of success = 1 — 2 = P ; 
21 21 


453. Suppose that there are a number of events A, B, C,..., 
of which one must, and only one can,.occur; also suppose that 
a, b, c,... are the numbers of ways respectively in which these 
events can happen, and that each of these ways is equally likely 
to occur; it is required to find the chance of each event. 


The ¢ntal number of equally possible ways is a+b+¢+..., 
and of these the number favourable to A is a; hence the chance 
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that A will happen is — Similarly the chance that B 


a+b+cr+... 


will saree a ae and so on. 

454. . From the examples we have given it will be seen that 
the solution of the easier kinds of questions in Probability requires 
nothing more than a knowledge of the definition of Probability, 
and the application of the laws of Permutations and Combina- 
tions. 


EXAMPLES, XXXII. a. 


1, Inasingle throw with two dice find the chances of throwing 
(1) five, (2) six. 


9. From a pack of 52 cards two are drawn at random; find the 
chance that one 1s & knave and the other & queen. 


3. A bag contains 5 white, 7 black, and 4 red balls: find the 
chance that three balls drawn at random are all white. 


4, If four coins are tossed, find the chance that there should be 
two heads and two tails. 


5. One of two events must happen: given that the chanca of the 
one is two-thirds that of the other, find the odds in favour of the other. 


6. If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 


__ T. Thirteen persons take their places at a round table, shew that 
it is five to one against two partioular persons sitting together. 


8. There are three events A, B, C, one of which must, and only 
one can, happen; the odds are 8 to 3 against A, 5 to 2 against B: find 
the odds against C. 


_ 9. Compare the chanees of throwing 4 with one die, 8 with two 
dice, and 12 with three dice. 


10, In shuffling a pack of cards, four are accidentally dropped; find 
the chance that the missing cards should be one from each suit. 


11. A has 3 shares in a lottery containing 3 prizes and 9 blanks; 


B has 2 shares in a lottery containing 2 prizes and 6 blanks: compare 
their chances of success. 


12. Shew that the chances of throwing six witk 4, 3, or 9 dice 
respectively are as 1:6: 18. 
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13. There aro three works, one consisting of 3 volumes, one of 4, 
and the other of 1 volume. They are placed on a shelf at random; 
prove that the chance that volumes of the same works are all together 


18 140° 


14. A and B throw with two dice; if A throws 9, find Βα chance 
of throwing a higher number. 


15. The letters forming the word Clifton are placed at random in 
a row: what is the chance that the two vowels come together ? 


16. In a hand at whist what is the chance that the 4 kings are 
held by a specitied player ! 


17. There are 4 shillings and 3 half-crowns placed at random in 
a line: shew that the chance of the extreme coins being both half- 


crowns is a Generalize this result in the case of m shillings and 


n half-crowns. 


455. We have hitherto considered only those occurrences 
which in the language of Probability are called Simple events. 
When two or more of these occur in connection with each other, 
the joint occurrence is called a Compound event. 


For example, suppose we have a bag containing 5 white 
and 8 black balls, and two drawings, each of three balls, are 
made from it successively. If we wish to estimate the chance 
of drawing first 3 white and then 3 black balls, we should he 
dealing with a compound event. 


In such a case the result of the second drawing might or 
might not be dependent on the result of the first. If the balls 
are not replaced after being drawn, then if the first drawing giver 
3 white balls, the ratio of the black to the white balls remaining 
is greater than if the first drawing had not given three white; 
thus the chance of drawing 3 black balls at the second trial 
is affected by the result of the first. But if the balls are re- 
placed after being drawn, it is clear that the result of the second 
drawing is not in any way affected by the result of the first. 


We are thus led to the following definition : 


Events are said to be dependent or independent according as 
the occurrence of one does or does not affect the occurrence of the 
others Dependent events are sometimes said to be contingent, 
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456. If there are two independent events the reapective pro- 
babilities of which are known, to find the probability that both will 
happen. 

Suppose that the first event may happen in « ways and fail 
in b ways, all these cases being equally likely ; and suppose that 
the secónd event may happen in @ ways and fail in 6’ ways, 
all these ways being equally likely. Each of the a + b cases may 
be associated with each of the a’ + δ’ cases, to form (a+ ὁ) (α΄ + 6’) 
compound cases all equally likely to occur. 

In aa’ of these both events happen, in 66’ of them both fail, 
in ab’ of them the first happens and the second fails, and in αὖ 
of them the first fails and the second happens. Thus 


, 


Gin £V) is the chance that both events happen ; 

Πατ) is the chance that both eventa fail ; 

acr is the chance that the first happens and tho second 
fails ; 

GTP is the chance that the first fails and the second 
happens. 


Thus if the respective chances of two independent events are 
p and p’, the chance that both will happen is pp. Similar 
reasoning wil apply in the case of any number of independent 
events. Hence it is easy to see that if p,, Pa p,,... are the 
respective chances that a number of independent events will 
separately happen, the chance that they will all happen is 
P, PaPa -.. ; the chance that the two first will happen and the rest 
fail is p,p, (1— p, (1 — p)...; and similarly for any other par- 
ticular case. 


457. If p is the chance that an event will happen in 
one trial, the chance that it will happen in any assigned suc- 
cession of r trials is χ᾽; this follows from the preceding article 
by supposing 

PiP FPF P. 

To find the chance that some one at least of the events will 
happen we proceed thus: the chance that all the events fail 
is (1-p)(1-p)(l—p5)..., and except in this case some one 
of the events must happen; hence the required chance is 


1-0 -2)0 -2) (172) --.- 
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Example 1. Two drawings, each of 8 balls, are made from a bag con 
taining 5 white and 8 black balls, the balla being replaced before the second 
trial: find the chance that the first drawing vill give 8 white, and the second 
8 black balls. 


The number of ways in which 3 balls may be drawn is 180., 
— ——— ον B white or μέρ 


‘ í 
Therefore the chance of 3 white at the first trial = a -ᾱ- p > = ds : 


and the chance of 3 black at the second trial 2 


therefore the chance of the compound event = j x — * bos : 
143 143 20449 


F.rample 2. Iu tossing a coin, find the chance of throwing head and tail 
alternately in 3 succussive trials. 


Here the first throw must give either head or tail; the chance that the 


second gives the opposite to the first is : , and the chance that the third throw 


: ; d 
is the same as the first is). 


Therefore the chance of the compound event = ᾽ Χ ; — 


Example ἃ. Supposing that it is 9 to 7 against a person d who 18 now 
85 years of ave living till he is 65, and 3 to 2 against a person B now 46 
living till he is 72; tind the chance that one at least of these persons will be 
alive 3U years heuce. 


The chance that A will die within 30 years is " 


the chance that B will die within 80 years is : : 
27 


32559 ϱ 
therefore the chance that both will die is 16 X zs or a0! 


therefore the chance that both will not be dead, that is that one at least will 
be alive, is 1-7, or ορ’ 

458. By a slight moditication of the meaning of the symbols 
in Art. 456, we are enabled to estimate the probability of the 
concurrence of two dependent events. For suppose that when the 
first event has happened, a’ denotes the number of ways in which 
the second event can follow, and δ΄ the number of ways in which 
it will not follow ; then the number of ways in which the two 
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events can happen together is aa‘, and the probability of their 
αα 
(a E: b) (w - 0). 
Thus, if p is the probability of the first event, and p' the 
contingent probability that the second will follow, the probability 
of the concurrence of the two events is py’. 


concurrence 18 


Example 1. In & hand at whist find the chance that a specified player 
holds both the king and queen of trumps. 

Denote the player by 4; then the chance that 4 has the king is clearly 
ae for this particular card can be dealt in 52 different ways, 18 of which fall 
to 4. The chance that, when he has the king, he can also hold the queen is 
then i for the queen ean be dealt in 51 ways, 12 of which fall to 4. 


51’ 
13 12 1 
Therefore tho chance required — 53 * 51717" 


Or we might reason as follows; 


The number of ways in which tle king and the queen can be dealt to A is 
equal to the number of permutations of 13 things 2 at a time, or 13. 12. 
And similarly the total number of ways in which the king and queen can be 
dealt is 52.5), 

18.12 1 


Therefore the chance = 52.51 17' &8 before. 


Example 2. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balla, the ba/'« not being replaced before the 
secund trial: tind the chance that the first drawing will give 8 white and 
the second 8 black bulls. 

At the first trial, 3 balls may be drawn in ?C, ways; 
and 3 white bails may be drawn in 5C, ways; 

; .1 5.4.13 12.11 6 
therefore the chance of 8 white at first trial — 1.3^ Toye "iia: 

When 3 white balls have been drawn &nd removed, the bag contains 
2 white and 8 black balls; 
therefore at the second trial 8 balls may be drawn in C, ways; 


and 3 black balls may be drawn in 5C, ways; 
therefore the chance of 3 black at the second trial 
_8.7 6 10.9.8 T. 
1.2.8 1.3.8  15' 
therefore the chance of the compound event 
o ας 
"M8" 15^ da" 
The student should compare this solution with that of Ex. 1, Art. 457. 
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459. If an event can happen in two or more different ways 
which are mutually exclusive, the chance that it will happen is 
the sum of the chances of its happening in these different ways. 


This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, how- 
ever, be proved as follows : 


Suppose the event can happen in two ways which cannot 

concur; and let p ; r be the chances of the happening of the 
i 9 " 

event in these two ways respectively. Then out of bb, cases 
there are a,b, in which the event may happen in the first way, 
and ab ways in which the event may happen in the second; 
and, these ways cannot concur. Therefore in all, out of b,b, cases 
there are a,b,+a,b, cases favourable to the event; hence the 
chance that the event will happen in one or other of the two 


ways is 


Similar reasoning will apply whatever be the number of ex- 
clusive ways in which the event can happen. 


Hence if an event can happen in n ways which are mutually 
exclusive, and if 7, P, p, ... p, are the probabilities that the 
event will happen in these diflerent ways respectively, the pro- 
bability that it will happen in some one of these ways is 


Example 1. Find the chance of throwing 9 at least in a single throw 
with two dice. 


9 can be made up in 4 ways, and thus the chance of throwing 9 is á 
10 can be made up in 8 ways, and thus the chance of throwing 10 is - ; 


11 can be made up in 2 ways, and thus the chance of throwing11 is , 


i 2.3 
12 can be made up in 1 way, and thus the chance of throwing 12 is TE 


Now the chance of throwing & number not less than 9 is the sum of these 


separate chances; 


è i 4+8+2+1 6 
—* the required chance = — -sg — *ig' 
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Example 2. One purse contains 1 sovereign and 8 shillings, a second 
purse contains 2 sovereigns and 4 shillings, and a third contains 3 sovereigns 
aud 1 shilling. 1f a coin is taken out of one of the purses selected at 
random, find the chance that it is a sovereign. 


Since each purse is equally likely to be taken, the chance of selecting 
the first is "n and the chance of then drawing & sovereign is 5 ; hence the 


chance of drawing a sovereign so far as it depends upon the first purse is 


T D or vi . Similarly the chance of drawing a sovereign so far as it 
depends on the second purse in x A or T &nd from the third purse the 


4 1 ne dr a or od V ers 3 


chance of drawing a sovereign is rir ce 2 R^ — 
1 1.1 4 PS wv 
^. the required chance — i; + 9 Ta φ᾽ 


460. In the preceding article we have seen that the pro- 
bability of an cvent may sometimes be considered as the sum of 
the probabilities of two or more separate events; but it is vory 
important to notice that the probability of one or other of 
a series of events is the sum of the probabilities of the separate 
events only when the events are mutually exclusive, that is, when 
the occurrence of one is incompatible with the occurrence of any 
of the others. 


Example. From 20 tickets marked with the first 20 numerals, one is 
drawn at random: find the chance that it is a multiple of 3 or of 7. 


The chance that the number is a multiple of 3 is : , and the chance that 


20 
it is a multiple of 7 is τ and these eventa are mutually exclusive, hence the 
. ἃ 6 2 2 
required chance is wtw 5° 


But if the question had been: find the chance that the number is a 
multiple of 3 or of 5, it would have been incorrect to reason as follows: 


Because the chance that the number is a multiple of 8 is 3 , and the 


chance that the number is a multiple of 5 is therefore the chance that 


4 1 
20 d 0° or 5. For the number on the ticket 


might be a multiple both of 8 and of 5, so that the two eventa considered 
are not mutually exclusive. 


- 
20’ 
it is a multiple of 3 or 5 is i 


. 461. It should be observed that the distinejion between 
Bimple and compound events is in many cases a purely artificial 
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one ; in fact it often amounts to nothing more than a distinction 
between two different modes of viewing the same occurrence. 


Erample. A bag contains ὔ white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black? 


(i) Regarding the occurrence as a simple event, the chance 
85 
Ξ(ὔ Χ T+C: 66 ; 


(ii) The occurrence may be regarded as the happening of one or other 
of the two following compound events : j 


(1) drawing a white and then s black ball, the chance of which is 
b 7 35 
12 * 11 * jg?! 
(2) drawing a black and then a white ball, the chance of which is 
(B x P or E 
12 1l1'  132' 
And since these events are mutually exclusive, the required chance 
85 45. 86 
~ 132 * 132~ 66° 
It will be noticed that we have here assumed that the chance of drawing 


two specified balls successively is the same as if they were drawn simul- 
taneously. A little consideration will shew that this must be the case, 


EXAMPLES. XXXII. b. 


1, What is the chance of throwing an ace in the first only of two 
successive throws with an ordinary die! 


2. Three cards are drawn at random from an ordinary pack: find 
the chance that they will consist of a knave, a queen, and a king. 


3. The odds against a certain event are 5 to 2, and the odds in 
favour of another event independent of the former are 6 to 5: find the 
chance that one at least of the events will happen. 


4, The odds against A solving a certain problem are 4 to 3, and 
the odds in favour of B solving the same problem are 7 to 5: what is 
the chance that the problem will be solved if they both try ? 


5. What is the chance of drawing a sovereign from a purse one 
compartment of which contains 3 shillings and 2 sovereigns, and the 
other 2 sovereigns and 1 shilling ! 


6. A bag contains 1" counters marked with the numbers 1 to 17. 
Α. counter is drawn and replaced; & &econd drawing is then made: 
what is the chince that the first number drawn is even and the second 
odd 1 LE 


- - = 
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7. Four persons draw each a card from an ordinary pack: find 
the chance (1) that a card is of each suit, (2) that no two cards are of 
equal value. 


8. Find the chance of throwing six with a single die at least onos 
in five trials. 


9. The odds that a book will be favourably reviewed by three 
independent critics are 5 to 2, 4 to 3, and 3 to 4 respectively; what is 
the probability that of the three reviews a majority will be favourable? 


«10, A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not replaced; what is the chance that they are alternately 
of different colours ? 


11, In three throws with a pair of dice, find the chance of throwing 
doublets at least once. 


12, If 4 whole numbers taken at random are multiplied together 
shew that the chance that the last digit in the product is 1, 3, 7, or 9 
. 16 
18 626 . 

19. In & purse are 10 coins, all shillings except one which is a 
sovereign; in another are ten coins all shillings, Nine coins are taken 
from the former puree and put into the latter, and then nine coins are 
taken from the latter and put into the former: find the chance that 
the sovereign is still in the first purse. 


714. If two coins are tossed 5 times, what is the chance that there 
will be 5 heads and 5 tails i 


‘45. If 8 coins are tossed, what is the chance that one and only 
one will turn up head? 


16. A, B, C in order cut a pack of cards, replacing them after each 
cut, on condition that the first who cuts a spade shall win a prize: find 
their respective chances. 


17. A and B draw from a purse containing 3 sovereigns and 
4 shillings: find their τ chances of first drawing a sovereign, 
the coins when drawn not being replaced. 


18. A party of ^ persons sit at a round table, find the odds against 
two specified individuals sitting next to each other, 


10, A is one of 6 horses entered for a ΗΝ 
one of two jockeys B and C. It is 9 to 1 that B rides A, in whio 
case all the horses are equally likely to win; if C rides A, his chance 
is trebled: what are the odds against his winning? ` 


20. Ifon an average 1 vessel in every 10 is wrecked, find the chance 
that out of 5 vessels expected 4 at least will arrive safely. 
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462. The probability of the happening of an event in one 
trial being known, required the probabitity of its happening once, 
twice, three times, ... exuctly in n trials. 


Let p be the probability of the happening of the event in 
a single trial, and let g=!—p; then the probability that the 
event will happen exactly r times in 7 trials is the (r+ 1)" term 
in the expansion of (g + p)". 


For if we sclect any particular set of 7 trials out of the total 
number n, the chance that the event will happen in every one of 
these r trials and fail in all the rest is p'g" " [ Art. 400], and as 
a set of r trials can be selected in "C, ways, all of which are 
equally applicable to the case in point, the required chance is 


r "T^ 


"t" p q 
If we expand (p+ g)' by the Binomial Theorem, we have 


"3g Ti r Ar 


—— etg 

thus the terms of this series will represent respectively the 
probabilities of the happening of the event exactly n times, n — 1 
times, n — 2 times, ... in n trials. 


ΡΟ pg +" CP 


463. If the event happens ον times, or fails only once, 
twice, ... (n — 7) times, it happens r times or more ; therefore the 
chance that it happens a£ least r times in σι trials is 


p+" pp" g "Cp og +. HCL QU. 


or the sum of the first n—7r+1 terms of the expansion of 
(p * 9)". 


Example 1. In four throws with a pair of dice, what is the chance of 
throwing doublets twice at least? 


1 
In & single throw the chance of doublets is m or -; and the chance of 


30' 6 
failing to throw doublets ise Now the required event follows if doublets 
are thrown four times, three times, or twice; therefore the i gii chance 
is the sum of the first three terms of the expansion of (s ξ +3) ° 


Thus the chance -glt 5+6. δ) = 7ñ m 
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Ezample9. A bag contains a certain number of balls, some of which are 
white; a ball is drawn and replaced, another is then drawn and replaced; 
and go on: if p is the chance of diawing a white ball in a single trial, find 
the number of white balls that is most likely to have been drawn in n trials. 


The chance of drawing exactly r white balls is *C,p"q*-*, and we have to 
find for what value of r this expression is greatest. 


Now ορια > Cap gt, 
so long as (n — TT 1)p»r4q, 
or (nr 1)p (p 9). 


But p+q=1; hence the required value of r is the greatest integer in 
p (n4 1). 


If n is such that pn is an integer, the most likely case is that of pn 
successes and qn failures. 


464. Suppose that there are » tickets in a lottery for a prize 
of £x; then since each ticket is equally likely to win the prize, and 
a person who possessed all the tickets must win, the money value of 


each ticket is £5; in other words this would be a fair sum to 
pay for each ticket; hence a person who possessed r tickets might 
reasonably expect £7 as the price to be paid for his tickets by 
any one who wished to buy them; that is, he would estimate 
£ x as the worth of his chance, It is convenient then to in- 
troduce the following definition : 


If p represents a person's chance of success in any venture 
and M the sum of money which he will receive in case of success, 
the sum of money denoted by pA is called his expectation. 


465. In the same way that evpectution is used in reference 
to a person, we may conveniently use the phrase probable value 
applied to things. 


Ezample 1, One purse contains 5 shillings and 1 sovereign: a second 
purse contains 6 shillings. Two coins arc taken from the first and placed in 
the second; then 2 are taken from the second and placed in the first; 
find the probable value of the contents of each purse. 


The chance that the sovereign is in the first purse is equal to the sum or 
the chances that it has moved twice and that it has not moved at all; 
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ο the chance that the sovereign is in the second pure, 


Hence the probable value of the first purse 


=i of 25s, +7 of 6s, — £1. Os. 8d, 


.. the probable value of the second purse 
z:31s, -- 2015, — 10s. 9d. 


Or the problein may be solved as follows: 
The probable value of the coins removed 
=; of 25s, =8}s.; 
the probable value of the coins brought back 
-i of (ôs. + 84x.) L— h AT IE- 


.*. the probable value of the first purse 
= (25 -- 83 + 944) shillings=£1. Os. 3d., us before, 


Example 2. A and B throw with one die for a stake of £11 which is to 
be won by the player who first throws 6. If A has the first throw, what are 
their respective expectations? 


" 

In his first throw A's chance is X in his second it is A x z x - because 

each player must have failed ὑπερ before 4 can have a second throw; in his 
R 

third throw his chance is (s) x ; because euch player must have failed 


twice; and so on. 


Thus A’s chance is the sum of the infinite series 


2 he (S) (ys... 


Similarly B's chance is the sum of the infinite series 


Be «Dye... 


'. 4 chance is to 1}; as 6 is to 5; their respective chances are therefore 


η end and their expectations are £6 and £5 respectively, 
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466. We shall now give two problems which lead to useful 
and interesting results. 


Ezample 1. Two players A and B want respectively m and n points of 
winning a ret‘ of games; their chances of winning a single game are p und g 
respectively, where the sum of p and g is unity; the stake is to belong to 
the player who first makes up his set: determine the probabilities in favour 
of each player. 


Suppose that A wins in exactly m+r games; to do this he must win the 
last game and m—1 out of the preecding m+r-—1 games. The chance of 
this is ®t"! Casi p"! q* p, or IC ἜΝ p" q*. 


Now the set will necossarily be decided in m 4-n — 1 games, and A may 
win his m games in exactly m games, or m+1 games, ... , or m+n—1 games; 
therefore we shall obtain the chance that A wins the set by giving to r the 
values 0, 1, 2, . . n- 1 in the expression **-10,. ιο”. Thus A's chance is 


TR á y ( t ) 2 [m5 -2 az 
p + mq + — : -— q + C τμ = —— (] 


n (n1) , m+n-3 E 
q” — —— — aes mai? p 


This question is known as the “ Problem of Points,” and has 
engagod the attention of many of the most eminent mathematicians 
since the time of Pascal. It was originally proposed to Pascal by 
the Chevalicr de Méré in 1654, and was discussed by Pascal and 
Fermat, but they confined themselves Lo the case in which the 
players were supposed to be of equal skill: their results were also 
exhibited in a diífcrent form. The formule we have given are 
assigned to Mont:nort, as they appear for the first timo in a work 
of his published in 1714. The same result was afterwards ob- 
tained in different ways by Lagrange and Laplace, and by the 
lattcr the problem was treated very fully under various modi- 
fications. 


Example 2. There are n dice with f faces marked from 1 to f; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p? 


Since any one of the f faces may be exposed on any one of the n dioe, 
the number of ways in which the dice may fall is f". 


Ness χω t SS Nt SIS, NIS, ο τας 


their sum je equal Vo the coefficient of aP in the expansion of 
(z! 2a uu Εν: 


for this coefficient arises out of the different ways i i dices 
1, 2, 8, ... f cam be taken go as to form p by addition. ανα 
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Now the above expression = ση (1+ 2+ 2°+...+2¢/-1)" 


— 


We have therefore to find the coefficient of z?-* in the expansion of 
(1- 27)" (1- z)7*. 


Now (1-2) m1 na/ Y 2M. aie n) αλ... 


and (-2)* 1 n2 4 20D pU EDO a, 


Multiply these series together and pick out the coefficient of z?-* in the 
product; we thus obtain 
n(n+2).(p—1) , m(n*D..(p- /- 1) 
p-n 0 pz 
420-71) n(n*1..(p-2/-1). 
1.2 ° |p-^-2f — 


where the series is to continue so long as no negative factors appear. The 
required probability is obtained by dividing this series by f". 


This problem is due to De Moivre and was published by him 
in 1730; it illustrates a method of frequent utility. 


Laplace afterwards obtained the same formula, but in & much 
more laborious manner; he applied it in an attempt to demon- 
strate the existence of a primitive cause which has made the 
planets to move in orbits close to the ecliptic, and in the same 
direction as the earth round the sun. On this point the reader 
may consult Todhunter’s Z/istory of Probability, Art. 987. 


EXAMPLES, XXXII. c. 


1. Ina certain game 4’s skill is to D's as 3 to 2: find the chance 
of A winning 3 games at least out of b. 


2, A coin whose faces are marked 2, 3 is thrown 5 times: what 
is the chance of obtaining a total of 12? 


3. In each of a set of games it is 2 to 1 in favour of the winner 
of the previous game: what is the chance that the player who wins 
the first game shall win three at least of the next four 


4, There are 9 coins in a bag, 5 of which are sovereigns and 
the rest are ugkuown coins of equal value; find what they must be if 
the probable value of a draw is 12 shillings. 
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5. A coin is tossed n times, what is the chance that the head will 
present itself an odd number of times? 


6. From a bag containing 2 sovereigns and 3 shillings a person 
is allowed to, draw 2 coins indiscriminately; find the value of his ex- 
pectation. — 


7. Six persons throw for a stake, which is to be won by the one 
who first throws head with a penny ; if they throw in succession, find 
the chance of the fourth person. 


8. Counters marked 1, 2, 3 are placed in a bag, and one is with- 
drawn and replaced. The operation being repeated three times, what 
is the chance of obtaining a total of 6? 


9. Acoin whose faces are marked 3 and 5 is tossed 4 times: what 
are the odds against the sum of the numbers thrown being less than 151 


10. Find the chance of throwing 10 exactly in one throw with 
3 dice. 


11. Two players of equal skill A and B, are playing a set of 
ames; they leave off playing when A wants 3 points and B wants 2. 
f the stuke is £16, what share ought each to take! 


12, A aud B throw with 3 dice: if A throws 8, what is B’s chance 
of throwing a higher number ? 


19, A had in his pocket a sovereign and four shillings; taking out 
two coins at random he promises to give them to Band C. What is 
the worth of C"s expectation ? 


14. In five throws with a single die what is the chance of throwing 
(1) three aces exactly, (3) three aces at least. 


15. A makes a bet with B of δε, to 2s. that in a single throw with 
two dice he will throw seven before B throws four. h bas a pair 
of dice and they throw simultaneously until one of them wins, equal 
throws being disregarded: find B’s expectation. 


16. A person throws two dice, one the common cube, and the other 
& regular tetrahedron, the number on the lowest face being taken in the 
case of the tetrahedron; what is the chance that the sum of the 
numbers thrown is not less than 5? 

17. A bag contains a coin of value M, and a number of other coins 
whose aggregate value is m. A person draws one at a time till he 
draws the coin M : find the value of his expectation. 


18, If θη tickets numbered 0, 1, 2, ...... 64, —1 are placed in a bag, 
and three are drawn out, shew that the chance that the sum of the 
numbers on them is equal to 67 is 

on 


(6-1) (n-9)' 
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*INVERSE PROBABILITY. 


*467. In all the cases we have hitherto considered it has been 
supposed that our knowledge of the causes which may produce a 
certain event is such as to enable us to determine the chance of 
the happening of the event. We have now to consider problems 
of a diflerent character, For example, if it is known that an 
event has happened in consequence of some one of & certain 
number of causes, it may be required to estimate the probability 
of each cause being the true one, and thence to deduce the pro- 
bability of future events occurring under the operation of the 
same causes. 


*468. Before discussing the general case we shall give a 
numerical illustration. 


Suppose there are two purses, one containing 5 sovereigns 
and ὃ shillings, the other containing 3 sovereigns and 1 shilling, 
and suppose that a sovereign has been drawn: it is required to 
find the chance that it came from the first or second purse. 


Cousider a very large number ΑΓ of trials; then, since before 
the event each of the purses is equally likely to be taken, we may 


assuine that the first purse would be chosen in Ly of the trials, 


ed 


. 5 ° . 
and in = of these a sovereign would be drawn ; thus a sovereign 


8 


would be drawn 9 x 1 N, or 


ἃ N times from the first purse. 


5 

16 
"The second purse would be chosen in ly of the trials, and in 

3 

4 of these a sovereign would be drawn ; thus a sovereign would 


be drawn PY times from tlie second purse. 

Now JN is very large but is otherwise an arbitrary number ; 
let us put Y= 165; thus a sovereign would be drawn 5» times 
from the first purse, and 6n times from the second purse; that is, 
out of the lln times in which a sovereign is drawn it comes 
from the first purse ὅτι times, and from the second purse 6a 
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times. Hence the probability that the sovereign came from the 


first purse is > , and the probability that it came from the 


PI 6 
second is — 


- 11^ 


*469. Τὺ is important that the student's attention should be 
directed to the nature of the assumption that has been made in 
the preceding article. "Thus, to take a particular instance, 
although in 60 throws with a perfectly symmetrical die it may 
not happen that ace is thrown exactly 10 times, yet it will 
doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the 
number of throws will tend more and more nearly to the limit 


l ; 
δ᾽ There is 110 reason why one face should appear oftener than 


another; hence in the long run the number of times that each of 
the six faces will have appeared will be approximately equal. 


The above instance is a particular case of a general theorem 
which is due to James Bernoulli, and was first given in the Ars 
Conjectandi, published in 1713, eight years after the author's 
death. Bernoulli's theorem may be enunciated as follows: 


If p is the probability that an event happens in a single trial, 
then if the number of trials ta indefinitely increased, it becomes a 
certainty that the limit of the ratio of the number of successes to the 
number of trials is equal to p; in other words, if the number of 
trials is N, the number of successes may be taken to be pN. 


See Todhunter’s //istury of Probability, Chapter vii. A proof 
of Bernoulli's theorem is given in the article Probability in the 


Encyclopedia Britannica. 


*470. An observed event has happened through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be n causes, and before the event took pluce suppose 
that the probability of the existence of these causes was estimated 
at Pi, P,, Py, P,- Let p, denote the probability that when the 
rè cause exists the event will follow: after the event has occurred 
it is required to find the probability that the r*'^.cause was the 
true one. 
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Consider a very great number JV of trials, then the first cause 
exists in Ρ,Δ of these, and out of this number the event follows 
in p,/,N ; similarly there are p,P,N trials in which the event 
follows from the second cause; and so on for each of the other 
causes. Hence the number of trials in which the event follows is 


(»,P, t p,P, * ... +p, P.) N, or NX(pD); 


and the number in which the event was due to the r'" cause is 
p,D.N ; hence after the event the probability that the γή cause 
was the true one is 

p,D,N + NX (pl); 


that is, the probability that the event was produced by the r®™ 
p, 


T 


X(pP) 


*471. It is necessary to distinguish clearly between the pro- 
bability of the existence of the several causes estimated before 
the event, and the probability after the event has happened of any 
assigned cause being the true one. The former are usually called 
a priori probabilities and are represented by P, P, P.,... δὲ; 
the latter are called a posteriori probabilities, and if we denote 
them by Q,, Q, Q,, ... Q,, we have proved that 


cause is 


where p, denotes the probability of the event oa the hypothesis 
of the existence of the 7" cause. 


From this result it appears that Σ(ῷ) -1, which is other- 
wise evident as the event has happened from one and only one 
of the causes. 


We shall now give another proof of the theorem of the pre- 
ceding article which does not depend on the principle enunciated 
in Art. 469. 


*479. An observed event has happened. through some one of a 
number of mutually exclusive causes: required to find the pro- 
bability of any assigned cause being the true one. 


Let there be » causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 
Pi, 1, PSP, Let p, denote the probability that when the 
rh cause exists the event will follow; then the antecedent proba- 
bility that the event would follow from the cause is p, P, 
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let Q, be the a posteriori probability that the r™ cause was the 
true oue; then the probability that the 7" cause was the true one 
is proportional to the probability that, if in existence, this cause 
would produce the event ; 


e 9 9$, _ 2 ασ. 1... 
. PP p,P, p. X(pb) X(pD)! 
2 PP, 
€ - (pP) 


Hence it appears that in the present class of problems the 
product P,p,, will have to be correctly estimated as a first step; 
in many cases, however, it will be found that P,, P,, P, ... are 
all equal, and the work is thereby much simplified. 


Example, There are 3 bags each containing 5 white balls and 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls: a black ball 
having been drawn, find the chance that it came from the first group. 


Of the five bags, 3 belong to the first group and 2 to the second; hence 


3 2 
Ῥις, Έστε. 


If a bag is selected from the first group the chance of diawing a black 


ball is - if from the second group the chance is 2 thus p, - T 2-5: 


6 6 
ove p,P — 95" PaP = pge 


Hence the chance that the black ball came from one of the first group is 
DUNS. 
5^ (35 7 25) ~ 43° 


*473. When an event has becn observed, we are able by 
the method of Art. 472 to estimate the probability of any 
particular cause being the true one; we may then estimate 
the probability of the event happoning in a second trial, or 
we may find the probability of the occurrence of some other 
event. 


For example, p, is the chance that the event will happen 
from the r^ cause if in existence, and the chance that the ;' 
cause is the true one is Q,; hence on a second trial the chance 
that the event will happen from the r cause is p,Q,. Therefore 
the chance that the event wil happen from some one of the 
causes on a second trial is X ( pQ). ° 
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Example. A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings: if these are replaced 
what is the chance that another drawing will give a sovereign ? 


This queetion may be interpreted in two ways, which we shall discuss 
separately. 


I. If we consider that all numbers of shillings are a priori equally likely, 
we shall have three hypotheses; for (i) all the coins muy be shiliings, (ii) 
three of them may be shillings, (iii) only two of them muy be shillings. 


1 1 
also n=l, Ριπο. Ps= 5° 


Hence probability of first hypothesis = 1+ (145 *tatíó F " Qi 


probability of second hypothesis -= ; > (1 + : + ) TN Um Qs: 


probability of third hypothesis =z + (1 + + i) — Ξ κ. 


Therefore the probability that another drawing will give a sovereign 


-(,x0) e (4,1) + (41) 


E. iE d 


74'10*4'10^ 40^ 8' 


II. If each coin is equally likely to be a shilling or a sovereign, by taking 


4 
the terms in the expanaion of [ + 3) , we sce that the chance of four 


iets cece, DET TE PM UN 
shillinys is ιο» οἱ three shillings is jg’ of two shillings is TU thus 
) 1 Fo 1 ) 6 . 
Pizie Τετ, Jy 
1 1 
also, as before, aL Pr=y> Pg 


(P 04 Os _ Qt 9, t Os - 1 
Henos 6 1ο ὁ T ^» vi’ 


Therefore the probability that another drawing will give a sovereign 


=(0x0)+ (9x7) 4 (Q1) 
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*474, We shall now shew how the theory of probability may 
be applied to estimate the truth of statements attested by wit- 
nesses whose credibility is assumed to be known. We shall 
suppose that each witness states what he believes to be the truth, 
whether his statement is the result of observation, or deduction, 
or experiment; so that any mistake or falsehood must be 
attributed to errors of judgment and not to wilful doceit. 


The class of problems we shall discuss furnishes a uscful 
intcllectual exercise, and although the results cannot be regarded 
as of any practical importance, it will be found that they confirm 
the verdict of common sense. 


*475. When it is asserted that the probability that a porson 
speaks the truth is p, it is meant that a largo number of state- 
ments made by him has been examincd, and that p is the ratio 
of those which are true to the whole number. 


*476. Two independent witnesses, 4 and B, whose proba- 
bilities of speaking tho truth are p and p' respectively, agree in 
making & certain statement: what is the probability that the 
statement is true 


Here the observed event is the fact that A and B make the 
same statemont. Before the event there are four hypotheses; for 
A and B may both speak truly ; or 4 may speak truly, B falsely; 
or A may speak falsely, R truly; or 4 and B may both speak 
falsely. The probabilities of these four hypotheses are 


pp, pil—p’), p(l—p), (l-p)(l-p) respectively. 


Hence after the observed event, in which A and B make the 
same statement, the probability that the statement is true is to 
the probability that it is false as pp’ to (1 — p) (1 — p^) ; that 
is, the probability that the joint statement is true is 


καπ. Ἕν. 
pp’ +(1—p) 1-2) 
Similarly if a third person, whose probability of speaking the 


truth is p", makes the same statement, the probability that the 


statement is true is 
Jy. M 


ang so on for any number of persons, 
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*477. In the preceding article it has been supposed that we 
have no knowledge of the event except the statement made by A 
and D; if we have information from other sources as to the 
probability of the truth or falsity of the statement, this must be 
taken into account in estimating the probability of the various 
hypotheses. 


For instance, if A and B agree in stating a fact, of which 
the α priori probability is P, then we should estimate the pro- 
bability of the truth and falsity of the statement by 


Ppp’ and (1— P) (1 - p) (1 — p') respectively. 


Example. There is a raffle with 12 tickets and two prizes o £9 and £3. 
A, B, C, whose probabilities of speaking the truth are 4, 2, ἃ respectively, 
report the result to D, who holds one ticket. 4 and B assit that he has 
won the £9 prize, and C asserts that he has won the £3 prize; what is D's 
expectation: 

Three cases are possible; D may have won £9, £3, or nothing, for 4, B, 
C may all have spoken falsely. 

Now with the notation of Art. 472, we have the a priori probabilities 
1 1 10 
pgs στον Ps p 


1 Rig ade ας ον us unc ο 
aiso Ροκ X57 G0? Ai73X 3X B7 gg 28 δῦ! 


P 


hence D’s expectation =o of £945, of £3 z£l. 13s. 4d. 

*478. With respect to the results proved in Art. 476, it 
should be noticed that it was assumed that the statement can be 
made in two ways only, so that if all the witnesses tell falsehoods 
they agree in telling the same falsehood. 


Tf this is not the case, let us suppose that c is the chance 
that the two witnesses A and B will agree in telling the same 
falsehood ; then the probability that the statement is true is to 
the probability that it is false as pp’ to c(1 — p) (1— p’). 

As a general rule, it is extremely improbable that two 
independent witnesses will tell the same falsehood, so that c is 
usually very small; also it is obvious that the quantity c becomes 
smaller as the number of witnesses becomes greater. These con- 
siderations increase the probability that & statement asserted by 
two or morp independent witnesses is true, even though the 
credibility of each witness is small. 
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Ezample. A speaks truth 8 times out of 4, and B 7 times out of 10; they 
both assert that a white ball has been drawn from a bag containing 6 balls 
all of different colours: find the prohahility of the truth of the assertion. 

There are two hypotheses; (i) their coincident testimony is true, (ii) it is 
false. wo 


. 5 
Here P6 P, 


for in estimating p, we must take into account the chance that A and B will 
both select the white ball when it has not been drawn ; this chance is 


1 x 1 1 
5 5b 25° 
Now the probabilities of the two hypotheses are as P,p, to P,p,, and 
therefore as 35 to 1; thus the probability that the statement is true is 36° 


*479, The cases we have considered relate to the probability 
of the truth of concurrent testimony; the following is a case of 
traditionary testimony. 


If A states that a certain event took place, having received an 
account of its occurrence or non-occurrence from B, what is the 
probability that the event did take place? 


The event happened (1) if they both spoke the truth, (2) if 
thev both spoke falsely; and the event did not happen if only 
one of them spoke the truth. 


Let p, p' denote the probabilities that 4 and B speak the 
truth; then che probability that the event did take place is 


pp * (1 -») (1-2), 
and the probability that it did not take place is 


p(l-p)«p(l-p) 


*480. The solution of the preceding article is that which has 
usually been given in text-books; but it is open to serious objec- 
tions, for the assertion that the given event happened if both 4 
and B spoke falsely is not correct except on the supposition that 
the statement can be made only in two ways. Moreover, 
although it is expressly stated that A receives his account from 
B, this cannot general be taken for granted as it rest& on 
A's tektimony. : 
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A full discussion of the different ways of interpreting the 
question, and of the different solutions to which they lead, will be 
found in the Educational Times Reprint, Vols. xxvii. and xxxi. 


*EXAMPLES, XXXII. d. 


1. There are four balls in a bag, but it is not kuown of what 
colours they are; one ball is drawn and found to be winte: find the 
chance that all the balls are white. 


2. In a bag there are six balls of unknown colours; three balls 
are drawn and found to be black; find the chance that no black ball 
is left in the bag. 


3. A letter is known to have come either from London or Clifton; 
on the postmark only the two consecutive letters ON are legible; what 
is the chance that it came from London ? 


4, Before a race the chances of three runners, A, D, €, were 
estimated to be proportional to 5, 3, 2; but during the race A meets 
with an accident which reduces his chance to one-third. What are now 
the respective chances of B and 61 


5. A purse contains n coins of unknown value; a coin drawn at 
random is found to be a sovereign; what is the chance that it is the 
only sovereign in the bag ? 


6. A man has 10 shillings and one of them is known to have two 
heads. He takes one at random and tosses it 5 times and it always 
falls head : what is the chance that it is the shilling with two heads? 


7. A bag contains 5 balls of unknown colour; a ball is drawn 
and replaced twice, and in each case is found to be red: if two bulls 
are now drawn simultaneously find the chance that both are red. 


8, A purse contains five coins, each of which may be a shilling 
or a sixpence; two are drawn and found to be shillings: find the prob- 


able value of the remaining coins. 


9. Adie is thrown three times, and the sum of the three numbers 
thrown is 15: find the chance that the first throw was a four. 


10. A speaks the truth 3 out of 4 times, and B 5 out of 6 times: 
what is the probability that they will contradict each other in stating 
the same fact ? 
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11. A speaks the truth 2 out of 3 times, and B 4 times out of 5; 
they agree in the assertion that from a bag containing 6 balls of different 
— a red ball has been drawn: find the probability that the state- 
ment is true., 


12. One of a pack of 52 cards has been lost; from the remainder 
of the pack two cards are drawn and are found to be spades; find the 
chance that the missing card is a spade, 


13. There is a raffle with 10 tickets and two prizes of value £5 
and £1 respectively. A holds one ticket and is informed by 3 that 
he has won the £5 prize, while C asserts that he has won the £1 prize: 
what is A's expectation, if the credibility of B is denoted by $, and 
that of C by 3? 


14, A purse contains four coins; two coins having been drawn are 
found to be sovereigns; find the chance (1) that all the coins are 
sovereigns, (2) that if the coins are replaced another drawing will give 
8 sovereign. 


15. P makes a bet with Q of £8 to £120 that three races will be 
won by the three horses A, B, C, against which the betting is 3 to 2, 
4 to 1, aud 2 to 1 respectively. The first race having been won by A, 
and it being known that the second race was won either by Z, or b 
a horse D agaihst which the betting was 2 to 1, find the value of P’s 
expectation. 


16. From a bag containing » balls, all either white or black, all 
numbers of each being equally likely, a hall is drawn which turns out 
to be white; this is Pe cnl and another ball is drawn, which also 
turns out to be white. lf this ball is replaced, prove that the chance 


of the next draw giving a black ball is 5 (n — 1) (941). 


17. If mn coins have been distributed into m purses, n into each, 
find (1) the chance that two specified coins will be found in the same 
purse; and (2) what the chance becomes when r purses have been 
examined and found not to contain either of the specified coins. 


18. A, B are two inaccurate arithmeticians whose chance of solving 
a given question correctly are } and Ὡς respectively; if they obtain the 
same result, and if it is 1000 to 1 against their making the same 
mistake, find the chance that the result is correct. ` 


19. Ten witnesses, each of whom makes but one false statement in 
six, agree in asserting that a certain event took place; shew that the 
odds are five to one in favour of the truth of their statement, even 


1 : l 
although the a priori probability of the event is as small as PTI’ 
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LOCAL PROBABILITY. GEOMETRICAL METHODS. 


*481. The application of Geometry to questions of Pro- 
bability requires, in general, the aid of the Integral Calculus; 
there are, however, many easy questions which can be solved by 
Elementary Geometry. 


Ezample 1. From each of two equal lines of length Z a portion is cut 
off at random, and removed: what is the chance that the sum of the 
remainders is less than 1? 


Place the lines parallel to one another, and suppose that after cutting, 
the right-hand portions are removed. Then the question is equivalent to 
asking what is the chance that the sum of the right-hand portions is greater 
than the sum of the left-hand portions. It is clear that the first sum is 
equally likely to be greater or less than the second; thus the required 
probability is ; j 
Cor. Each of two lines is known to be of length not exceeding 1: the 


chance that their sum is not greater than { is à" . 


Example 2. If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one must be equal to or greater than each cf the other 
two; denote its length by 7. Then all we know of the other two lines is that 
the length of each lies between 0 andl. But if each of two lines is known to 
be of random length between 0 and l, it is an even chance that their swn 
is greater than l. [Ex. 1, Cor.] 


Thus the required result follows. 


Example 8, Three tangents are drawn at random to a given circle; 
shew that the odds are 3 to 1 against the circle being inscribed in the triangle 
formed by them. 


K 


Draw three random lines P, Q, R, in the same plane us the circle, and 
draw to the circle the six tangenta parallel to these lines, 
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Then of the 8 triangles so formed it is evident that the circle will be 
encribed to 6 and inscribed in 2; and as this is true whatever be the original 
directions of P, Q, R, the required result follows. 


— 
*482. Quéstions iu Probability may sometimes be con- 
veniently solved by the aid of co-ordinate Geometry. 


Example. On a rod of length a+b+c, lengths a, b are measured at 
random: find the probability that no point of the measured lines will 
coineide. 

Let AB he the line, and suppose AP=z and PQ=a; also let a be 
measured from P towards B, so that x must be less than b+c. Avain let 
AP' - y, P'Q'-b, and suppose P'G' measured from I” towards I7, then y must 


be less than a +e. 
Now in favourable cases we must have AP'— AQ, or else AP — AQ’, 


hence Y> a+ s OF dob ο ise taa ro cda (1). 
Again for all the cases possible, we must have 


r0, and <b+e 
T ο... 8). 
y -0, and --α--οᾖ 
Take a pair of rectangular axes and make OX equal to b4 c, and OY 
equal to a +c. 


Draw the line y=a"+.r, represented by TML in the figure; and the line 
gb y represented by AN, 


A P Ὁ 2 
— — — — — — (le amaaan s es ef — — =a yton j 
A P QUE απ, 


Then YM, KX are each equal to c, OM, OT axe each equal to a. 


The conditions (1) are only satisfied by points in the triangles MYL and 
KXR, while the conditions (2) are satisfied by any points within the rect- 
angle OX, OY; 


ο the required ch - 
req — (a +e) (b -- ο) 


*483. "We shall close this chapter witKisome Miscellaneous 
Examples. 


Ezample l. A box is divided into m equal compartments into which n 
balls are thrown at random; fiud the probability that there will be p com- 
partments each containing a bulls, y compartinents each containing b halls, 
r compartments each containing c balls, and go on, where : 


pat qh re... mn 
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Since each of the n balls can fall into any one of the m compartments 
the total number of cases which can occur is m", and these are all equally 
likely, To determine the number of favourable cases we must find the 
number of ways in which the n balla can be divided into p, q, r, ... parcels 
containing a, b, c, ... balls respectively. 


First choose any s of the compartments, where s stands for p+q+r+...3 
m 
the number of ways in which this can be done is m — (1). 


|e |m -8 
Next subdivide the s compartments into groups containing p, q, σι... 
severally; by Art. 147, the number of ways in which this can be done is 


Lastly, distribute the n balls into the compartments, putting a into each 
of the group of p, then b into each of the group of g, c into each of the 
group of r, and so on. The number of ways in which this can be done is 


LEN x 
οκ ια ee ee (3) 


Hence the number of ways in which the balls can be arranged to satisfy 
the required conditions is given by tho product of the expressions (1), (2), (8). 
Therefore the required probability is 


νην... ERN 
m" (Ja)? (|»)* (|e)" — IP aq Μον |n-p-4-7T---- 


— — es 


Fzample 2. A bag contains n balls; k drawings are made in succession, 
and the ball on each occasion is found to be white: find the chance that tlie 
next drawing will give a white ball; (i) when the balls are replaced after 
each drawing; (ii) when they are not replaced. 


(i) Before the observed event there are n+1 hypotheses, equally likely; 
for the bag may contain 0, 1, 2, 8,... white bails, Hence following the 
notation of Art. 471, 


Py =P, = Py=Ps=...= Pas 


11 gs 8 * nM 
&nd 970, ».-(7) " Pa -Ὦ) 5 2Dj7 n BITTE , Pn = ^ è 


Hence after the observed event, 
QT πμ 
Now the chance that the next drawing will give & white ball - zl Ωρ; 


; Leth DAT Amg.. pnt 

thus the ὡς κάν. chance =O) COBRA EE. LS ^! 
ard the value of numerator «nd denominator may be found by Art. 40". 
^ H.H.A. 
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In the particular case when k- 2, 
n(n+1))?__ n (n1) (2n 1) 
2 pd esp 


ο 8(n+1) 
~ 2(2n+1)° 


the required chance = | 


If n is indefinitely large, the chance is equal to the limit, when n is in- 
1 nèt? yt 


finite, of πα ὑπ 
. k+1 
&nd thus the chance is — 


(ii) If the balls are not replaced, 


T τ--1 r-2 r-k41 


τα ni’ n-2 ER! 
and Q.=/r= (r= kl) (r-kee2)....(r-1mr 
“Pr X(r-kcl)(r-&42)...... (r-1)r 
r=0 
- — ——— 
κ. (n= k 4-1) (n — k 4- 2) ...... (n -1)n (n4 1)' [Art, 594} 
The chance that the next drawing will give a white balle = τί f Qr 
r=0 7^7 
k+1 jra l . 
αι celos aud) miU ἀν, 
= ας Bin El)... nint T) 
— (n - k) (n - k 4 1) ...... n(n+1) ` k+2 
S dus 
k2’ 


which is independent of the number of balis in the bag at first. 


Ezample 9. A person writes n letters and addresses n envelopes; if the 
letters are placed in the envelopes at random, what is the probability that 
every letter goes wrong? 


Let u„ denote the number of ways in which all the letters go wrong, and 
let abcd ... represent that arrangement in which all the letters are in their 
own envelopes. Now if a in any other arrangement occupies the place of an 
assigned letter b, this letter must either occupy a's place or some other, 


(i) Suppose b occupies a’s place. Then the number of ways in which 
all the remaining n —2 letters can be displaced is u,_,, and therefore the 
numbers of ways in which a may be displaced by interchange with some one 
of the other n — 1 letters, and the rest be all displaced is (n — 1) u,_,. 
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(ti) Suppose a occupies b's place, and b does not occupy a'&. Then in 
arrangements satisfying the required conditions, since a is fixed in b'a piace, 
the letters b, c, d, ... must be all displaced, which ean be done m u,- wuys; 
therefore the number of ways in whieh a occupies the place of another letter 
but not by interchange with that letter is (n -- 1) u,.,; 

uy —(n-l)(nQ-, uuu); 
from which, by the method of Art. 444, we find u, - nu,., —( - 1)” (u; - uj). 


Also u,=0, u,—1; thus we finally obtain 


ΝΗ; 
n= [n p. Bu ΠΩ f 
Now the total number of ways in which the r things can be put in n 
places is |n ; therefore the required chance is 
12 1,1 / Cm 
a t E 
The problem here involved is of considerable interest, and in 
some of its many modifications has maintained a permanent place 
in works on the Theory of Probability. It was first discussed 
by Montmort, and it was generalised by De Moivre, Euler, and 
Laplace. 


*484. The subject of Probability is so extensive that it is 
impossible here to give more than a sketch of the principal 
algebraical methods. An admirable collection of problems, illus- 
trating every algebraical process, will be found in Whitworth’s 
Choice and Chance; and the reader who is acquainted with the 
Integral Calculus may consult Professor Crofton’s article Proba- 
bility in the BLucyclopedia Britannica, A complete account of 
the origin and development of the subject is given in Todhunter’s 
History of the Theory of Probability Jrom the time of Pascal to 
that of Laplace. 


The practieal applieations of the theory of Probability to 
commercial transactions are beyond the scope of au elementary 
treatise; for these we may refer to the articles Li» nusties and 
Insurance in the Encyclopedia Britannien. 


*EXAMPLES. XXXII e. 


1. What are the odds in favour of throwing at least 7 in a single 
throw with two dice? 


2. In purse there are 5 sovereigns and 4 shillings. If they are 
drawn out one by one, what is the chance that they come out sovereigns 


y, beginning with a sovereign i 
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. If on an average 9 ships out of 10 return safe to port, what 
is the chance that out of 5 ships expected at least 3 will arrive ? 


4. In a lottery all the tickets are blanks but one; each person 
draws a ticket, and retains it: shew that each person has an equal 
chance of drawing the prize. 


5. One bag contains 5 white and 3 red balls, and a second bag 
contains 4 white and 5 red balls. From one of them, chosen at random, 
two balls are drawn: find the chance that they are of different colours. 


6. Five persons A, B,C, D, E throw a die in the order named 
until oue of thein throws an ace: find their relative chances of winning, 
supposing the throws to continue till an ace appears. 


. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 


8. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in 
the case of the tetrahedron; find the average value of the throw, and 
compare the chances of throwing 5, 6, 7. 


9. As skill is to Bs as 1 : 3; to C’s as 3 : 2; and to D’s as 4 : 3: 
find the chance that A in three trials, one with each person, will succeed 
twice at least. 


10. A certain stake is to be won by the first person who throws 
an ace with an octahedral die: if there are 4 persons what is the 
chance of the last ? 


11. Two players A, B of equal skill are playing a set of games; A 
wants 2 games to complete the set, and B wants 3 games: compare 
their chances of winning. 


12. A purse contains 3 sovereigns and two shillings: & person 
draws one coin in each hand and looks at one of them, which proves 
to be a sovereign ; shew that the other is equally likely to be a sovereign 
or a shilling. 


19. A and B play for a prize; A is to throw a die first, and is to 
win if he throws 6. If he fails B is to throw, and to win if he throws 
6 or 5. If he fails, 4 is to throw again and to win with 6 or 5 or 4, 
and so on: find the chance of each player. 


14. Seven persons draw lots for the occupancy of the six seats in 
a first class railway compartment : find the chance (1) that two specified 
persons obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. 


15. A number consista of 7 digits whose sum is 59; prove that the 


chance of its being divisible by 11 is κ : 


15. Find the chance of throwing 12 im a single throw with 3 dioe, 
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17, A bag contains 7 tickets marked with the numbers 0, 1, 2,...6 
respectively. A ticket is drawn and replaced; find the chance that 
after 4 drawings the sum of the numbers drawn is 8. 


18. "There are 10 tickets, 5 of which are blanks, and the others are 
marked with the numbers 1, 2, 3, 4, 5: what is the probability of 
drawing 10 in three trials, (1) when the tickets are replaced at every 
trial, (2) if the tickets are not replaced ? 

19. If 2 integers taken at random are multiplied together, shew 

» ^ 

that the chance that the last digit of the product is J, 3, 7, or 9 is er 
ae . 49 -- 238 ; : . on—4* 

the chance of its being 2, 4, 6, or 8 is — 1 of its being 5 is oR? 


hu 
n. n. hn » 
and of its being 0 i: 10 n ‘+4 


20. A purse contains two sovereigns, two shillings and a metal 


dummy of the same form and size; a person is allowed to draw out one 
at a time till he draws the dummy: find the value of his expectation. 


21. A certain sum of money is to hc given to the one of three 
persous A, B, C who first throws 10 with three dice; supposing them 
to throw in the order named until the event happens, prove that their 
chances are respectively 


( ? 56 id ea) 
τ3)' iae "X (a): 


29. Two persons, whose probabilities of speaking tle truth are 


: and - respectively, assert that a specified ticket has been drawn out 


of a bag containing 15 tickets: what is the probability of the truth of 
the assertion { 


23. A bag contains ninth) counters, of which ono is marked 1, 


two are marked 4, three are marked 9, and so on; a person puts in his 
hand and draws out a counter at random, and is to receive as many 
shillings as the number marked upon it: find the value of his ex- 
pectation. 


24. If 10 things are distributed among 3 persons, the chance of 


; . 150 
& particular person having more than 5 of then is i x à 


25. If a rod is marked at random in n points and divided at 
those points, the chance that none of the parts shall be greater than 


1 . 1 
«th of the rod is —. 
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26. There are two purses, one containing three sovereigns and a 
shilling, and the other containing three shillings and a sovereign. A coin 
is taken from one (it is not known which) and dropped into the other; 
and then on drawing a coin from each purse, they are found to be two 
shillings, What are the odds against this happening again if two more 
are drawn, one from each purse ? 


27. Ifa triangle is formed by joining three points taken at random 
in the circumference of a circle, prove that the odds are 3 to 1 against 
its being acute-angled. 


28. Three points are taken at random on the circumference of a 
circle: what is the chance that the sum of any two of the arcs so 
determined is greater than the third? 


29. A line is divided at random into three parts, what is the chance 
that they form the sides of a possible triangle? 


30. Of two purses one originally contained 96 sovereigns, and the 
other 10 sovereigns and 15 shilings. One purse is taken by chance 
aud 4 coins drawn out, which prove to be all sovereigns: what is the 
chance that this purse contains only sovereigns, and what is the prob- 
able value of the next draw from itl 


91. Ona straight line of length a two points are taken at random; 
find the chance that the distance between them is greater than b. 


32. A straight line of length a is divided into three parts by two 
points taken at random; find the chance that no part is greater than 6. 


33. If on a straight line of length a+b two lengths a, b are 
measured at random, tle chance that the common part of these lengths 


8 
Shall not exceed c is ^ , where c is less than a or b; also the chance 


that the smailer length b lies entirely within the larger a is — í 


34. If on a straight line of length a+b+c two lengths a, b 
are measured at random, the chance of their not having a common 


ing d is — 2 

part αν wur rayo D) 

35. Four passengers, 4, B, C, D, entire strangers to each other, are 
travelling in a railway train which contains 7 first-class, m second-class, 
and n third-class compartments. A aud B are gentlemen whose re- 
spective a priori chances of travelling first, second, or third class are 
represented in each instance by A, m, v; O and D are ladies whose 
similar @ priori chances are each represented by i, m, m. Prove 
that, for all values of A, pu, » (except in the particular case when 
λ τμ iym] |m : n), Aand B are more likel to be found both in the 
company of the same lady than each with a different one, 


» where d is less than either a or 5, 


CHAPTER XXXTII. 
DETERMINANTS. 


485. "Tux present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight 
introductory sketch here given will enable a student to avail 
himself of the advantages of determinant notation in Analytical 
Geometry, and in some other parts of Higher Mathematics; 
fuller iuformation on this branch of Analysis may be obtained 
from Dr Salmon's Lessons Jutroductory to the Modern Higher 
Algebra, and Muir's Theory of Determinants. 


486. Consider the two homogeneous linear equations 
ax+by=0, 
ag +by=0; 


multiplying the first equation by b, the second by ὁ,, sub- 
tracting and dividing by x, we obtain 


a,b, — a,b, = 0. 
This result is sometimes written 
η 5, |Ξ0, 
I b 


and the expression on the left is called a determinant. It consists 
of two rows and two columns, and in its expanded form each 
term is the product of two quantities; it is therefore said to be 
of the second order. 


The letters a,, b, a,, b, are called the constituents of the 
determinant, and the terms a,5,, a,b, are called the elements, 
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487. Since 
|a b 


=a,6,-a,b,=| a, a, 
3 b, b, 

it follows that the value of the determinant is not altered by chang- 

tng the rows into columns, and the columns into rows. 

αι 5, |= -- 

b, a 


a, bp; 
2 3 b, | * bf 


that is, if we interchange two rows or two columns of the deler- 
minant, we obtain a determinant which differs from it only in sign. 


je b 


488. Again, it is easily seen that 


, and 


ja b 
a, b 


b, a, 


489. Let us now consider the homogeneous linear equations 

αρ + by + σι” =O, 
(3X +b y +e,- 0, 
ao + by es 0. 

By eliminating z, y, z we obtain as in Ex. 2, Art. 16, 

a, (b,c, — Dc) + b, (e, — ¢,4,) + c (a b, — αὖ) = 0, 
ΙΞ0. 
| 


or a 


i be, | | C, 4 la 


b, ος αἱ ο. a, |+e,| a, b 
a 8 3 b, 


This eliminant is usually written 


a b, ο, |Ξ0, 
a, b, e. 
6, b, es 


and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the 
third order. 

490. By a rearrangement of terms the expanded form of 
the above determinant may be written 


a, (b.e, = b,c,) ται (ὄμο E bo) * a. (bie, 7 5,6), 
or a |ò, b, |--αι b, δ, |1αι.| b, 5, 
6 ὁ 6, 9, 6, 6, 
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hence 
| a, b, Gj- ὦ, G a, 
| 
la, b, οι b, b, bl 
l 
a, b, C ! e Ca ο, 


that is, the value of the determinant is not altered by changing the 
rows into columns, and the columns into rows. 


49]. From the preceding article, 


b ο: Ξαι b, ος |+a,[ b, οι |1αι| b, οι | 
a, b, C, b, C. b, C, b, €, | 
b, 6, 
=a, | b ο |—-«| 6, οι tef b, ὁ |...... (1) 
! 6, c, b, c, | 'b ο 
Also from Art. 489, 
a, b, c, |-αι, 5, δια, ο {+e | a, ^, (3). 
a ὑ, €, | b, ο a, ο, a,b, 
a, b. c, 


We shall now explain a simple method of writing down the 
expansion of a determinant of the third order, and it should be 
noticed that it is immaterial whether we develop it from the first 
row or the first column. 


v 


From equation (1) we see that the coefficient of any one of 
the constituents α,, ας, a, is that determinant of the second order 
which is obtained by omitting the row and column in which 
it occurs. These determinants are called the Minors of the 
original determinant, and the left-hand side of equation (1) may 


be written 
a À, — a.d , + a,4,, 
where 4,, 4,, A, are the minors of a,, αρ a, respectively. 


Again, from equation (2), the determinant is equal to 
a, Á, — b,B, * eC, : 


where 4., A, C, are the minors of a,, b, c, respectively 
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492. The determinant a, b c, 


a, b, C, 


^ 
37? T VECES 


=a (b.c, — ὄ,ο,) + 0, (¢,a, — (ας) + c, (a,b, — a,b.) 


κ b ^e, E ἄχος) i a, (eb, = σι) 7 e (ban, P δια); 


hence 
$ | a, b, ¢ |=-,6 a € 

pt 
δι 1a, b, c, b, a, οι 
| a, b, e b, a, C 


Thus it appears that if two adjacent columna, or rows, of the 
determinant are interchanged, the sign of the determinant is 
changed, but tts value remains unaltered. 


Tf for the sake of brevity we denote the determinant ? 
a, ὦ, οι 
a, b, 6, 
a, b, e 


by (a,b,c,), then the result we have just obtained may be written 
(bac) = — (a,b,c). 


Similarly we may shew that 
(c,a,5,)  — (a,c,5,) = + (a, b,e,). 


fics If two rows or two columns of the determinant are 
identical the determinant vanishes. 


For let D be the value of the determinant, then by inter- 
changing two rows or two columns we obtain a determinant 
whose value is — D; but the determinant is unaltered; hence 
D=- D, that is D=0, Thus we have the following equations, 


a, A, — a. A, * a, A, æ D, 
bd, ~b,A, + 0,4,— 0, 
“A, — 6,4, - c, A4, — 0. 
X». Jf each constituent in any row, or in any column, is 


multiplied by the same factor, then the determinant je multiplied 
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For ma, 0, € 
ma, ὦ, c, 
ma, 6, c, 


=ma,.A,—-ma,. 4, + ma, . 4, 


=m(a d -a,4, +a, A); y . «Ὁ 
which proves the proposition. wd 
Cor. If each constituent of one row, or column, is the same 
multiple of the corresponding constituent of another row, or 
column, the determinant vanishes. 


495. If euch constituent in any row, or column, consista of two 
terms, then the determinant can be expressed as the sum of two 
other determinants. 


Thus we have 


a,+a, b, ce|-|a b c|*la b, ο 
ata, ὃ, c, a, 5, c, a, ὦ. ο, 
a +a, ὦ, c, a, b, οι a, ὦ, ο, 


for the expression or the left 

— (a, -αι) A, - (a4 * αὐ) A, + (a, - a) A, 

— (n A, — a, A, +a, A,) + (a 4 — a, 4, +4,A,); 
which proves the proposition. 


In like manner if each constituent in any one row, or column, 
consists of m terms, the determinant can be expressed as the 
sum of m other determinants. 


Similarly, we may shew that 
ἄτα, ὃ,--β, ο 
a,+ a, b, + B, e 


a,+a, ὃ,-β, ο, 


a, b ce|*|[« B, ο |*|oa 5, ο J+la, B οι 
a, b, os a, R "LA^ αρ b, 2 a, B, e 
a, b, 6, a, B, C: 9, b, 6, €, βι Ca 
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These results may easily be generalised; thus if the con- 
stituents of the three columns consist of m, n, p terms respec- 
tively, the determinant can be expressed as the sum of mnp 
determinants, τ 


Example 1) Me that "b c ‘a-b a = Babe -- a? — b? — c5. 
; ε-α b-c b | 
. a+b c—a e ' 
The given determinant . 
z|ba a'-ib b αἱ Τε α α;-|ς b a 
c b b! c c b a b b. a c b 
a c c! a a c bc "m. b ac 


Of these four determinants the first three vanish, Art. 493; thus the ex- 
pression reduces to the last of tlie four determinants; hence its value 


= — Íc(c*— ab) - b (ac — b?) +a (a? ~ bc)] 
= Babe — a? = p? - c, 


Esami e. Hind the value of 


67 19 21). 
39 18 14, 
81 94 96 
We have 
67 19 *l|-' 10457 19 21 j=, 10 19 21) +) 57 19 21 
89 18 14 0--39 13 14 | 0 18 a 39 13 14 
81 24 28 9472 94 26, ' 9 34 46] |72 94 26 
= 10 19 21 -|10 19 1942 |-|10 19 2 
[ο 18 14| | 0 18 1841] ! 0 13 1 
9 24 361 9 94 9442| | 9 24 3 
=10 | 18 η 2 | =20 --θ8-ς — 48. 
P αἱ [as d 


496. Consider the determinant 


αι *tpb-ge b, οι |; 


as in the last article we can shew that it is equal to 
a δ, ο |+| pb, b οἱ i+] ge, b ο 


b, c, pb, 5 ο, qe, 6, 
δ. ο, poh, δ. ο, ge, ὃ, 
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and the last two of these determinants vanish [Art. 494 Cor.] 
Thus we see that the given determinané is equal to à new one whose 
first column is obtained by subtracting from the constituents of 
the first column of the original determinant equimultiples of the 
corresponding constituents of the other columns, while the second 
and third columns remain unaltered. 


Conversely, 
a, b, c |+| αι + pb, +qc, b, c, | } 
a, b, οι a,-- pb, qc, ὑ, c, 
a, b, c, a,+pb,+qce, ὦ, c, 


and what has been here proved with reference to the first column 
is equally true for any of the columns or rows; hence it appears 
that in reducing a determinant we may replace any one of the 
rows or columns by a new row or column formed in the following 
way : 


Take the constituents of the row or column to be replaced, 
and increase or diminish them by any equimultiples of the cor- 
responding constituents of one or more of the other rows or 
columns. 


After a little practice it will be found that determinants 
may often be quickly simplified by replacing two or more rows 
or columns simultaneously: for example, it is easy to see 
that 


| a,+pb, b-ge ε|-|α, b, οι |} 
a, + pb 8 b, 6, €, a, b, Cy 
a,+pb, b-ge, ο a, b, c 


[Y 


but in any modification of the rule as above enunciated, care 
must be taken to leave one row or column unaltered. 


Thus, if on the left-hand side of the last identity the con- 
stituents of the third column were replaced by ¢,+7a,, c, * ra,, 
€, γα, respectively, we should have the former value in- 


creased by 

a,+pb, b,—ge, ra, 
a, t pb 2 b, -ge, ra, 
6, +pb, b. - ge, τα, 
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and of the four determinants into which this may be resolved 
there is one which does not vanish, namely 

pb -—ge ra, | 

pb, -—qe Τα, 


pb, ---ο, ra, | 


Example 1. Find the value of | 29 26 22). 
| 25 81 27 
, 63 54 46 
The given determinant 
9 26 -—-4/=-8x4~x 1 26 1/|2-—12x 1 26 1 
-6 Bl —4 -2 81 1 -3 6 0 
9 54 -8 8 64 2 1 2 0 
-12|1 1 26|2-12/|-8 65-132. 
er TRE 
0 1 2 


[Ezplanation. In the first step of the reduction keep the second column 
unaltered; for the first new column diminish each constituent of the first 
column by the corresponding constituent of the second; for the third new 
column diminish each constituent of the third column by the corresponding 
constituent of the second. In the second step take out the factors 8 and 
-4, In the third step keep the first row unaltered; for the second new row 
diminish the constituents of the second by the corresponding ones of the 
first; for the third new row diminish the constituents of the third by twice 
the corresponding constituents of the first. The remaining steps will be 
easily seen. | 


yRizample 2. Shew that | a- b —c 2a 28 | =(a+b+c)%, 
2b b-c-a 2b 
| 2ο 2c c-a~b 
The given determinant 
a+b+e atb+e a+b+e | =(a+b+c)x| 1 1 1 


2b b-c-—a 2b 2b b-c-a 2b 


26 9c c-—-a-—b 2c 3ο ο-ᾱ-ὖ 
ε(α4-ὃ ο κι 1 0 0 
9b -b-c-a 0 
! 2c 0 —-¢c-a—b a 


— -ὖὐ--6--α 0 | æ (a +b 10). : 
0 -ο-ᾱ-ὖ 
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[Ezplanation. In the first new determinant the first row is the sum of 
the constituents of the three rows of the original determinant, the second 
and third rows being unaltered. In the third of the new determinants the 
first column remains unaltered, while the second and third columus are: 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are sufti- 
ciently obvious. ] ~ | 


-497. Before shewing how to express tlie product of two de 
terminants as a determinant, we shall investigate the value of 


aa, + 6,8, + όγγι qus T b B, * a^ aa, + b B, + C.Ys 
aa, + 6.8, ο γι QW LB, + Cy, ἄμα, t bB, + CY, 
da, + 6B, +Cyy, @,a,+ b Ba HC Ya Caly + 5,6, + Cy, 
From Art. 495, we know that the above determinant can be 


expressed as the sum of 27 determinants, of which it will be 
sufficient to give the following specimens : 


aa, bB, «y, |, Ga, ey, 05, 

ag, bf, Cala aa, Cy, 6,8, 

Ώρα, 6,8, Cys Aa, Cyy, b, 
these are respectively equal to 


a, a 3 2/s Byys | a, C b 
a, a a, c, b 
a. a a. c b 


the first of which vanishes; similarly it will be found that 21 
out of the 27 determinants vanish. The six determinants that 
remain are equal to 


(a, B,y, — e, B,y, + α.βγγι- a By, + aS y, — as, y.) 2x 


that is, a βι y b, c, 
a, B s Ya b, Cs 
a, β 5 Ya b. 6. 


hence tho given determinant can be expressed as the product of 
two other determinants. | 
198. The product of two determinants ts a determinant. 
Consider the two linear equations 
; Rs DE Eo UN of E —— 
a,X, + 6,X,=0 
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where xa ax, +a 2] f - 
X, - B,2,+ Bv, *2560090899006600099 á 
Bubstituting for X, and X, in (1), we have 
(aa, t 6,8.) κ ο (aa, + b B) v= of . (3). 
(αμ, + 5,8.) x, + (aa, + 0,8) 4,20) 77 


In order that equations (3) may simultaneously hold for 
values of a, and z, other than zero, we must have 


| aa, * 5,8, aa, tb B) 0........... (4). 
aa, +b B, a.a, b,B, 


But equations (3) will hold if equations (1) hold, aud this 
will be the case either if 


a, ὁ, | = 0 .(5), 
a, b, | 
or if X, 0 and X, :0; 
which last condition requires that 
B, -0. .(6). 
B, 


Hence if equations (5) and (6) hold, equation (4) must also 
hold; and therefore the determinant in (4) must contain as 
factors the determinants in (5) and (6); and a consideration of 
the dimensions of the determinants shews that the remaining 
factor of (4) must be numerical; hence 


σι b, ~i B, aa, T b. B, μα, + b B, 
2 "s a, B, αμα, *b,B, a.a, | bap, 
the numerical factor, by comparing the coefficients of a baa. B, 
on the two sides of the equations, being secn to be unity. 
Cor. m | a.a,+5,b, 
b, aa, bb, | ab! 


The above method of proof is perfectly general, and holds 
whatever be the order of the determinants. 


Since the value of a determinant is not altered when we 
write the rows as columns, and the columns as rows, the product 
of two determinants may be expressed as a determinant in 
several ways; but these will all give the same result on ez- 

n. 


x 
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v a pP 
vzample. Shew that B, € |= a, ὦ. σι | 


the capital letters denoting the minors of the corresponding small letters in 
the determinant on the right. 


Let D, D’ denote the determinants on the right and left-hand sides 
respectively ; then 


DD'=| a4,-hB,*eC, a,4,— bB, +¢,C, 454, — bgB, + οφ | 
—@4,+b,By—c,C, — —a4,A, b 60,  — ag Ag bB- eC 
aA, — ὃν δν - c, C, αγάν — b,B, + 4C, a,A,—6,B,+¢,C, 
D 0 O [Art, 493.] 
0D 0 
0 0D 


thus DD’= D?, and therefore D’= D*, 


EXAMPLES. XXXIII. a. 


Calculate the values of the determinants : 


1. 1 1 1 13 16 19 3. |13 3 33 
35 37 34 14 17 20 30 7 53 | 
23 26 25 | 15 18 2 2 9 το 
a h g l z -y|. J6.|! | ] 
h b f -z 1 v ] l+r 1 
gfe y -x 1 1 1 I+y 
7. a-b ὅ-ο c-a ν 6, | b+c¢ a a kad 
b-c c-a a—b b cta ,b a 
c ο a+b 


c-a a-b b-c 


If ῳ is one of the imaginary cube roots of unity, find the value of 


9. l e æl. 10. 1 œ o 
e o 1 | e l o 
o 1 w io? o 1 


ΝΡ], -Eliminate J, m, n from the equations 
ΟΝ  altom+bn=0, dtbm+an=0. N+am+on—0, 
end express the result in the simplest form. - 


LI 
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ye. Without expanding the determinants, prove that 


a b εἰ-πίν b ας δι. y 


ut 
A e 


syz] |42 αρ 
pari lee ri 
13. Solvo the equations : 


(1) 


hy a 


a α zz 


g ' 


pır 


la b el 


=0, (2)| 15-22 11 10|-0, 
m m m | 11-32 17 16 
b xb ἵ-α 14 18 
Prove the following identities : 
* b+c eta atb|=2/a b εἰ. 
gtr rtp ptq paar 
yt; z+% Gy cy 5 
15. | 1 a a? | =(b-«)(c—a) (α-- ὃ). 
b 8 
1 ο ο 
16. |! 1 == (b —c) (c — a) (a — b) (a+b+e). 
a b c 
ᾳ δ) ὃ 
/ 2x y 2 |-(-26-2)(c-9) (r+ +s) 
ig y A 
ye ax xy 
ΖΡ pu a+b ate | 4(b4-c) (οἠ-α) (a+b) L 
b+a -2b b+c 
pn c+b -θο 
/19. (b+c κα at  |«92abo(a--b4-o)*. 
bBo (ο δ 
e οι ἃ (αγ 
20. Express as a determinant | O c 5 15 
ο 0 a, 
ba 0 


21. Find the condition that the ow —— may 


satisfied by the three sets of values (an ὃν 
and shew that it is the same as the condition 


228 To: 8 


dobby tos=0, ayst Uy eoi 0, νο 


nay bo simultaneously satisfied by ζ m, n. 
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22. Find the value of 
a+ abt ca—-bA 1x | A e -b 
ab—ch  D3-A* be+anr -0 À a 
ca+bn σ-αλ +X b -a Xr | 


23. πο a+b c+id * a-i ΥΞΙδΙ, 


—c+id a-ib -γ-ὃ a-iB 
where t==/—1, can be written in the form 
| A-tB C-iD |; 
-0C-iD A+B 


hence deduce the following theorem, due to Euler: 
The product of two sums each of four squares can be expressed as the 
sum of four squares. 


Prove the following identities : 


© 24 |1 botad δλδ, a%d? 
1 catbd c8a?+ bd? 
1 ab+ed addi | 
----(ὁ--ο) (ο-- a) (a—2) (a—d) (b-d) (s-d). 
25. be — a? ca — b? ab -- οἳ 


—be+catab be-cat+ab be+ca-ab 
(a+6)(a+e) (b--o)(b-Fa) (co) (c+) 
=3 (b — c) (6--α) (a — b) (a+ b+c) (be+ca+ab). 


( 


(α-ο) (a-y? (α--ε)ὴ 
(b-s* (b-y? (b-5) 
(c-a) (e-y? (0-1) 
= 2 (b — c) (c — a) (u — b) (y —2) (s -- x) (2-9 W 
27. Find ju the form of a determinant the condition that the 
expression 


D 


Va? -- vB* -+ wy? + 2u'By+ 2v'ya + 9w'aB 
maf be the product of two factors of the first degree in a, B, y. 


28, Solve the equation : 
Ww-aiv  w-Fabr vaa | = 0, 
υ--ας vbs υ΄-ὖος 
ν--αας δος ιρἠ-οἳς 


expressing the result by means of determinants, 
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499. The properties of determinants may be usefully em- 
ployed in solving simultaneous linear equations. 
Let the equations be 
: αμα by * ei d, 7 0, 
ao + by ci d, S0, 
ae + by ei d, 0; 
multiply them by 4,, - Αρ A, respectively and add the results, 
A,, A, A, being minors of @,, 4; ἂν in the determinant 


D-|a b οἱ 
a, b € 
a, b, €, 


The coefficients of y and 2 vanish in virtue of the relations proved 
in Art, 493, and we obtain 


(a,A,-@,A,+ a,A,)« * (d,4, — d,A, * ανά) = 0. 
Similarly we may shew that 
(b,B, — bB, + b,B) y+ (4,3, - d,B,+4,B,) = 0, 


and 
le C,- 6,014 0) # + (40, 7 ἀν. 40) 7. 


Now  ,4,-4,4, ανν (b,B, - 5,8, + b,B,) : 
-e0,- c0, * c,0,7 D; 


hence the solution may be written 


τν AT rH— — 
d, i e, - d, a, e i d, a, b, a b, e 
d, b, €, d, a, €, d, a, b, a, b, €, 

` d, b. 6 d, a, ὄ d, a, b, 6, b, e, 

or more symmetrically 

ke ES 5. —— 
b, c d, a, ο, d, |^ b, d, a, b, € 
b, Cy d, a, Z d, a, b, d. a, b, 6, 
` b, 6 a, 6, d, | a, b, d, a, b, 6, 


500, Suppose we have the system of four homogeneous linear 
equations : 
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ar+by+e72+du=0, 
ae +biy- -du=0, 
ae+by+cz+du-—O0, 
agzthyt+eztdu 0 
From the last three of these, we have as in the preceding article 


x . -y z 

b, ο d,| [αι e d, Γ a, b. d, 5 a, b c 
b, c, d, a, € d, a, b, d, a, b, ο 
b c, d, a, ο, d, a, b, d, a. b. c 


Substituting in the first equation, the eliminant is 
b e, d [--διιας οι d, | e, |a, b, d,|—d,| e, 5, c, | --0. 
| 5, ο, d, a, ο. d, a, b, d, a, b, ο, 
| b, c, d, | €, c, d, a, b, d, a, b, ο, 


This may be more concisely written in the form 


a, b, c, d, =0; 
a, b, c, d, 
a, b, 6, ᾱ, 
a, b, c, d, 


the expression on the left being a determinant of the fcurth order. 

Also we see that the coefficients of αι, 6,, οι, d, taken with 
their proper signs are the minors obtained by omitting the row 
and coluinn which respectively contain these constituents. 


501. More generally, if we have n homogeneous linear 
equations 


αμα, +b μα, om ..... Tx, = 0, 
Gg, + Dux, + eum, P..... t ἔκ, = 0, 
a, L +b m, + 6,0, + 0000 +k a =0, 


involving n unknown quantities Œ, a,, 2,,...%,, these quantities 
can be eliminated and the result expressed in the form 


bo^ A A k l= 0. 
6, b, 
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The left-hand member of this equation is a determinant which 
consists of n rows and 7 columns, and is called a determinant of 
the n order. 


The discussion of this more general form of determinant is 
beyond-t£he scope of the present work; it will be sufficient here 
to remark that the properties which have been established in the 
case of determinants of the second and third orders are quite 
general, and are capable of being extended to determinants of 
any order. 


For example, the above determinant of the nt order is 

equal to 
a A, b, B, τος - d, D, - ... c (1 KA, 

or ad — «4,4, - a, 4, — A  ... - (- 1)" αμάν, 
according as we develop it from the first row or the first column. 
Here the capital letters stand for the minors of the constituents 
denoted by the corresponding small letters, and are themselves 
determinants of the (η —1)' order. Each of these may be ex- 
pressed as the sum of a number of determinants of the (» — 2)" 
order; and so on; and thus the expanded form of the deter- 
minant may be obtained. 


Although we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of 
the whole determinant, as to tind the signs of its several 
elements. 


502. The expanded form of the determinant 


p: b, 6 
| a, b Ca 
a, b, 6. ' 
= a,b,c, — a,b,c, + a b.c, - a,b,c, + a b e, — a b,c,, 


and it appears that each element is the product of three factors, 
one taken from each row, and one from each column; also the 
signs of half the terms are + and of the other half —. The signs 
of the several elements may be.obtained as follows. The first 
element a b,c, in which the suffixes follow the arithmetical order, 
is positive ; we shall call this the leading element; every other 
element may be obtained from it by suitably interchanging the 
woffixes. The sign + or — is to be prefixed to any element ao- 
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cording as it can be deduced from the leading element by an 
even or odd number of permutations of two suffixes ; for instance, 
the element a,b,c, is obtained by interchanging the suffixes ] and 
3, therefore its sign is negative; the element ah c, is obtained 
by first interchanging the suffixes 1 and 3, and then the suifixes 
] and 2, hence its sign is positive. 


503. The determinant whose leading element is a b cd, ... 
may thus be expressed by the notation 


the = = placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs. 


Sometimes the determinant is still more simply expressed by 
enclosing the leading element within brackets; thus (a bed, ...) 
is used as an abbreviation of X  a,b,c d, .... 


Example, In the determinant (a,b,c,d,es) what sign is to be prefixed to 
the element a,b,c,dse,? 


From the leading element by permuting the suffixes of a and d we get 
G4byc,d,n5; from this by permuting the suffixes of b and ο we have αλ ιό) 
by permuting the suffixes οἵ c and d we have e,b,c d,oy; finally by permuting 
the suffixes of d and e we obtain the required element aybyeyd sry; aud since 
we have made four permutations the sign of the element is positive, 


504. If in Art. 501, each of the constituents b,, c,, ... k, is 
equal to zero the determinant reduces to a,A,; in other words 
it is equal to the product of a, and a determinaat of the (n — 1)" 
order, and we easily infer the following general theorem. 


If each of the constituents of the first row or column of a 
determinant is zero except the first, and if this constituent «à equal 
to in, the determinant is equal to m times that determinant of lower 
order which is obtained by omitting the first column and first 
row. 


Also since by suitable interchange of rows and columns any 
constituent can be brought into the first place, it follows that if 
any row or column has all its constituents except one equal to 
zero, the determinant can immediately be expressed as a deter- 
minant of lower order. | 

. . 1 is sometimes useful in the reduotion and simplification 
of determinants. 
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Ezample. Find the value of 
| 80 11 90 88 


6 8 0 9 
$ 11 -2 36 3 
19 6 17 22 


Diminish each constituent of the first column by twice the corresponding 
constituent 1n the second column, and each constituent of the fourth column 
by three times the corresponding constituent in the second column, and 


we obtain 
| 8 11 20 5j, 
ο 8 0 0 
15 -2 86 9 
7 6 1* 4 
and since the second row has three zero cogptituents this determinant 
:5 8 20 54=3,8 20 51598|0 1 0!z-8 5 509, 
1s 20 9| [5 1 8 19 5| 
7 17 4 7 17 7 17 4 


505 The following examples shew artifices which are oc- 
casionally useful. 
Evample 1. Prove that 
z (a -- br c-- d) (a Mb --c-d)(a-b—-c--d) (a+b c— d). 
d 
c d a b 
dc ba 


By adding together all the rows we see that a -- b -- c -- d is a factor of the 
determinant; by adding together the first and third rows and subtracting 
from the result the sum of the second and fourth rows we see that 


a-b+c~d is also a factor; similarly it can be shewn that a—b—c--d and 

a+b—c-—d are factors; the remaining factor is numerical, and, from a com- 

arison of the terms involving a‘on each side, js easily seen to be unity; 
ce we have the required result. 

Example 2. Prove that 

1 1 |=(a—b) (a—c) (a- d) (ὁ -- ο) (b—d) (c - d). 
κο, 
pod» 

The given determinant vanishes when ὃ--α, for then the first and second 
columns are identical; hence a — is a factor of the determinant [Art, 514]. 
Similarly each of the expressions a — c, a — d, ὅ-- ο, b~d, ο-- d ia a factor of 
the determinsnt; the determinant being of six dimensions, the remaining 
factor must be numerical; and, from a comparisun of the terms involvi 
bo*d* on each side, it is easily seen to be unity; hence we obtain the req 
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EXAMPLES. XXXIII. b. 


Calculate tlie values of the determinants: 


Jw | l 1 ] 2. | i 13 10 6 
1 3 3 4 5 9 T7 4 
1 3 6 #10 8 12 11 7 
1 4 10 20 4 10 6 3 
VS. 2 Ji de Ἱ x 0ο 1l j 1 
l a 1 1 1 btc a a 
| l 1 a 1 1 b cca b 
111 a 1 ο c αγὸ ι 
B 3 2 ! 4 ` ji l+a I l 1 
15 99 2 14 1 1+b I l 
16 19 3 17 1 ] l+e 1 
133 39 8 38 1 l ] l+d 
ν 10 z y 5!) 8 | 0 v y 5 | 
ΘΟ: {| — 0 ο b 
4 20ο α -y -σ 0 a 
| 2 y x0, -z -ὐ -α O| 
v9. | a b d 
a a+b a+b+e a+b+c+d CH 
a 2a+b 3a+2b+0 4a4+364+2ce+d |S 


a 3a+b θα--ὰδ--ο 10a+6b+3c+d 


«40. If œ is one of the imaginary cube roots of unity, shew that 
the square of 


l o o oF |= 1 1 —2 1 
ot ωἳ 1 1 1 1-3 / 
l o -2 1 1 1 com 
l ω co! 1-2 1 1 


hence shew that the value of the determinant on the left is 3 J- 3. 


11. If — (f*-bo)z-4-(ch fg) y-- (bg — f) 2=0, 
(ch — fg) x+ (g$ — oa) y + (af — gh) 2=0, 

> (bg- Af )x t (af - gh)y - (13 — ab) s=0, 

ahew that abo + 9fgh = af t= bgi—chiaQ, 7 
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Solve the equations: 


12. B+ y+ z=], 13. αν by+ cz=kh, 
ar+ by 4- cz=k, atx + Dy + czmES, 
mt ar + By + c P aig 4- By ἠ- c2 — i, 

14. s+ y+ 2+ εξ], 


15. Prove that 

b+c—a-—d 
c+a—b-d 
a+b—c-d 


16. Prove that 
we a? a? — (b 


ο  d-(a 


11, Shew that 


a b 
|f a 
ie f 

d e 
| € d 
ib ο 


where 


b ^ bB-(c-a} ca 


ac+by + cz4- du=k, 


atx + by -- οὓς + d*u -- 12, 


ax 4- b3y + cz ἠ- d?w — 45. 


be - ad = be (a - d) — ad (ὁ--ο) | 

ea—bd | ca(b--d)—bd(c--a) | ν 

ab—ced — ab(c--d) — ed (a+b) 

= —2(b—c) (e—a) (a—b) (a—d) (ὁ -- d) (c — d). 


—c)? be 


—b)? ab Ἀν 
--(-- ο) (α-- à) (a — b) (a+b+ c) (a8 }- 53 4- οἳ). 


c de f|-|4 B Cj, 
b cde C A B 
a ὃ ο ἆ B CA 
f abc 

e f a b 

d e f αἱ 


A a? — d?--9ce — 9bf, 
B6 —b? + 2ac— 9df, 
Cei — £24 900 — 9bd. 


18. If a determinant is of the n'è order, and if the constituents 
of its first, second, third, ...n rows are the first & — numbers of 


the first, second, third, ...n" orders, shew that its 


fi 
ue is unity. 


CHAPTER XXXIV. 
MISCELLANEOUS THEOREMS AND EXAMPLES. 


506. We shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work. 


507. In the exposition of algebraical principles we proceed 
analytically : αὐ the outset we do nov lay down new names and 
new ideas, but we begin fron our knowledge of abstract 
Arithmetic ; we prove certain laws of operation which are capable 
of verification in every particular case, and the general theory of 
these operations constitutes the science of Algebra. 


Hence it is usual to speak of Arithmetical Algebre, and Sym- 
bolical Algebra, and to make a distinction between them, In the 
former we define our symbols in a sense arithmetically intelligible, 
and thence deduce fundamental laws of operation; in the latter 
we assume the laws of Arithmetical Algebra to be true in all 
cases, whatever the nature of the symbols may be, and so find 
out what meaning must be attached to the symbols in order that 
they may obey these laws. Thus gradually, as we transcend the 
limits of ordinary Arithmetic, new results spring up, new lan- 
guage has to be employed, and interpretations given to symbols 
which were not contemplated in the original definitions. At the 
same time, from the way in which the general laws of Algebra 
are established, we are assured of their permanence and uni- 
versality, even when they are applied to quantities not arithmeti- 
cally intelligible. 


508. Confining our attention to positive integral values of 
the symbols, the following laws are easi] y established from a priors 
arithmetical definitions. 


an 
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I. The Law of Commutation, which we enunciate as follows: 
(i) Additions anl subtractions may be made in any order. 


Thus a+b—ce=a—c+b=b-—c+a, 


(ii) Multiplications and divisions may be made in any order. 
Thus axb=bxa; 
axbxe=bxexa=axcxb; and so on. 


ab+c=ax b =c (a+c) x b= (b+c) xa. 


Il. The Law of Distribution, which we enunciate as follows: 


M ultiplications und divisions may be distributed over additions 
and subtractions. 


Thus (a — b 1- c) m2 am — bm + em, 
(a —- b) (c — d) = ac — ad — be + bd. 
[See Elementary Algebra, Arts. 33, 34.] 


And since division is the reverse of multiplication, the distri- 
butive law for division requires no separate discussion. 


III. The Laws of Indices. 


(i) a" X a" -- a 
aaa za. 
(ii) (ay 2a"". 
[See Elementary Algebra, Art. 233 to 235.) 


These laws are laid down as fundamental to our subject, having 
been proved on the supposition that the symbols employed are 
positive and integral, and that they are restricted in such a way 
that the operations above indicated are arithmetically intelligible, 
If these conditions do not hold, by the principles of Symbolical 
Algebra we assume the laws of Arithmetical Algebra to be true 
in every case and accept the interpretation to which this aesump- 
tion leads us. By this course we are assured that the laws of 
Algebraical operation are self-consistent, and that they include in 
their generality the particular cases of ordinary Arithmetic, 


509. From the law of commutation we deduce the rules 
for the removal and insertion of brackets [Elementary Algebra, 
Arta, 21, 22]; and by the aid of these rules we eatablish the law 
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of distribution as in Art. 35. For example, it is proved that 
(a — ὁ) (e — d) -- «e — ad — be + bd, 


with the restriction that a, b, c, ὦ are positive integers, and a 
greater than ὦ, and c greater than d. Now it is the province of 
Symbolical Algebra to interpret results like this when all restric- 
tions are removed. Hence by putting a — 0 and c=0, we obtain 
(—b) x (—d) =bd, or the product of two negative quantitws is 
positive. Again by putting 6-0 and c=0, we obtain «x(—d) —ad, 
or the product of two quantities of opposite siyns is negative. 


We are thus led to the Rule of Signs as a direct’ consequence 
of the law of distribution, and henceforth the rule of signs is 
included in our fundamental laws of operation. 


510. For the way in which the fundamental laws are applied 
to establish the properties of algebraical fractions, the reader is 
referred to Chapters XIX., XX1., and XXU. of the Alementary Algebra; 
it will there be scen that symbols and opcrations to which we 
cannot give any a priori definition are always interpreted so as 
to make them conform to the laws of Arithmetical Algebra, 


911. The laws of indices are fully discussed in Chapter xxx. 
of the Elementary Algebra. When m and 2 are positive integers 
and n >n, we prove directly from the definition of an index that 


a” x a” uq ts a" TUN a" = απ" (ay! an 
We then assume the first of these to be true when the indices 
are free from all restriction, and in this way we determine mean- 
ings for symbols to which our original definition does not apply. 


p 
The interpretations for αἵ, a°, a^" thus derived from the first law 
are found to be in strict conformity with the other two laws; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 


512. In Chapter vin. we defined the symbol 4 or /-1 as 
obeying the relation $'- —1. From this definition, and by 
making $ subject to the general laws of Algebra we are enabled 
to discuss the properties of expressions of the form a+b, in 
which real and imaginary quantities are combined. Such forms 
are sometimes called complex numbers, and it will be seen by 
reference to Articles 92 to 105 that if we perform on a complex 
number the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number, 
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Also since every rational function involves no operations but 
those above mentioned, it follows that a rational function of a 
complex number is in general a complex number. 


Expressions of the form a’*, log(x+ty) cannot be fully 
treated without Trigonometry; but by the aid of De Moivre’s 
theorem, it is easy to shew that such functions can be reduced to 
complex numbers of the form 4 +72. 


The expression e+” is of course included in the more general 
form a*t", but another mode of treating it is worthy of attention. 


We have seen in Art. 220 that 
; QNT νο νο. 
e* = Lim (1 4 z) , When v is infinite, 


æ being any real quantity; the quantity e+” may be similarly 
defined by means of the equation 


et — Lim (1 + 559 , when v is infinite, 


xand y being any real quantities. 

The development of the theory of complex numbers will be 
found more fully discussed in Chapter v. of Barnard &nd Child's 
Higher Algebra. 


513. We shall now give some theorems and examples illus- 
trating methods which will often be found useful in proving 
identities, and in the Theory of Equations. 


514. Το find the remainder when any rational integral function 
of x is divided by x — a. 


Let f(x) denote any rational integral function of a; divide 
J (x) by x — a until a remainder is obtained which does not involve 
x; let Q be the quotient, and Æ the remainder; then 


f(x) - Q(z - a) +R. 


Since Καὶ does not involve x it will remain unaltered whatever 
value we give to x; put x=a, then 


J(a)-Qx0-4; 
now Q is finite for finite values of x, hence c 


Rf (a). 
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Con. If f(z) is exactly divisible by z-a, then R=0, that is 
f(a)=0; hence if a rational integral function of x vanishes when 
x=a, ü 28 divisible by x —a. 


515. The proposition contained in the preceding article is so 
useful that we give another proof of it which has the advantage 
of exhibiting the form of the quotient, 


Suppose that the function is of 2 dimensions, aud let it be 
denoted by 
n-3 


ρα" ρα «ρα "ρα "κε, tp, 


then the quotient will be of n — 1 dimensions; denote it by 


"I -3 : 
οὐ" + que * q, Ἔ... Ἔσ au 


let J? be the remainder not containing æ; then 


py t+ piel +p epa e. tp, 
= (æ— a) (αμ + 9,0" i + qa" t. Hg) +R. 
Multiplying out and equating the coefficients of like powers of 2, 
we liave 
Qo 72,5 
9,7 o= Pi Or q,- aq, τν) 
Q, — 0g, — Py, OF q, = 0g, + Py; 


Q,799,72, OT Qa 99, +P; 


R- ag, 7p, or k-ag, +p; 


thus each successive coefficient in the quotient is formed by 
multiplying by a the coefficient last formed, and adding the 

$-next coeflicient in the dividend. The process of finding the 
successive terms of the quotient and the remainder may be 
arranged thus: 


Po DRM Pe Dn Pua P. 
ag, αφ, Aa OQ, ., 04,., 
o 9 ἄν ἄν V. È 
Thus «Λα ,*p,—2(89,.,* 9.) * Py = vee 


a=} n-$ 


=p a" + p,a +p cte tp. 


Tf the divisor is z-- a the same method can be used, only in 
, this case the maltiplier is — a. 
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Example. Find the quotient and remainder when δα — 2° + 81z*--21z 4- 6 
is divided by z 4-2. 


are the multiplier is — 2, and we have 


MC 3-1 0 δι 0 0 21 65 
-6 14 -28 -6 12 -24 6 
3-7 141 8-6 12- ὃ ll 
Thus the quotient 13 8.οὔ- Το + 1424+ δα - 67?.-127 — 3, and the re- 
mainder is 11. 


516. In the preceding example the work has been abridged 
by writing down only the coefficients of the several terms, zero 
coefficients being used to represent terms corresponding to powers 
of x which are absent. This method of Detached Coefficients may 
frequently be used to save labour in elementary algebraical 
processes, particularly when the functions we are dealing with 
are rational and integral. The following is another illustration. 


Example. Divide 3.25 — 8.c4 — 523 + 202? — 332426 by 23 — 227 — 4ᾳ -- 8. 


1--24-4-8)3-8- 5426 —833--26(8-2--8 
86-12-24 ` 
224 7+ 2-33 
ποτ 4- 8116 Ἢ 
3- 6-174 26 
$c 67-12 -24 


- 5+ 2 
Thus the quotient is 827 - 2z | 9 and the remainder is —5z 4-2, 


It should be noticed that in writing down the divisor, the sign of every 
term except the first has been changed; this enables us to replace the process 
of subtraction by that of addition at each successive stage of the work. 


917. The work may be still further abridged by the following 


arrangement, which is known as Horner’s Method of Synthetic 


Division. 
1 ὃ--δ-- 5+26-—33+4 26 
2 6412-24 
4 - 4— 8416 
-δ 6. 15-24 


3-24 3+ 0- ὅ 2 


[Ezplanation. The column of figures to the left of the vertical line 
consists of the coefficients of the divisor, the sign of each after the first being 
changed; the second horizontal line is obtained by multiplying 2, 4, - 8 
by 3, the first term of the quotient. We then add the terms in the second 
eqlumn to the right of the vertical line; this gives — 2, which is the coeffi- 
dient of the second term of the quotient. With the coefficient thus obtained 


MISCELLANEOUS THEOREMS AND EXAMPLES. 435 


we form the next horizontal line, and add the terms in the third column; 
this gives 8, which is the coefficient of the third term of the quotient. 


By adding up the other columns we get the coefficients of the terms in 
the remainder.] 


Example. Divide 64*-- 5a*b — 8a3b* — 6a°b* — 0ab* by 2u* + 8a?b — b? 
to four terms in the quotient. 


2,6+5-8-6-6 
ay -94048 
: 60-2 


3-40|- 1 
| 1240-4 
ὃ-2-1--0-4 | 1140-4 
Thus the quotient is 34*—2ab - L? —4a7?b*, and 1105—4a-" is the 
remainder. 


Here we add the terms in the several columns as before, but each sum has 
to be divided by 2, the first coefficient in the divisor. When the requisite 
namber of terms in the quotient has been so obtained, the remainder is 
found by merely adding up the rest of the columns, and setting down the 
results without division. 


The student may easily verify this rule by working the division by 
Jetached coefficients. 


518. The principle of Art. 514 is often useful in proving 
algebraical identities ; but before giving any illustrations of it 
we shall make some remarks upon Symmetrical and Alternating 
Functions. 


A function is said to be symmetrical with respect to its vari- 
ables when its value is unaltered by the interchange of any pair 
of them; thus xz-- y-- z, be+ca+ab, æ +y’ +z”— xyz are sym- 
metrical functions of the first, second, and third degrees respec- 
tively. 

It is worthy of notice that the only symmetrical function of 
the first degree in x, y, z is of the form M (x+ y +z), where M is 
independent of a, y, z. 


519. It easily follows from the definition that the sum, 
difference, product, and quotient of any two symmetrical expres- 
sions must also be symmetrical expressions, The recognition of 
this principle is of great use in checking the accuracy of alge- 
braical work, and in some cases enables us to dispense with much 
of the labour of calculation. 

For example, we know that the expansion of (x + y +z)? must 
be a homogeneous function of three dimensions, and therefore 
of the form diy dad (αν + cy! + y'z + ys + z'o + 2x") + Boys, 
where A and B are quantities independent of a, y, z. 

P H.H.A. 
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Put $20, then A = 3, being the coefficient of a*y in the ex- 
pansion of (£ + y)". 
Put g=y=z=1, and we get 27234 (3x 6) B; whence 
2 --6. 
Thus (x + y + z)’ 
=a + y’ +z’ + δα + δαν" + 3y'z + 3yz! + Sam + ὅσα + Gays, 


520. A function is said to be alternating with respect to its 
variables, when its sign but not its value is altered by the inter- 
change of any pair of them. Thus æœ— y and 

α (b — c) - à (ο-- a) +e (a — b) 


are alternating functions. 


It is evident that there can be no linear alternating function 
involving more than two variables, and also that the product of 
& symmetrical function and an alternating function must be an 


alternating function. 


521. Symmetrical and alternating functions may be con- 
cisely denoted by writing down one of the terms and prefixing 
the symbol ἃ; thus Za stands for the sum of all the terms of which 
a is the type, Xab stands for the sum of all the terms of which 
ab is the type; and so on. For instance, if the function involves 
four letters a, b, c, d, 

Ja=a+b+c+d; 
Zab = ab + ac + ad + bc + bd + cd; 
and so on, 
Similarly if the function involves three letters a, d, e, 
Xa' (b — c) = a* (b — ο) + b* (c— a) -- ο"(α -- b); 
Σα”0ο = α 2ο + ὃ'οα + c'ab; 
and so on. 


It should be noticed that when there are three letters involved 
Xa'b does not consist of three terms, but of six: thus 


Sa*b = a*b + a*c + b*c + b'a + c*a + cfb, 


The symbol X may also be used to imply summation with 
regard to two or more sets of letters; thus , 


Ἄνα (b --ο) = yz (b — c) + ex (e — a) + wy (a — ὁ). 
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522. The above notation enables us to express in an abridged 
form the products and powers of symmetrical expressions: thus 


(a+ b + cy -: Xa? + 350% + 6abc ; 
(a - b --ο-- dy = Xo? + ὁ δα ὐ + Zabe, 
(a -- b -- ο)'-- Xa* + 4Xa'b + 6Xa^b* + 12Za'bc; 


Sa x Xa’ = πα + Xa'b. 


Example 1. Prove that 
(a+ b)’ -— a5 - b’ = δαδ (a +b) (a? + ab+ 27), 

Denote the expression on the left by E; then E is & function of a whieh 
vanishes when a=0; henee a isa factor of E; similarly b is a factor of E. 
Again E vanishes when a= — b, that is a+b is a factor of E; and therefore 
E contains αὖ (a--b) as a factor, The remaining factor must be of two 


dimensions, and, since it is symmetrical with respect to a and b, it must be 
οί the form A4a3-- Bab 4- Ab?; thus 


(a +b)’ — αὖ — b5—ab (a+b) (Aa?+ Bab 4- Ab), 
where 4 and B are independent of a and b. 
Putting α-- 1, b=1, we have 15 —24 4+ B; 
putting — 222, b= —1, we have 15=5A —2B; 
whence 4 2:6, B=5; aad thus the required result at once follows, 


Example 2. Find the factors of 
(65 + c?) (b - ο) + (c* + αὖ) qc ~ a) + (a? -- 07) (a -- b). 


Denote the expression by E; then E is a function of a which vanishes 
when a=b, and therefore contains a- b as a factor (Art. 514]. Similarly it 
contains the factors b — c and c-a; thus ευ contains (5—c) (c ~a) (a — ὁ) asa 
factor. 


Also since Z is οἵ the fourth degree the remaining factor must be of the 
first decree; and since it is a symmetrieal funetion of a, b, c, it must be οἱ 
the form M (a --b--c). [Art.518.] 


ÁO E=M (b-c) (c - a) (a - b) (a --b-- c). 

To obtain M we may give to a, b, c any values that we find mont con. 
venient; thus by putting a=0, 6=1, e=2, we find M—1, and we have the 
required result. 

Example 3. Shew that 

(+y tz) ~a -yê — P= (y + 2) (2+2) (e y) (2 y) + εὖ + ys + zz ay), 


Denote the expression on the left by E; then E vanishes when y= -z, 
and therefore y--s is a factor of E; similarly 2+” and z--y are factors; 
therefore E contains (y +z) (s--&) (συ) ϐ8 a factor. Also since E is of the 
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fifth degree the remaining factor is of the second degree, and, since it is 
symmetrical in z, y, z, it must be of the form 


1 A (23 +y? - 22) + B(yz * 2z -+ ay). 
Put £$-9y-z-1; thus 10=4 +B; 
put ` £—2, y=1, z=0; thus 35=54+2B; 
whence A=B=6, 
and we have the required result. 
523. We collect here for reference a list of identities which 
are useful in the transformation of algebraical expressions; the 
student should verify these identities. 


Xbc(b — ο) = — (b — ο) (c-a) (a —- b). 
Σα" (b — e) 2 — (b -- c) (c - a) (a — b). 
Σα (b° — ο") = (b — c) (c — a) (a — ὁ). 
Χα" (b — ο)  — (b — ο)(ο-- a) (a — ὃ) (a +b c). 
a’ +b? + οἳ — 3abe = (a + b + c) (a! + δ - c*— be — ca — ab). 


This identity may be given in another form, 
a’ + δ) 4 οἳ -- Sale; (a+b -- ο) (b — ο)" + (c - a)* + (α-- δ) ]. 


(b — ο) - (c-a) + (a — b -- 3(b —c) (e — a) (a — ὁ). 
(a +b - c) -a* -b -- αἳ z3(b -- ο) (c - a) (w+). 
Zbc (b + ο) + 2αδο = (b + ο)(ο + a) (a + ὃ). 
Σα (b + c) + 2abe = (b + c) (c + a) (a + b). 
(a + ὃ + c)(bc + ca + ab) -- abe = (b + c) (c + a) (a + D). 
2b*'c* + 2c'a* + 2a'b* — a* -- δ' -- c* 


— (ab ο) (ὃ «-ο-- α)(ο --α-- ὃ) (a - ὃ -- ο). 


EXAMPLES. XXXIV.a. 


1. Find the remainder when 345-- 1124+ 902? — 191 + 53 is divided 
by x --δ.. 


2. Find the equation connecting a and 5 in order that 
215 7254 az 4- b 
may be divisible by 7—3. 


4. 


5. 
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Find the quotient and remainder when 
x — 544+ 925 — 62? — 165 4-13 is divided by 2? - 3742. 


Find a in order that 23 —77--5 may be a factor of 
οὔ — 255 — 423 4.19277 — 31x -- 12 +a. 


] 


ic ρα πας os in descending powers of x to four 


Expand 


terms, and find the remainder. 


Find the factors of 


6. 
T. 


14. 


a (b — ο +b (c — a) --e(a — D), 

at (b? — οἳ) + δή (οἳ — a?) + αἳ (a? — 531). 

(α ἠ- ὃ ἠ- c — (ὃ }- ο-- a) --(ο--α-- b — (α-- ὃ — cy, 

a (b — cf -- b (c — af +c (a — b)? + Sabe. 

a (bi — οἱ) +b (ch — a*) + e (a — δή). 

(bc -- ca + ab) — DBE — c^a3 — ab, 

(a+b+c)*~ (b -- c — (c - a)* — (a+b -- a* 4- 55 c. 
(a+b +c) — (b--c— a) — (c--a — b) — (a+b -- ο)δ. 
(x -- αγ) (b -- c-r (x -bY (c— αγ) +(x -- ο) (a — δ)”. 


Prove the following identities : 


15. 


16. 


17. 


18. 


"BB 


Z (b+c — 2a =3 (b+c — 2a) (c +a — 2b) (a+b — 2ο). 
a(b- cy b (ο-- ay c(a—by 
-ajia -0 " 56-4 ^ 6-672) 

2a 2b (b — c) (c - a) (a — ὃ) -3. 


apb bpe” ira (b-F c) (c - a) (a+b) 


=a+b 4- €. 


Σα: (b+c) - Za3 —2abc — (b -- c — a) (c4- a - b) (a-- 5 — ο). 


bxc) , Ὀίοα) — οἳ (α-- ὃ). 
(a — b) (a — c) "E b—c)(b—a)  (c-a)(c- b) 


43 (b —c)(b--c—2ay z9Z (b - c) (b-- c — ay. 


— bc 4- ca. - ai 


. 3-2) (ea m) (n y 32^ (y +2 4-2 (Xyz)! -- 2239888. 


X (ab — &*) (ac — 3) = (Zbc) (Σδο -- Ža’). 
abc (Sa) — (be)? abe Za — Zb = (a? — bc) (93 — ca) (οἳ -- ab). 
Σ(5 -- ο)! (b+e—2a)=0; hence deduce Z (8 — y) (8 --'y — 2a} =Q, 
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25. (ὁ ο) (co ay -- (a - b)? - 8(b-- c) (c - a) (a ἠ- b) 
— 2 (a? +6? -- οἳ — δαδο). 
26. If s=b+c-a, y=c+a-b, 2-α--ὸ --ο, shew that 
23 +y? + 2? — Sxyz =4 (a? + b? + οἳ — Sabe). 


27. Prove that the value of a?+6?+.c®—3abc is unaltered if we 
substitute 8 — a, s — b, s -c for a, b, c respectively, where 


--2(α 4 b 4-c). 

Find the value of 
28 a b ο 

' (q@-b)(a—e)(e—a) (b~c)(b—a)(@—b)  (c-a)y(e- δ)ίς- ο) 
99 -ὐ'-οἳ b?-c?-a®  οἳ -αἳ --ὂ3 

° το οσο ο CCL 
s, ..*2)(a*g) | (6+p)(b+9) (c+p)(c+q) |— 

' (a—b)(a—c)(a+x) (b-c)b-a)b-z) (c—a)(c—b)(c +z)" 
Si Se 32. 7 al 


(a — ὑ)ία -- c)(a -- d) (α-- b)(a — c) (a — d) ` 
33. If z:y42-—5, and zyz—p*, shew that 


)-2-6-9 6-2- 6-2 8-9- 
s x8 p 8 p/ Ns p/ 8 
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524. Many identities can be readily established by making 
use of the properties of the cube roots of unity ; as usual these 
will be denoted by 1, w, w 


Ezample. Shew that 


(x+y) - 27 - y! "zy (x+y) (25 xy +y"). 
The expression, Æ, on the left vanishes when x=0, y=0, x+y=0; 
hence it must coutain zy(z+y) as a factor. 


Putting x= wy, we have 
B={(1 +o)? ot - y -(- wt)? - a? - y 
Ἔ(-ω-ω-1)/-0, 


hence Æ contains z — wy as a factor ; and similarly we may shew that it con- 
tains z — w*y as a factor; that is, E is divisible by 


(© - oy)(z-«o'y) or a +zyty € 
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Further, E being of seven, and zy (x +y) (αἲ +ry +4 of five dimensiona, 

the remaining factor must be of the form A (x?+y?)+ Bay; thus 
(a+ yy - αἵ — y! acy (x - 9) (x? + xy + y?) (435 + Bxy + Ay’), 

Putting z=1, y=1, we have 21-24 +B; 
putting $-—2,y--]1, we have 21=54 -22; 
whence A=7, B=7; 

ee (£ +yy - αἲ - y! = Try (x y) (xy +y)’. 


525. We know from elementary Algebra that 
a^ + ὅδ + ο) -- 3abe = (a + ὃ -- ο) (a? + b* + οἳ -- be-- ος — ab); 
also we have seen in Ex. 3, Art. 110, that 
a^ + b* + οἳ -- bc — ca — ab = (a + wb + wc) (a + wb + ως); 
hence a" + b° + c? — 3abe can be resolved into three linear factors; 


thus 
a. + b c! -- Sabe = (a+ b +c) (a + wd + wc) (a + wb + wc). 


Example. Shew that the product of 
a 4- b? +c? - 3abe and 2° + y+ 2 — 3xyz 
can be put into the form 4? +B3+C?-8ABC. 


The product --(α }- ὦ ἠ- ο) (a+ ωὖ 1- ω”ο) (a+ w% + we) 
χ(σ--ν-- 2) (z -- wy +z) (T+ wy + wz). 
By taking these six factors in the pairs (a+ b4- c) (2 - y 4-2), 
(a+ wb + wc) (z }- wy +wz); and (a+ w*b + we) (4 wy 1- w*z), 
we obtain the three partial products 
l A+B+C, A+wB+w°C, Ac B-FEoC, 
where A=ax+ by +cz, B=bz+cy+az, C=cxz+ay + bz, 


Thus the product = (4 +B -- C) (4+wB +C) (4 + &?B + wC) 
= A? + D5 - C? - 54860. 


526. In order to find the values of expressions involving 
a, b, c when these quantities are connected by the equation 
& 4 b 0 0, we might employ the substitution 


a=h+k, b=wh+wk, σ--ω ο wk 


If however the expressions involve a, b, c symmetrically the 
method exhibited in the following example is preferable. 
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Example. If a+6+6=0, shew that 
6 (a5 +b" + οὔ) -- 5 (a? ἠ- δ} }- c*) (a! + 5* -- οἳ). 


We have identically 
J (1 -- az)(1 -- δα) (1 +02) m1- pz +z" 4-25, 
where p=a +b +c, qz bc ca -- ab, v abc. 


Hence, using the condition given, 
(1 +ax)(1 +b2z)(1 1- οα) m1 + qz*  r2*. 
Taking logarithms and equating the coefficients of 2", we have 
GP (an b" +c”) — coefficient of z” in the expansion of log(1 + gz* + rz?) 


e coefficient of z” in (σα να) -5 (qx? + r2?)* χα (gz* + rz?)* - ... 


By putting n —2, 3, 5 we obtain 
a? «034-6 αὐ -b 4-68 — ab. 5 +08 
9 TÈ a ^ > 
a5 b^ {οὗ α) xb? +c? a3 03 to? 


whence B - 3 9 " 


and the required result at once follows. 
If α-β-γ, b=y-a, ο-α--β, the given condition is satisfied; hence 
we have identically for all values of a, B, y 
6((B - y)* + (y -a)* + (æ - B!) 
-5(B-yf*-(y α)ι(α B9) (B-») + (y-a) (a - B)*) 


—z-—'j 


that is, 


(σε -α) + (x - B =5(B - y)(y -a)(a - B)(a* + B* + y* — By — ya -ap) ; 
compare Ex. 3, Art. 522. 


EXAMPLES. XXXIV. b. 


1. If (a+5+c)*=a*+b*+0°, shew that when ^ is a positive 
integer (a +b 4 c)*1z gei + hIn+1 + temet, 

2. Shew that 

(a +wb + w'c)® + (a +b 1 ωο)) m(2a -b --ο)(25 -- ο -ay(2c -a - b). 

3. Shew that (x +y)" -2* -y" is divisible by zy(z* - zy 4 y*), if 
4 is an odd positive integer not a multiple of 3. 

& Shew that 
a*(bz - cy)? +b%(cx —az)* - e*(ay - bz)! Sabe(bs -- oy)(cx --αείαν ~ bz). 
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5. Find the value of 
(b — c) (c — a) (a — b)+ (b — wc) (c — ea) (a — wh) + (b — wc) (c — wa) (a — wd), 


6. Shew that (αἳ +b?+¢?- be — ca — αὖ) — + 22— yz — 20 — xy) 
may be put into the form A?+ D? - C3 — BC — A D. 


7. Shew that (a? -- ab -- b?) ΚΕΝῸΣ can be put into the form 
A? -- A B -- δ}, and find the values of A and 


Shew that . 
8. (a? + 229) — 3(a? + Qhe) (D + 2ca) (αἳ + 2ab) = (αὖ + b + οὔ — Babe)’, 
9. X(a$—bcy —3(a? — be) (03 — ca) (ος — ab) (a3 +5 + 3 -- 3abeY?, 

10. (a3--b3--c2)5-- 9 (bc -- ca -- ab)5 — 3 (a? +b? +c?) (be + σα -- ab)? 

= (a3 -- δ) + οὖ — Sabe, 

If a - b --c—0, prove the identities iu questions 11-—17. 

11. 2(a*-4-b*--c*)-— (αἳ -- 0? +e). 

19. αὖ +05 4+ cz — babe (Pe ca + ub). 

18. a5--b9-L- c0 — 3a?b?c* — 9 (be -- σα -- ab. 

14. 3(a*--D*4- c?) (αὖ }- D5-4- 65) -- 5 (a5 ἠ- δ) -- 3) (a5 4- δ -- c5). 

αἵ -δ ec tHE αἳ pb. e 


dh. eee τς 
b-c σ-α £197 -b b ο 
1 (55755 (scot ea tant) "5 


11. (Bꝛc Cu a?b — 3abc) (be? + ca? + ab? — 3abe) 
=: (be+cu + ab)* + 21030368, 
18. 25 {(y— 2)" + (—2)' + (w—y)} (y - 2 + (2- 2)+(2-y)} 
=21 (νε. 
19. {(y-2)?+(@—xP+ (0 —y)}°- 54 (y—2)? (2-2)? (x-y) 
=2 (y-2- 92)! (z+ 2- 2y)? (1+y — 94. 
20. (b—cf--(c-a)9* (a-b) -3(b c)! c-a) (a — b? 
= 2 (a* + b? +c? — be — ca — ab)’, 
21. (6-c)'+(e—a)'+(a—- by 
ex 7 (b — c) (c — a) (a — ὃ) (a3 --- δᾶ -}- οἳ -- be — ca — ab. 
20. If a+b6+c=0, and z--y * 0, shew that 
4 (ax + by +02) — 3 (ασ 4- by + ez) (a*+ 03 -- οἳ) (2 + 3 -- 2?) 
—-2(b—c)(c—a)(a— b) (y ~ 2) (a - æ) (x — y) - 54aberis 


[^] 


444 HIGHER ALGEBRA. 


Ifa+ b+ce+d=0, shew that 
23. a5 i bat +++ a3 --- 8 --- οἳ d 
5 3 2 
24. "(a3-- D5 63 }- d? 9 (bed 4- eda + dab + abe)? 
: == 9 (be — ad) (ca — bd) (ab — cd). 
25. If 2s=a+b+e and 207=a?+b?+c%, prove that 
A (s — 0) (8 — c) (o^ — a*) + Subes = (s* — a?) (48* +a”). 


26. Shew that (13+ 622y + 3zy* — y9)* + (43 4- 613? + 3xr%y — z*)* 
= 27 xy (21) (+ zy +y). 
q^ 
(a—b) (a — c) (a — d) 
— αὖ 4- D? -- οἳ 4- d? - ab -- ασ-]- ad -- bc + bd -- οὐ. 


27. Shew that > 


98, Resolve into factors 
2a?b*c? + (a3 4- δ) + 8) abc + b3c* + 3a? + ab, 


ELIMINATION. 


527. In Chapter ΧΧΧΠΙ. we have seen that the eliminant of 
a system of linear equations may at once be written down in the 
form of w determinant. General methods of elimination ap- 
plicable to equations of any degree will be found discussed in 
treatises on the Theory of Equations ; in particular we may refer 
the student to Chapters Iv. and vr. of Dr Salmon's Lessons Intro- 
ductory to the Modern Hujher Algebra, and to Chap. xir. of 
Burnside and Panton's Theory of Equations. 


These methods, though theoretically complete, are not always 
the most convenient in practice, We shall therefore only give a 
brief explanation of the general theory, and shall then illustrate 
by examples some methods of elimination that are more practi- 
cally useful. 


598. Let us first consider the elimination of one unknown 
quantity between two equations. 


Denote the equations by f(x) 0 and œ (x) - 0, and suppose 
that, if necessary, the equations have been reduced to 8 form in 
which /(ω) and $ (x) represent rationa) integral functions of æ. 
Since these two functions vanish simultaneously there must be 
some value of c which satisfies both the given equations; hence 
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the eliminant expresses the condition that must hold between the 
coefficients in order that the equations may have & common root, 


Suppose that x—a, x=ß, w=y,... are the roots of f(x) — 0, 
then one at least of the quantities $ (a), $ (8), p(y), ...... must 
be equal to zero; hence the eliminant 1s 


$ (a) $ (B) $ (y)...... 0. 


The expression on the left is & symmetrical function of the 
roots of the equation /(ω) -: 0, and its value can be found by the 
methods explained in treatises on the Theory of Equations. 


529. We shall now explain three general methoas of elimina- 
tion: it will be sufficient for our purpose to take a simple 
example, but it will be seen that in each case the process is 
applicable to equations of any degree. 


The principle illustrated in the following example is due to 
Euler. 


Example. Eliminate z between the equations 
ax! -- bz? --- cz --d -0, fz* -- 05 -- h 0, 


Let x4 k be the factor corresponding to the root common to both equa- 
tions, &nd suppose that 


az? + bz? -- ex -- d — (z+ κ) (az? -- lz -- m), 
and Ja? -- gat h zz (z+ k) (fa+n), 
k, ἐν m, n being unknown quantities. 
From these equations, we have identically 
(az? + τὰ -- ez - d) (11 -- n) z (ax? -- lx -- m) (fx - gx -- ). 
Equating coefficients of like powers of x, we obtain 
ft — an ag — bf—0, 
gl 4- fm -- bn - ah — cf 0, 
hl 4- gm — ση ~ df x0, 
hm — dn zm. 


From these linear equations by eliminating the unknown quantities J, m, 
n, we obtain the determinant 


f 024 ag-bf «0. 
g f b ah-ef 

h gc -df 
9A a 0 
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530. "The eliminant of the equations /(”)=0, $ (x) - 0 can 
be vcry easily expressed as a determinant by Sylvester's Dialytic 
Method of Elimination. We shall take the same example as 
before. --: 


Ezample. Eliminate x between the equations 
ασ» +b? -- ου - ἆ--θ, fz?+gr+h=0. 
Multiply the first equation by z, and the second equation by z and z? in 


succession; we thus have 5 equations between which we can eliminate the 4 
quantities æ$, z?, σἳ, x regarded. as distinct variables. The equations are 


az? + Όσα -- ez -- ἆ--0, 
ar*--bz9--cez*--dz =0, 
fz3-4 gz-- h-0, 
je@+guithe --0, 


fet + gx? + hz? --0. 
Hence the eliminant 18 
0a bc d Ξ0. 
a bc d 0 
ϱ 0ο ff gh 
0 f g h O 
f h 0 0 


531. The principle of the following method is due to Bezout; 
it has the advantage of expressing the result as a determinant of 
lower order than either of the determinants obtained by the pre- 
ceding methods. We shall choose the same example as before, 
and give Cauchy's mode of conducting the elimination. 


Example. Eliminate z between the equations 
az} + bri+cx+d=0, fr*+gr+h=0. 


From these equations, we have 


f  gè+hr ' 
orkb erid 
ja+g he ’ 
whence (ag — bf) ο) - (ah - cf) z - ἆ[--0, 
and (o (ah - ef) 2+ (bh — eg - df) s - dg=0. 


Combining these two equations with 
jz*--gr t hu, 
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and regarding z* and z as distinct variables, we obtain for the eliminant 
f g h 1-0. 
ag-bf ah-cf -df 
ah-cf bh-ceg-df -dg 


532. If we have two equations of the form ¢,(z, y)=0, 
d,(z, y)=0, then y may be eliminated by any of the methods 
already explained ; in this case the eliminant will be a function of z. 


If we have three equations of the form 


p(z, y; 7-0, φοία, y z) =0, $s(r, y; z)=0, 


bv eliminating z between the first and second equations, and then 
between the first and third, we obtain two equations of the form 


V (2, y) Ξ0, V. (x, y) -—0. 


If we eliminate y from these equations we have a result of 
the form /(z) -0. 


By reasoning in this manner it follows that we can eliminate 
n variables between n+1 equations. 


533. The general methods of elimination already explained 
may occasionally be employed with advantage, but the eliminants 
80 obtained are rarely in à simple form, and it will often happen 
that the equations themselves suggest some special mode of 
elimination. This will be illustrated in the following examples. 


Example 1. Eliminate l, m between the equations 
lz + my =a, mz -ly =b, P+m*=1. 
By squaring the first two equations and adding, 
Pr? + πιδα3 + my? + Py? =a* + 5%, 
that is, (P + m?*) (25 4 y*) =a" +b; 
hence the eliminant is 23 -- y* —-a* +5, 


If 12 cos 0, m=sin 6, the third equation is satisfied identically ; that is, 
the eliminant of 
z cos 0 +y sin 0—a, zsinÓ -y cos 0 =b 


is 234g! D. 
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Ezample 2. Eliminate z, y, z between the equations 
y* +a zayz, z* a3 «ὅσα, 27+ y2=cry. 


τν κα, cd ub 521) ue: 
We have ES ᾱ, 2t. b, ere 6; 
by multiplying together these three equations we obtain, 
27 2 
249 na TET xt ες ,=abe; 
y? y’ 
hence 2+ (a? - 2) + (03 -- 9) + (οὔ -- 2) abe ; 
ee a3 +b? ο) -- 4 — abc. 


Example 8. Eliminate x, y between the equations 
y'-pz-qgy, dey=qetpy, 230 y'-1 


Multiplying the first equation by z, and the second by y, we obtain 
a? Γδαγ — p (23 -y*; 


henoe, by the third equation, 
pzri4-8zy?. 


Similarly q=3r7y + y*. 
Thus ο p-qe(z-y* 
(p (p - ao (oy) (o - y 
-2 (z^ y*)i 


" (pa (p- 0-2. 


Example 4. Eliminate z, y, z between the equations 
yt =a, AES DEUS τ Y <6, 
2 z 2 y 3 


æ (y? εὖ +y (2? — 2°) -+a (x? -- y?) 


We have a+b+e= 
xyz 
,U-26-2)(-0» 


«ys 
If we change the sign ‘4 z, the signs of b and c are changed, while the 


sign of a remains unal 
ατα) @+y) 
hence a-b-c a j 
Bimilarly, τον ib ET ety) , 


pa Ut (στα) o») 
«γε 


and ` 
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«-. (ab +c) (ὃ --ε-- α) (cca - ὃ) (ab - e) - ene yv 


axi 


o's 26353 + 2c!a3 + 20353 — αὐ — δέ — ct -- a*0?c3 = 0. 


EXAMPLES. XXXIV.c. 


1. Eliminate m from the equations 
m*r—my-ct-a-0, ΤΙ --ᾱ 0. 
2. Eliminate m, n from the equations 
miz—-my+a=m0, niz—ny+a=0, mn+l=0, 
3. Eliminate m, n between the equations 
mz—-ny=a(mi—n*), netmy=2amn, m?+niml], 
4, Eliminate p, g, r from the equations 
ptgtr=0, a(grt+rpt+p,)=2a-2, 
αχ” y, gr - 1. 
§ Eliminate x from the equations 
Gz*—2a?r--1—0, ae*42*—3ar-0. 
6. Eliminate m from the equations 
yt+tmr=a(l+m), my—x=a(1—m). 
7. Eliminate x, y, z from the equations 
yeaa’, zrzz-b* xy=c?, z y +=, 
8. Eliminate p, q from the equations 
z(ptg)-*, p—q=k(l+pq), zpg-a. 
9, Eliminate z, y from the equations 
Σ-γ--α, -y =b, α)--γδκερὂ 
10. Eliminate α, y from the equations 
ety=a, 142 =b, x45 


ll. Eliminate z, y, 2, « from the equations 
z=by +z +du, y=cz+du+az, 
s=dut+ar+by, u=ax+by+cz. 


12. Eliminate z, y, z from the equations 
. z+yte=0, za) gig, 
x34 mS, s+ yo + bed, 
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13, Eliminate z, y, s from the equations 
e lUa a μα μοι τί στ. 
grata % ασ τὸ ο C +2) EP ù 
14. Eliminate z, y, z from the equations 
at(y +z) γα) A(cty) cs 1 
a? B è p abc ` 
15. Eliminate v, y from the equations 
4(2?+y")=ax+by, 2(22 -y =ar- by, ty =e, 
16. Eliminate z, y, z from the equations 
(y+z)*=4atyz, (zx) Ab, (x4yy-4cy. 
17. Eliminate z, y, z from the equations 
(a-y-z)(r-y92)-ays (y+z—2) (y -:1-α)--ὅσα, 
(z+a—y) (¢-—2+y)=cxy. 
13. Eliminate z, y from the equations 
αὌγ--α, x(et+y)=b, IWw+y=c. 
19. Shew that (a--b-- c — 4 (b-F c) (c -- a) (a+b) +5abe=0 
is the eliminant of 
ax? + by? 4- cz? — ax 4- by + cz — yz - 2m py 20. 
20. Eliminate z, y from the equations 


ax? + by! =axr+ by = I. =€. 


+y 
21. Shew that be + ca? + abm babe? 
is the eliminant of 
ax+yz=be, by+er=ca, cet+ay=ab, xyz=abe, 
22, Eliminate v, y, 2 from 
Pty uc y uml, 


a b c 
τα γ-)-τα-λ 


23. Employ Bezout's method to eliminate x, y from 
ax? c baty-Eexy* dy! 0, α τὸ {δ᾽ οἵ e zy c d'y 0. 


CHAPTER XXXV, 
THEORY OF EQUATIONS, 


534. In Chap. ix. we have established certain relations be- 
tween the roots and the coeflicients of quadratic equations. We 
shall now investigate similar relations which hold in the case of 
equations of the nm degree, and we shall then discuss some of the 
more elementary properties in the general theory of equations. 


535 Let pr" px" pm i+... t p, C p, be à rational 
integral function of x of n dimensions, and let us denote it by 
f(x); then f(x) 2 ὃ is the general type of a rational tntegrul equa- 
tion of the n'è degree. Dividing throughout by p,, we see that 
without any loss of generality we may take 


α + pa"! + pate + oe. tp, c+p,=0) 
84 the type of a rational integral equation of any degree. 


Unless otherwise stated the coefficients p,, p,,... p, will always 
be supposed rational. 


536. Any value of z which makes f(x) vanish is called a 
root of the equation f(x) = 0. 


In Art. 514 it was proved that when f(x) is divided by 
α--α, the remainder is f(a); hence if f(x) is divisible by z—a 
without remainder, a is a root of the equation f (x) =0. 


537. We shall assume that every equation of the form / (ο) =0 
has a root, real or imaginary. The proof of this proposition will 
be found in*treatises on the Theory of Equations; it is beyond : 
the range of the present work. 
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538. Every equation of the nth degree has n roots, and no more. 
Denote the given equation by f (z) -- 0, where 
Sape + p," + pot uu... tp. 
The equation /(z) - 0 has a root, real or imaginary; let this be 
denoted by a,; then f (x) is divisible by ο --αι, so that 
J (x) = (z-a) $, (2), 
— $, (x) is a rational integral function of n — 1 dimensions. 
Again, the equation $,(x)- 0 has a root, real or imaginary; let 
this be denoted by a,; then $, (4) is divisible by w—a,, so that 
$ (2) = (z-a) ,(2) 


where 4, (x) is a rational integral function of n — 2 dimensions. 


Thus J (x) = (x - a) (x — a4) $, (x). 
Proceeding in this way, we as in Art. 309, 
S (2) =p, (« — αι) (e — αι) ...... (x-a). 


Hence the equation f(x)=0 has n diis since f(x) vanishes 
when has any of the values a,, a,, @,,...4,. 


Also the equation cannot have more than n roots; for if æ has 
any value different from any of the quantities αι, αρ a,,...a,, all 
the factors on the right are different from zero, and. therefore 
f (x) cannot vanish for that value of a. 


In the above investigation some of the quantities a, @,, a,,...a, 
may be equal; in this case, however, we shall suppose that the 
equation has still τι roots, although these are not all different. Ν 


539. Το investigate the relations between the roots and the 


coefficients in any equation. 


Let us denote the equation by 


α ρα + pa + o. +p,_,2+ p,=9, 
and the roots by a, 5, c, ...... £; then we have identically 
w {γιο + pm suus. 5,7 P, 


= (x =a) (x —5) (æ= c)......(o = Å); 
hence, with the notation of Art. 163, we have 


AU ρα ρα uus bp, Ep, 
eg-Sm δρ οι. H (-1!P S, ime(-1»8. 
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Equating coefficients of like powers of æ in this identity, 
— p, = S, Ξ sum of the roots; 
2,78, =sum of the producta of the roots taken two at a 


time; 
~ p, 6, = sum of the products of the roots taken three at a 
. time ; 


(- 1)'p, — S, — product of the roots. 


If the coefficient of x" is p,, then on dividing each term by 
p, the equation becomes 


πμ 4 Pac ο a Pe 0, 
o Po o ο 


and, with the notation of Art. 521, we have 


Σα----Τι, sab=", 3abe=-®, ...... , abc... bes (--1) t8, 
Pr p Ps 


o Po 
Example 1. Solve the equations 
£--ay--a?3za?, α -- ὃν -- big —b9, 2+cy+c%z=c?, 
From these equations we see that a, b, c are the values of t which 
satisfy the cubic equation 
i5 — 2t?-yt-2=0; - a 
henoe s=atb+c, y= — (bc-- car ab), xz abc. 


9 $ 
Example 2. Ii a,b, care the roots of the equation z? + p,z* 4- p,z t p, O0, 
form the equation. whose roots are αὖ, δ], οἱ, 


The required equation is (y — a?) (y - b*) (y — c?) 0, 


or (x? ~ a?) (x? — b?) (x? 3) 20, if ya? ; 
that is, (x - a) (x — b) (z - c) (z +a) (2 +b) (z rc) =0. 
But (z =a) (2 - b) (5-- c) wz? - p z? -- px + Pa; 
hence (5 +a) (x 4-5) (z-- e) 22? — px? Ρας - ps. 
Thus the required equation is 
(8+ p,2*+ pet p,) (P -pe Γρ 
or (a? +p} - (p,2* +p,)?=0, 
or z$ + (2p, — p,*) 24 + (Pè - 2p, p,) α’ — 5,1 z:0; 


and if we replate z* by y, we obtain 
y+ 2p, - 5) y^ + (p? - 25,99 y - p^» 0. 
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540. The student might suppose that the relations established 
in the preceding article would enable him to solve any proposed 
equation; for the number of the relations is equal to the number 
of the ragts. A little reflection will shew that is this not the 
case; for suppose we eliminate any n—1 of the quantities 
a, b, c, ... k and so obtain an equation to determine the remaining 
one; then since these quantities are involved symmetrically in 
each of the equations, it is clear that we shall always obtain an 
equation having the same coefficients; this equation is therefore 
the original equation with some one of the roots a, b, c,...4 sub- 
stituted for a. 


Let us take for example the equation 
x’ px +p +p, =O; 
and let a, b, c be the roots; then 
a+b+c=-p, 
abt+ac+be= p, 
abc = — p, 
Multiply these equations by a’, — a, 1 respectively and add; thus 
a =— pa —p,8 — p, 
that is, a’+pa'+patp,=0, 
which is the original equation with a in the place of z. 


The above process of elimination is quite general, and is 
applicable to equations of any degree, 


541. If two or more of the roots of an equation are con- 
nected by an assigned relation, the properties proved in Art. 539 
will sometimes enable us to obtain the complete solution. 

“Example 1. Solve the equation 423 -- 2422+ 28ᾳ4-18--0, having given 
that the roots are in arithmetical progression. 


Denote the roots by a — b, a, a-- b; then the sum οἱ the roots is 8a; the 
sum of the products of the roots two at a time is 8a? ~6?; and the product 
of the roots is a (a? —b?); hence we have the equations 


8a=6 Ba! — ῥ1---9 a(d 3%) = - 9. 
9 4 ?, y? 
from the first equation we find a=2, and from the second d= — and 
since these values satisfy the third, the three equations are consistent. 


Thus ihe roota &re 7 à" 2, à' 
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€ Ezample 3. Solve the equation 24r? — 1413 — 632+ 45 =0, one root being 
double another. 


Denote the roots by a, 2a, b; then we have 


7 21 54. 15 
8a-Fb—15, 2a? + Sab z ——, 2a7b= -- 8' 
From the first two equations, we obtain 
8a? ~ 2a -8—0; 
8 1 5 25 
“ a= Or -53 and De or ij. 
It will be found on trial that the values a— 5, b= do not satisfy 
the third equation 2a% = -- τ hence we are restricted to the values 
8 5 
a= 4 , b = 3 . 
8 8 65 
Thus the roots are P ὃ» -δ' 


542. Although we may not be able to find the roots of an 
equation, we can make use of the relations proved in Art. 539 
to determine the values of symmetrical functions of the roots. 


Ezample 1. Find the sum of the squares and of the cubes of the roots 
of the eyuation z3—pz!-qr-T-0. 


Denote the roots by a, b, c; then 
a+b+c=p, be+ca+ab=q. 
Now a? + b?+¢c3=(a+6+c)?—2 (be -- ca -- ab) 
zp*- 2q. 
Again, substitute a, b, c for z in the given equation and add; thus 
a5 +b 4- c? — p (a? - 53 -- c*) - q (a+b+c) - 80-0; 
^. a 03 -+ =p (p*— 24) - pq +3r 


=p% — 8pg + Br. 
Ezample 2. Ifa, b, c, d are the roots of 
ttp - qx - rm 4-820, 
find the value of 2435. 
We have α--ὃ--ο--ἆς--- Ρ............ —— (1), 
ο ab+ac+ad+ be + 6d + cdzq ............e... — ^. (2), 


abe + abd + acd+ bcd — — ο ο ον ο ης (8). 
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From these equations we have 
- pq = Zab +8 (abc -- abd + acd | bed) 
= Za% — 9r; 
es 2a% = Br — pq. 


EXAMPLES. XXXV.a. 


Form the equation whose roots are 
1, ο 2 x /3, 2. 0, 0, 2, 2, -8, -. 
3. 2, 2, - 2, — 2, 0, b. 4, a+b, a-b, -a +b, -ᾱ-- b. 
Solve the equations: 
δ. at —16r3+ 862? — 176 4-105 — 0, two roots being 1 and 7. 
6. 4:?--162? — 97 — 36 «0, the sum of two of the roots being zero. 
7. 4034202? -- 23x-4- 620, two of the roots being equal. 


8. 35:3—20455--52: —24-—0, the roots being in geometrical pro- 
ion. 


9. 22?-2z?-—227-—24=0, two of the roots being in the ratio ol 

3: 4. 

10, 2423+ 46z*+927--9=0, one root being double another of the 
roots. 

ll. 8:*—243—2743--627--9-—0, two of the roots being equal but 
opposite in sign. 

12. 543-391 —26x+16=0, the roots being in geometrical pro- 
gression. 


19. 32:3—48:1.-22:—3-—0, the roots being in arithmetical pro- 
gression. 

14, 62t—2925+ 402° —72— 12:0, the product of two of the roots 
being 2. 

16. 2:5-2:5—92123--29:--40-0, the roots being in arithmetical 
progression. 

16. 272:*—19523--49421—520:4-199-0, the roots being in geo- 
metrical progression. 


17. 1825 + 8143112140 +60=0, one root being half the sum of the 
other twe. 
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18. Ifa, b, c are the roots of the equation z* — pz? 4- qx -r =0, find 
the value of 


1 1 1 1 1 1 
D atata D patog sp 


19. Ifa, b, c are the roots of z?-- qx -- r -0, find the value of 
(1) (ὁ --ο)ἳ-ς(ὁ-- α)ὰ --(α — by. (2) (boc) 1-4 (c2)! 4 (a +b). 

20. Find the sum of the squares and of the cubes of the roots of 

zt +g 4 rz 4-8 —0. 
21. Find the sum of the fourth powers of the roots of 
z*--qx-4 7-0. 

543. In an equation with real coefficients imaginary roots 

occur in pairs. 


Suppose that /(α)--0 is an equation with real coefficients, 
and suppose that it has an imaginary root a+7b; we shall shew 
that a - ib is also a root. 


The factor of f(x) corresponding to these two roots is 
(α--α-- ἱθ) (0 --α - 10), or (z-a) +b. 


Let f(x) be divided by (α--α) δὲ; denote the quotient by 
Q, and the remainder, if any, by Ez - E' ; then 


f(z) zQ((z - af -- 03] - Ez -- Β΄. 


In this identity put z«a-:b, then f(z) 20 by hypothesis; also 
(x~—a)?+6?=0: hence E(a- τὸ) -- Β΄ =0. 


Equating to zero the real and imaginary parts, 
Ra+R'=0, Rb=0; 
and b by hypothesis is not zero, 
;. R=0 and E'-0. 
Hence f(z) is exactly divisible by (z-a)? + ὅδ, that is, by 
(z - a -3b)(z a 4-15) ; 
hence z=a — ib is also a root. 
544. In tbe preceding article we have seen that if the equa- 


tion f(x) --0 has a pair of imaginary roots a+ ib, then (z-a)? +b? 
is a factor of the expression f(z). 
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Suppose that ab, ο 1d, e 4g,... are the imaginary roots 
of tho equation f'(z)- 0, and that ¢ (x) is the product of the 
quadratic factors corresponding to these imaginary roots; then 


$ (rJ (x —ay + δ {(ο — ο) + PH — e + g^... 
Now each of these factors is positive for cvcry real value of a; 
hence $ (x) is always positive for real values of x. 


545. Asin Art. 543 we may shew that in an equation with 
rational coefficients, surd roots enter in pairs; that is, if a+ /b is 
a root then a — ,/b is also a root. 
V Example 1, Solve tho equation 6z*— 13. 3 - 3573 — z +3 =0, having given 
that one root is 2 --κ/ὃ. l 


Since 2-,/3 is a root, we know that 2+,/3 is also a root, and corre- 
sponding to this pair of roots we have the quadratic factor z? — 4z 4- 1. 


Also 624-1325 - 35z*?— z--8 — (x? — 4x 4-1) (622+112+8); 
hence the other roots are obtained from 
627+117+38=0, or (85 1) (2z - 3) 20; 


thus the roots are — - i 2 4/8, 2—,/3. 

Kzample 2. Form the equation of the fourth degree with rational 
cocilicients, one of whose roots is 2r ν/ ~ 8. 

Here we must have ,/2+,/—8, ,/2— ,/ —8 as one pair of roots, and 
-- J24 A -8, -J2— Aj - 8 as uuollior pair. 

Corresponding to the first pair we have the quadratic factor z? — 24/22 4- b, 
and corresponding to the second pair we have the quadratic factor 

z*-- 2 4/2z -Γ b. 
Thus the required equation is 
(13 - 2/2 + 5) (z* - 2,/2s +- 5) =0, 


or (a? + 5)? - 871—0, 
or af + 223 + 25=0. 
Example 8. Shew that the equation 
4? p? H 
zoa ab 3-6" Mr E κο 


has no imaginary roots. 


If possible let p--iq be a root; then p- iq is also a root. Substitute 
these values for z and subtract the first result from the second; thus 


νάνων 
1 pate a?” (po rg” pot eget” "Garay? 
which is impossible unlese q = 0. 
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546. To determine the nature of some of the roots of an 
equation it is not always necessary to solve it; for instance, the 
truth of the following statements will be readily admitted. 


(i) If the coefficients are all positive, the equation has no 
positive root; thus the equation αὐ + x^ + 2w + 1 =0 cannot have a 
positive root. 


(ii) If the coefficients cf the even powers of z are all of one 
sign, and the coefficients of the odd powers are all of the contrary 
sign, the equation has no negative root; thus the equation 


αὖ --ax'-99x-x'-—3z2 472—520 
cannot have a negative root. 


(iii) If the equation contains only even powers of x and the 
coefficients are all of the same sign, the equation has no real 
root; thus the equation 22° + 3c‘ 4-2°+7=0 cannot have a real 
root. 


(iv) If the equation contains only odd powers of x, and the 
coefficients are all of the same sign, the equation has no real root 
except z—0; thus the equation αὖ + Ζω + 9? 2 0 has no real 
root except a = 0. 


All the foregoing results are included in the thecrem of the 
next article, which is known as Descartes’ Rule of Signa. 


547. An equation f(x) - 0 cannot have more positive roots 
than there are changes of sign in f(x), and cannot have more 
negative roots than there are changes of sign in f (— x). 


Suppose that the signs of the terms in a polynomial are 
+4+—-—+—-——+-—+-3 we shall shew that if this polynomial 
is multiplied by a binomial whose signs are + —, there will be at 
least one more change of sign in the product than in the original 
polynomial. 

Writing down only the signs of the terms in the multiplica- 
tion, we have 

++--+---+-+- 
— 
++--+---+-+- 
——tt—-ttt-t-c 
thw mt ------Ἔ 


460 HIGHER ALGEBRA. 


Hence we see that in the product 

(i) an ambiguity replaccs cach continuation of sign in the 
original polynomial; 

(ii) the signs before and after an ambiguity or set of am- 
biguities are unlike; : 


(iii) a change of sign is introduced at the end. 


Let us take the most unfavourable case and suppose that all 
the ambiguities are replaced by continuations; from (ii) we see 
that the number of changes of sign will be the same whether we 
take the upper or the lower signs; let us take the upper; thus 
the number of changes of sign cannot be less than in 


and this series of signs is the same as in the original polynomial 
with an additional change of sign at the end. 


If then we suppose the factors corresponding to the negative 
and imaginary roots to be already multiplied together, each factor 
α--α corresponding to a positive root introduces at least one 
change of sign; therefore no equation can have more positive 
roots than it has changes of sign. 


Again, the roots of the equation f (— x) 2 0 are equal to those 
of f(«) - 0 but opposite to them in sign; therefore the negative 
roots of f(z)=0 are the positive roots of f(—x)=0; but the 
number of these positive roots cannot exceed the number of 
changes of sign in /(— x); that is, the number of negative roots 
of /(α)--0 cannot exceed the number of changes of sign in 


I (- α) 
Ezample. Consider the equation z? + br — 23+72+2=0. 


Here there are two changes of sign, therefore there are at most two 
positive roots, 

Again f(- x) 2 —2°+52°+25-—7x+2, and here there are three changes 
of sign, therefore the given equation has at most three negative roots, and 
therefore it must have at least four imaginary roots. 


EXAMPLES. XXXV. b, 


Solve the equations : 


1. 8οἱ- 1023 +47? - 272—670, one root being — 


2, 0:7 -1325- 352% — 7--3— 0, one root being 2-2. 
8. 25 43352349: — 920, one root being —1-- / — 1. 
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4, 2*4 4x5 Ox? - 4x 4-5 0, one root being |/— 1. 
δ. Solve the equation 5 -a4+8r?-9xr—15=0, one root being 
4/3 and another 1 —- 24/ - 1. 


Form the equation of lowest dimensions with rational coefficients, 
one of whose roots is 


6. 434-2. 7 - AJ -l«J5. 
8. -J2- J-3. 9. /5+2/6. 
10. Form the equation whose roots are 44,/3, 542,/ — 1, 
11. Form the equation whose roots are l+ ./— 2, 24 κ/ —3. 
12. Form the equation of the eighth degree with rational co- 
efficients one of whose roots is J/2 -- /3-- ./ — 1. 
13. Find the nature of the roots of the equation 
32^ + 1213 -- δα — 4—0. 


14. Shew that the equation 2»! —4*-- 475 —5— 0 has at least four 
imaginary roots. 


15. What may be inferred respecting the roots of the equation 
x — 4764 94 97-32-01 


16. Find the least possible number of imaginary routs of the 
equation 2 — 25+ 24+27+1=0,. 


17. Find the condition that z3— pz*-- gr —-r=0 may have 
(1) two ruots equal but of opposite sign; 
(2) the roots in geometrical progression. 
18. If the roots of the equation CM TIE 2 5-0 are in 


arithmetical oe shew that 15 apg tori 0j and if they are 
in geometrical progression, shew that p*sz: 7? 


19. If the roots of the equation z^ — 1 =0 are 1, a, B, y,..., shew that 
(1 -- α) (1 - 8) (1 -4)......— 


If a, b, c are the roots of the equation αδ-- psr? + qz —r«0, find the 
value of 


20. 2a. 21. (b+c)(c+a) (α-ἷ δ). 
b ο 
22. 5 C + j a 23. Za*b. 


If a, b, c, d are the roots of z*4-pz* 4- q2*-- rz-- 8 — 0, find the value of 
24, Zabo. 25. λα' 
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548. To find the value of f(x +h), when f(x) ts a rational 


integral function of x. 


Let f(a) =p,0" Γρ + par — ἘΡ,. 21 then 
(x +A) =p, (e+ h)" +p, (Œ+ A" +p - Ay"?  ...... 


t p, (e - À) 4 p, 
Expanding each term and arranging the result in ascending 
powers of 4, we have 


pæ + per + p" + Rp, X p, 


+h ερ) (n— 1) pa"? + (n- 2) p? 


+...+p _} 


* s {n (n -- 1) p,a"? + (n-1)(n-2) par + ... + 2p ο 


4. = fn (n—1)(n- 2)...2.1p,}. 


This result is usually written in the form 
, Us. , h’ Udd ] j 
Jf (x +h) =f (x) + hf (x) +t (2) * (s f (z) +... + a 0 
and the functions f(x) "(aM f” (æ)... are called the frst, 
secon, third,... derived functions of f (a). 


The student who knows the elements of the Differential Cal. 
culus will see that the above expansion of /(x+h) is only a 
particular case of Taylor's Theorem; the functions f'(x), f" (æ), 
f" (x) may therefore be written down at once by the ordinary 
rules for differentiation: thus to obtain f'(x) from f(x) we multiply 
each term in f(z) by the index of x in that term and then 
diminish the index by unity. 


Similarly by successive differentiations we obtain J"(z), 
Jy" ny sso 


By writing -A in the place of h, we have 
py ων. P pen h" | 
/α- 1) - fe) -M'() «i ὢ- αμ E e C Fa) 


The function f(x À) is evidently symmetrical with respect 
to æ and 4; hence 


. (a &) =f (A) + xf’ (h) +5 f" (ὁ) + oe 4 E 7" 0). 
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Here the expressions f" (A). f" (A), f" (A), .. denote the results 
obtained by writing / in the place of x in the successive derived 


functions f'(x), J" (a), J” (x),... 
Example. If f (1) - 2x* - 2? — 223 + 5x - 1, find the value of f (z+ 3). 
Here f (x) 2 2a4— 23 - 22? -- 5z - 1, so that /(3) 2131; 
J'(z)2 8:23 —3a? — 4z-- 5, and f' (3) - 182; 
Ej ) 1922. 3¢-2, and ^) 97, 


— 


O 3) =8zx-1, and L C) 223; 


—— g^ 


frin 
i 


Thus f (w+ 8) = 22* + 2325 + 9723 1 182 + 181. 


The caleulation may, however, be effected more systematically hy HTorner's 
process, as explained in the next article. 


549. Let f(a=pa"+pa +p" + xp, (ttp, 
put x= y+ h, and suppose that f (z) then becomes 
qU tQ t4 τι. κῃ, yg, 
Now y -z —h; hence we have the identity 
port pa +p tus +p, (tp, 


-q(r-AY +q, (A+... +q, (e-h)+q3 


therefore g, is the remainder found by dividing f(x) hy z—A; 
also the quotient arising from the division is 


q (e - AY" q (e yt seq 


μπα 
Similarly g, , is the remainder found by dividing the last 
expression by a — À, and the quotient arising from the division is 
gle- h) +q (eA) A+... 9, 5 


and so on. Thus g,, g,- δω... may be found by the rule ex- 
plained in Árt. 515: The last quotient is q, and is obviously 
equal to p,. 
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“Example. Find the result of changing a into z -- 8 in the expression 
2z* — a3 — 225 + bz — 1. 


Here we divide successively by æ- 8. 


2 -1 -2 6 -1 Or more briefly thus: 
6 15 89 132 9 -1 -2 5 -1 
b 18  44|131-q, 
6 83 138 δ 18 44 | 181 
Edi 182-9, 11 46] 182 
= 2 | 28 
23 = qı 2 


Hence the result is 24 + 2845 +-97x2 + 182x +131. Compare Art. 548. 


di may be remarked that Horner's process is chiefly useful in numerica 
work. 


550. If the variable x changes continuously from a to b th 
Junction f (x) will change continuously from f (a) to f (b). 


Let c and ο +A be any two values of æ lying between a and b. 
We have 


Γ(ο--ὖ) —f (e) = hf'(c) ο. — +S): 
|^ iu 


and by taking 4 small enough the difference between / (ο +A) anc 
J (c) can be made as small as we please; hence to a small change 
in the variable æ there corresponds a small change in the function 
J (a), and therefore as x changes gradually from a to b, the fune 
tion f(x) changes gradually from f (a) to f (b). 


551. It is important to notice that we have not proved that 
f(x) always increases from f(a) to f(b), or decreases from f (a. 
to f(b), but that it passes from one value to the other without 
any sudden change; sometimes it may be increasing and at other 
times it may be decreasing. 


The student who has a knowledge of the elements of Curve 
tracing will in any particular example find it easy to follow the 
gradual changes of value of f (x) by drawing the curve y =f (æ). 


552. If f(a) and f(b) are of contrary signs then one root oj 
the equation f (x) = 0 must lie between a and b. 


a 


As œ changes gradually from a to 5, the function / (2) changes 
gradually from f(a) to /(b), and therefore must pass through all 
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intermediate values; but since /(α) and f(b) have contrary signs 
the value zero must lie between them; that is, /(x)=0 for some 
value of x between a and b. 


Tt does not follow that /(x) --0 has only one root between a 
and b; neither does it follow that if /(«) and /(6) have the same 
sign /(α) -- 0 has no root between « and ù. 


553. Every equation of an odd degree has at leust one real 
root whose sign is opposite to that of tis last term. 


In the function f(x) substitute for x the values +00, 0, — oo 
successively, then 


f(to)=+0, f()ep, /ί-ο)---. 
If p, is positive, then //(z)- 0 has a root lying between 0 and 
-æ , and if p, is negative f(x) =0 has a root lying between 0 
and + co. 


554. Every equation, which is of an even degree and has tts 
last term negative has at least two real roots, one positive and one 
negative. 


For in this case 


f(e)e*e, f0)=py f(-0) +0: 
but p, is negative; hence /(x)=0 has a root lying between 0 
and +œ, and a root lying between 0 and --οο. 


555. If the expressions f(a) and f(b) have contrary signs, 
an odd number of roots of f(x) 2 0 will lie between a and b; and 
af f(a) and f(b) have the sume sign, either no root or un even number 
of roots will lie between a and Ὁ. 


Suppose that a is greater than b, and that a, β, γ,...κ 
represent all the roots of /(͵)--0 which lie between a and b. 
Let (x) be the quotient when /(x) is divided by the product 


(x —a) (x — B) (x — y) ... (s — κ); then 
f (5) - (2) (= - B) (w= y) (e x) $(2) 
Hence /(a)={u—a)(a—)(a—y) ... (a— κ)φία). 
f(b) = (6 a) (6 - B) (6 —) ... (6 - x) (6). 


Now (a) and φ(ὺ) must be of the same sign, for otherwise a 
root of the equation $(x)-0, and therefore of /(ω) --0, would 
lie between a and b [Art 552], which is contrary to the hypo» 
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thesis. Hence if f(a) and f(b) have contrary signs, the ex- 


pressions 

(a — a) (a — B) (a — y) ... (a-~ κ), 

(b — a) (b — B) (b — y) -.. (b — κ) 
must have contrary signs. Also the factors in the first expression 
are all positive, and the factors in the second are all negative; 
hence the nuniber of factors must be odd, that is the number of 
roots a, B, γ,... κ must be odd. 


Similarly if f(a) and f(b) have the same sign the number of 
factors must be even. In this case the given condition is satisfied 
if a, B, γ,... κ are all greater than a, or less than b; thus it does 
not necessarily follow that f (x) -- 0 has a root between a and b. 


556. Ifa, δ, c, ...k are the roots of the equation f (x) = 0, then 


f(t) = p. (e a) ( -5) (2-6) ... (ᾳ- B. 
Here the quantities a, b, ο... k are not necessarily unequal. 
If r of them are equal to a, s to b, t to c, ..., then 


J (a) =p, (x — a)’ (x — by (zx — cy .... 
In this case it is convenient still to speak of the equation 


f(x) --0 as having n roots, each of the equal roots being considered 
a distinct root. 


057. If the equation {(x)=0 has τ roots equal to a, then the 
equation f'(x)=0 will have r — 1 roots equal to a. 


Let (x) be the quotient when f(x) is divided by (x—a)'; 
then f (2) = (z — ay φία) 
Write «+h in the place of a; thus 
S (a+h)=(a-a+h)'o(ath); 


S F(a) + Af (æ) + οκ. LT 


ex e- a) -r(r—-ay ^h Mee + hd’ (x) «gm -) . 
In this identity, by equating the coefficients of h, we have 
f (a) -τ(α- ay (x) + (x -ay $ (x). 


Thus f'(x) contains the factor x-a repeated r— 1 times; that 
is, the equation γ΄’ (x)= 0 has r — 1 roots equal to a. 
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Similarly we may shew that if the equation f(x) --0 has e 
roots equal to b, the equation /' (α) -- 0 has s — 1 roots equal to b; 
and so on. 


558. From the foregoing proof we see that if f(x) contains 
a factor (x — a)’, then f'(x) contains a factor (x —a)"' ; and thus 
J(x) and f'(x) have a common factor (x-a). "Therefore if 
J () and f’ (x) have no common factor, no factor in f(a) will be 
repeated; hence the equation f(x) =0 has or has not equal ruots, 


according as £(x) and £f (x) have or huve not a common factor 
anvolviny x. 


5059. From the preceding article it follows that in order to 
obtain the equal roots of the equation / (9) = 0, we must first find 
the highest common factor of f (x) and f(e). 


Jizample 1. Solve the equation zí--11z!--44z? — T76x-- 48—0, which has 
equal root». 


Here f (xz) ==a* - Liat + 4407 — 760+ 48, 
J’ (x) - 4c? — 3323 + 882 — 76; 


and by the ordinary rule we find that the highest common factor of f (x) and 
J'(z)182-2; hence (z — 2)? is a factor of f(z); and 


Kf (x) = (c — 2)? (à? — Τα 4-12) 
= (æ — 2)? (x — 3) (x — 4); 
thus the roots are 2, 3, ὃ, 4. 


Example 2. Find the condition that the equation az? + S0z? + 8ος -- ἆ--θ 
may have two roots equal. 


In this ease the equations f (z) -0, and f’ (x) 20, that is 
az? + 3bz?* + ϑοα!{-ἀ-0........................... (1), 
ax? 4 9bz + ez: LLL (2) 


must have a common root, and the condition required will be obtained by 
eliminating z between these two equations. 


By combining (1) and (2), we have 


bz? + 2cz 4 d=0 ο ΟΥ ΟΣΟΥΣ ΣΣ. (8). 
From (2) and (3), we obtain 
ceo rz l | 
2(bd-c) be-ad 2(ae-b)' 


thus the required condition is 


(bc - ad}? = 4 (ac — b?) (bd — c*). 
Q H. H. A. 
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560. We have seen that if the equation f(x) = 0 has r roots 
equal to a, the equation 7 (4) - 0 has r- 1 roots equal to a. But 
f" (x) is the first derived function of J” (æ); hence the equation 
J’ (7) = 0 quust have r — 2 roots equal to a; similarly the equation 
f" (x)= 0, must have r —3 roots equal to a; &nd so on. These 
considerations will sometimes enable us to discover the equal 
roots of f(x) = 0 with less trouble than the method of Art. 559. 


561. Zf a, b, c,...k are the roots of the equation f(x) -- 0, to 
prove that 


x x x f 
"ECONCNCHINTE 


X-& x- ο x- ο 
We have (x) =(#~a) (α -- ὃ) (α-- ο) ... (x-k); 
writing æ + A in the place of x, 


J (ath) =(2-at+h)(a-—b+h)(a—c+h)... (x-k 4-1)... (1). 
But fee 1) sf) e MG) es e) 


hence f'(x) is equal to the coefficient of À in the right-hand 
meniber of (1); therefore, as in Art. 163, 


Jf (x) = (--ὐ)ίε--ο)... (ᾱ-- k) + (z-a)(n—-c) ...(x-k)* ...; 
hati PSD ο A), SO). 


ρα πο ο SOLL 


562. The result of the preceding article enables us very easily 
to find the sum of an assigned power of the roots of an equation. 


Ezample. If S, denote the sum of the Κα powers of the roots of the 


equation a5 4- pz* 4- qz3-- £—0, 
find the value of S, S, and S 

Let f (1x) z29 + pat + gat 4 t; 
then } (x) x bx‘ + 4pz* + 292. 


Now PC) ats (a +p) 28+ (a* ap) a+ (a! + utp + d) sat e apt agi 


&nd similar expressions hold for 
fe) f(z) ;ία) {89 : 


8—b' z—-c' z-d' z-e 
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Hence by addition, 
Bat + Apa? + 2gx = bat + (Si+ δρ) αὖ 4- (S4 291) 2? 


+ (Sy+ pS, + 054) x (Sit pS, + qSy). 
By equating coefficients, 


S,+5p=4p, whence δι «=~ p; 
Se+pS,=0, whence S,=p'; 
S3+pS,+6q=2g, whence Sy -- p! - 84; 
S,+p5,3+q8,=0, whence S,- p!-4-4pq. 
To find the value of S, for other values of k, we proceed as follows. 
Multiplying the given equation by z*^5, 
αἲ + p.71 + gut H tet 5 = 0. 


Substituting for x in succession the values a, b, c, d, e and adding the 


results, we obtain Set pS, 4 + 48, 5 t 65, 5:0. 
Put k=5; thus Ss t pS,4- 98, 4- 5t=0, 
whence S= - p — 5pq — bt. 
Put k=6; thus Sg t DS, qS4 4 t8, —0, 
whence Se= p^ Óp!g 4- 39? + Opt. 


To find S_,, put k=4, 3, 2, 1 in succession; then 
S, pS,--q481-F CS 12:0, whence S_,=0; 


Sy+pS,+5q+tS_,=0, whence S.,— — a ; 


S,+pS,+qS_,;+tS_,=0, whence S_,=0; 


S,+5p+¢S8_,+1S_,=0, whence δ-.--Σ τν 


563. When the coefficients are numerical we may ulso pro- 
ceed as in the following example. 


wÉzample. Find the sum of the fourth powers of the roots of 
αἳ-- 22° +2¢-1=0, 


Here S (x) = 24 -- 23 |-ᾱ -- 1, 
J’ (@)=3.2 -424+1, | 
Also f(z) 1 d. 1 


= — 
S(t) x-a α-ὑ α-ς 
x Lan — 
— ἅμ x e r’ I eve 


8X5 
“ατα Τμ; 
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hence S, is equal to the coefficient of 5 in the quotient of f'(z) by f(z), 


which is very conveniently obtained by the method of synthetic division as 
follows: 
118-441 
2 6-343 
-1 4-24 2 
1 4- 242 
| 10-545 


34242454104 ...... 


. κι 8383 2 2 5 10 
Hence the quotient is ολο ; 


thus 


EXAMPLES. XXXV. ο. 


If f(x) =2* + 1025 + 392? + 76x + 65, find the value of f(z- 4). 
If f(x) =24 — 1223 4-172? — 9z -- 7, find the value of /(x-+ 3). 

3. If f(a) =2a4— 132? + 10x — 19, find the value of f (x 4- 1). 

4. If f(x) =24 +1603 + 722? --64z — 129, find the value of f(x -- 4). 
δ. If f(x)-az$--bz5 + cz -- d, find the value of f (x+ 4) - f (x — κ). 


6. Shew that the equation 1053 — 1723*-- 2--6 — O has a root 
between 0 and - 1. 


7. Shew that the equation z4- 52°+32?+35z2—70=0 has a root 
between 2 and 3 and one between —2 and — 3. 


8. Shew that the equation 24 — 1243 + 12v —3 ««0 has a root 
between -- 3 and — 4 and another between 2 and 3. 


9. Shew that αὖ + 524 -—2027—192—2=0 has a root between 2 and 
3, and a root between —4 and —5, 


ο 5 


Solve the following equations which have equal roots: 

10. «*-92°+474+12=0. 11, 2*—6025.4-19:3—10z4-3-0. 
12, 2- 13244+6723 —17123--916z — 108 «0. 

13, s -z94 423 — 3049-0. 14, 8:423 — 1823-112 — 22-0, 
15. 29—325.-623—321— 3z--9-0. 

16. 26 — 225 — 4x4 + 1225 — 333 — 18274 180. ‘ 

17. «*—(a+6)2*—a(a— b) +a? (a+5) s — a*b --0. 
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Find the solutions of the following equations which have commo: 
roots 

18, 211 -- 9:3-p33--3x —6—0, 434 - 933-37 - 9 —0. 

19. 4:*4-1223--22—157—0, 6x44 1329 — 473 — 15.6 — 0. 

20. Find the condition that z" — pz?--r—0 may have equal roots, 

21. Shew that z*--Q:*--5.- 0 cannot have three equal roots. 

22. Find the ratio of b to a in order that the equations 

ar +br+a=0 and z9—2:?--2» —1—0 

may have (1) one, (2) two roots in common. 

23. Shew that the equation 

w+ na) +n (n—1) ας... +1n=0 

cannot have equal roots. 

94, If the equation αὖ — 102352? +54r+c¢=0 has three equal roots, 
shew that αὖ! — 905 4- c5 — 0. 

25. If the equation z*-J-az3-- bz? -- cx -- d. 0 has three equal roots, 
θε — ah 
3a?—8b' 

26. If 25--qa33-- rz*--t—0 has two equal roots, prove that ons of 
them will be a root of the quadratic 


l5rz?— 69*z--25t( — 4gr —0 
27. In the equation z? — z— 1 —0, find the value of δι. 
28. In the equation 2 —-25—7z'+2+6=0, find the values of & 


shew that each of them is equal to 
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564. The discussion of an equation is sometimes simplified 
by transforming it into another equation whose roots bear some 
assigned relation to those of the one proposed. Such transforma- 
tions are especially useful in the solution of cubic equations. 


565. To transform an equation into another whose roots are 
those of the proposed equation with contrary signs. 

Let / (x) -- 0 be the proposed equation. 

Put —y for x; then the equation Γ(- y)=0 is satisfied by 
avery root of f(x)=0 with its sign changed ; thus the required 
„uation a f(-y)=0, — —— 
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If the proposed equation is 


Pot" + py ep x. +p, ec+p = 0, 


then it is.evident that the required equation will be 
n—2 


PY" Py" + py — T (- p,- y + (- 1)"p, Tt 0, 


which is obtained from the original equation by changing the 
sign of every alternate term beginning with the second. 


566. To transform an equation into another whose roots are 
equal to those of the proposed equation multiplied by a given 
quantity. 


Let f(r) =0 be the proposed equation, and let g denote the 


given quantity. Put y= qz, so that z=, then the required 


equation is f ὦ) =0. 


The chief use of this transformation is to clear an equation of 
fractional coefticients. 


Example. Remove fractional coefficients from the equation 


8 1 e 
ΓΙ Να 3 : 
22 2 πα το, 


Put zat and multiply each term by g?; thus 


B ld 8 
2y! -3 dy! - d'y + ,, 070. 


By putting q—4 all the terms become integral, and on dividing by 2, 
we obtain : 
y? - By? — y +6=0. 


567. To transform an equation «nto another whose roots are 
the reciprocals of the roots of the proposed equation. 


Let f(x)- 0 be the proposed equation; put y - , Ro that 


92 = - ; then the required equation is f G) —0. 


One of the chief uses of this transformation is to obtain the 
values of expressions which involve symmetrica? functions of 
negative powers of the roots, 


4 7 
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v gzample 1. Ifa, b, c are the roots of the equation 
αὖ - ρα -qr-rT-0, 
1 1 1 
find the value of at pta " 


Write ; for z, multiply by γ᾽, and change all the signs; then the re- 


gulting equation ry*- qi! 4- py - 1-0, 
has for its roots l : 1 : 1 ; 
a b c 
hence sin! _ Σ 1.» 
a r ab r 
1 g*~2pr 
Ya rn * 


“4 Example 2. If a, b, c are the roots of 
z?4-2z? - 92 — 12:0, 
find the value of a-$+ b7* +678, 


Writing for z, the transformed equation is 
á y? + By? - 2y -1=0; 
and the given expression is equal to the value of ^, in this equation. 
Here δι. —-8; 
$,2(-8)9-2(-2)213; 
and S+ 88$,— 25, - 8:0; 
whence we obtain S,= — 42. 


568. If an equation is unaltered by changing x» into - , it 
is called a reciprocal equation. 


If the given equation is 
α + pat! + pt + oe 4 p, aC! +p. ο -ρ.Ξ0, 


the equation obtained by writing - for a, and clearing of fractions 
is 
ρα», GU αρ ο" 1... «γα για 1-0. 
If these two equations are the same, we must have 
Pai P.-s P, P, 


P. P, poc p ent 
from the last result we have p,-*41, and thus we have two 


classes of reciprocal equations, 
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(i) 1 p, 1, then 


P, = P Ps = p, ο) Ps 0. — “ P 
that is, „the coefficients of terms equidistant from the beginning 
and end, are equal. 


(ii) If p, =-1, then 


P, τι P.—7-—P.- Pa™ 0.) 666606 ᾽ 


hence if the equation is of 2m dimensions p, —-— p,, or p, — O. 
In this case the coefficients of terms equidistant from the begin- 
ning and end are equal in magnitude and opposite in sign, and 
if the equation is of an even degree the middle term is wanting. 


569. Suppose that f(x) = 0 is a reciprocal equation. 


If f(x)=0 is of the first class and of an odd degree it has a 
root —1; so that f(x) is divisible by x41. If (æ) is the 
quotient, then 4 (x) — 0 is a reciprocal equation of the first class 
and of an even degree. 


If f(x)=0 is of the second class and of an odd degree, it 
has a root +1; in this case f(x) is divisible by 2-1, and as 
before $ (x) = 0 is a reciprocal equation of the first class and of 
am even degree. 


If f(x)=0 is of the second class and of an even degree, it 
has a root +1 and a root —1; in this case /(α) is divisible by 
αἱ — 1, and as before φ(α) =0 is a reciprocal equation of the first 
class and of an even degree. 


Hence any reciprocal equation is of an even degree with 
tts last term positive, or can be reduced to this form; which may 
therefore be considered as the standard form of reciprocal 
equations. 


570. A reciprocal equation of the standard form can be re- 
duced to an equation of half its dimensions. 
Let the equation be 
aa" + ba?" c ex? +... + δα” +... +00 bz 400; 
dividing by z" and rearranging the terms, we have 


€ 


TN x ο... - 
a (s *z)**( tT eet ege) ere 


x 
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l l ] up: X 
ze (o+ >) (s) -— (z +r yr 


ne 1 m ; 
hence writing z for æ + z! and giving to p in succession tlie values 


Now 


1, 2, 3,... we obtain 


pc erci 
2 
1 s 
ο) + =z (ο) -- 3) --ᾱ- 5 - 3z; 
4 1 3 2 4 2 
a tat — 3z) — (27 — 2) = zf — 42! + 2; 


1 ο * . . 
and so on; and generally x" —, is of m dimensions in e, and 


£ 
therefore the equation in z is of m dimensions, 


571. To find the equation whose roots are the squares cf those 
of a proposed equation. 


Let f(x)=0 be the given equation; putting y=2", we have 
x= ,/y; hence the required equation is f (,/y) = 0. 
Example. Find the equation whose roots are the squares of those of the 
equation αὖ + pz? + pgz 4- p, - 0. 
Putting z—,/y, and transposing, we have 
(y +P) y= - (iy * Py) i 
whence (y* + 2pgy + Po’) Y =P Y? + 2p Pay + ρε”, 
or y! + (2Ρᾳ- Pi?) y? + (pa? — 2p, Ps) y - 5,3 0. 
Compare the solution given in Ex. 2, Art. 539. 


572. To transform an equation ὑπίο another whose roots 
exceed those of the proposed equation by a given quantity. 


Let f(x) =0 be the proposed equation, and let ὦ be the given 
quantity; put y=% +h, so that z-y—À; then the required 
equation is f(y — À) — 0. 


Similar /(y+)=0 is an equation whose roots are less by 
h than those of f (æ) = 0. 
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Example. Find the equation whose roots exceed by 2 the roots of the 
equation 4α4- 3223 + 8327+ 70α -- 21 --0. 


The required equation will be obtained by substituting z —2 for z in the 
proposed etabtion; hence in llorner's process we employ z--2 as divisor, 
and the caleulation is performed as follows: 


4 82 83 76 αἱ 
4 294 35 6 |9 
4 16 3 |ο0 

4 81-18 

4 10 

4 


Thus the transformed equation is 
424 —1327+9=0, or (427-9) (3 --1) -εθ. 


The roots of this equation are P. i E. ; +1, -1; hence the roots of 
the proposed equation are 


573. The chief use of the substitution in the preceding 
article is to remove some assigned term from an equation. 


Let the given equation be 


pm + pm e px 

then if y = x —À, we obtain the new equation 
P(Y +h)" +p (y - A" « p,(y +A)  ...— p, 0, 
which, when arranged in descending powers of y, becomes 


Py" + (αμ +p y" + m + (n = 1) p% +p, byt 


+... +p, «e+p =0; 


lf the term to be removed is the second, we put np, h+ p, — 0, 
go that uni ; if the term to be removed is the third we put 


eU n "*(n- 1) p, + p, = 0, 


and so obtain a quadratic to find 4; and similarly we may remove 
any other assigned term. 
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Sometimes it will be more convenient to proceed as in the 
following example. 


Ezample. Remove the second term from the equation 
pe+qzi+ret+s=0. 


Let a, 8, y be the roots, so that a+ 8+y= — : . Then if we increase 


g 


each of ihe roots by Bp’ in the transformed equation the sum of the roots 


will be equal to - : u ihat is, the coefficient of the second term will 
be zero. 
Hence the required transformation will be effected by substituting x — F 


for z in the given equation. 


574. From the equation f(x)=0 we may form an equation 
whose roots are connected with those of the giveu equation by 
some assigned relation. 


Let y be a root of the required equation and let φ(ᾳ, y)=0 
denote the assigned relation; then the transformed equation can 
be obtained either by expressing x as a function of y by means 
of the equation $ (x, y): 0 and substituting this value of α in 
J ()=0; or by eliminating 2 between the equations /(x)=0 
and ¢ (x, y) = 0. 


WI Erample 1. Ifa, i, c are the roots of the equation z$-- pz?+gz+r=0, 
form the equation whose roots are 


a 2 b : : 
be’ ca’ "ab^ 


When za in the given equation, y =a — ο in the transformed equation; 


bc 


but a~- md-—- md; 
p 

and tberefore the transformed equation will be obtained by the substitution 

* ry 

yer » OF sur $ 
thus the required equation is 
ry e pr (Lr) y! o (1 0)* y (17) 0. 
Ezample 2. Furm the equation whose roots are the squares of the 

differences of the roots of the cubic 


Let a, b, c*be the roots of the cubic; then the roots of the required 
equation ate (0-9*- (ο-α), (a-b)? 
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Now (b - eji eet he =a? + the c gt “OE 


-- (a -- b 4- c? -- 2 (bc -- ca -- ab) -- —— 


2r 
=- 29 cat > 
also when z=a in the given equation, y=(b-—c)* in the transformed 
equation ; 
2r 
m-99- z? + — 
y 2g - z?+ 2s 


Thus we have to eliminate z between the equations 


g54- gr 7-0, 
and z*4 (2q + y) z - 2r— 0. 
ar 
> =3 . = — « 
By subtraction (q+y)z=38r; or z σεν 


Substituting and reducing, we obtain 
y? + 6gy? + 99?y + 277r? + 495 — 0. 
Cor. Ifa, b, c are real, (b — c)?, (c - a)*, (a — b)? are all positive; therefore 
277° + Aq? is negative. 
Hence in order that the equation z?--qz--r—0 may have all its roots 


a 3 
real 277? + 4g? must be negative, that is (3) t (3) must be negative. 


If 27r2+4g°=0 the transformed equation has one root zero, therefore 
the original equation has two equal roots. 


If 2713 -- 4043 is positive, the transformed equation has a negative root 
[Art. 533], therefore the original equation must have two imaginary roots, 
since it is only such & pair of roots which can produce a negative root in 
the transformed equation. 


EXAMPLES. XXXV.d. 


1. Transform the equation αὖ — 473+ 3T- 3-0 into another with 
integral coefficients, and unity for the coefficient of the first term. 


2. Transform the equation 324-—525+29-#+1=0 into another 
the coefficient of whose first term is unity. 


Solve the equations : 
9, Qrt+25 - 6294+ 74+2=0. 
4, at~ 102° +2627 -107+1=0. 
δ. a — at +925 — O29 + 652—120. 
ϐ, 42° — 2405 + 5724 — 7325 +5779 — 942 4-4 0. 
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7. Solve the equation 32° — 2923 4- 48: — 32 —0, the roots of which 
are in harmonical progression. 


8. The roots of 23—1143--367 —36 —0 are in harmonical pro- 
gression; find them. 


9, If the roots of the equation 23 — az? + z — 5-0 are in harmonical 
progression, shew that the mean root is 35. 


10, Solve the equation 4024 — 22.23 — 21::2-- 9.c +1 —0, the roots of 
which are in harmonical progression. 


Remove the second term froin tlie equations: 
11, a —62?4102—-3=0, 

12. at+4a°+ 22? — 47 -2=0. 

13. ab 4-5at4+3.23 -23--» 1-0. 

14. r° ~ 1225432? — 17x +300 =0. 


15. Transform the equation 23-7 - deo into oue whose roots 


exceed by : the corresponding roots of the given equation. 


16. Diminish by 3 the roots of the equation 
a? — 4x* + 3.? — Ar 4-6 —0. 
17. Find the equation each of whose roots is greater by unity 
than a root of the equation z* — 54? + 6: — 3—0. 
18. Find the equation whose roots are the squares of the roots of 
a^ M x34 2224+ y 1-0. 
19, Form the equation whose roots are the cubes of the roots of 
w+ 323-2 — 0. 


If a, b, c are the roots of z2?-- gz tr -0, form the equation whose 
roots are 


20, La«-!, kb-', ken, 21. be, cuu a. 
b+c cto a+b 

αἲ b? ἆ 
a(b+c), b (c--a), e (a +b). 25. ο), D, ο). 
b c a'a b 


c 
otp ate’ ba’ 


, Shew that the cubes of the roots of £--azx?-- bx -- ab —0 are 
given by the equation 2? -- a?z? 4- δῆς + a353 — 0. 
28. Solve the equation z$5—54*—952?--2523--4r — 20:0, whose 
roots are of the form a, —a, b, —b, c. 
29. If tfe routs of 2°+3p27*+3¢x+r=0 are in harmonical pro- 
gression, shew that 393» r (3pg —r). 


1 


1 1 
23. bet, (ad, ab. 


B 


D 
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Curie EQUATIONS. 


575. The general type of a cubic equation is 
a + P + Qe RO, 


but as explained in Art. 573 this equation can be reduced to the 
ginpler form x + qæ+r= 0, 
which we shall take as the standard forin of a cubic equation. 


576. To solve the equation αὖ +gz+r = 0. 


Let x=y+2; then 
L =y" + 2° + 3yz (y +2) =y" + 2° + 8η, 
and the given equation becomes 
y +2) + (Syzt+q)a+r=0. 
At present y, 2 are any two quantities subject to the econ- 
dition that their sum is equal to one of the roots of the given 


equation; if we further suppose that they satisfy the equation 
3yz +q = 0, they are completely determinate. We thus obtain 


yt = r, y -- 9, 


hence y", 2° are the roots of the quadratic 
3 


ttri- 3-0. 


Solving this equation, and putting 


T 7T 
— 745 TT . (1), 
7 FT ο 


we obtain the value of x from the relation z — y 1-2; thus 


r — i ΤΑΝ i 
en {5 tN gt 5 η (-ᾱ- ΓΝ 5 
The above solution is generally known as Cardan's Solution, 
as it was first published by him in the Ars Magna, in 1545. Cardan 


obtained the solution from Tartaglia; but the solution of the 
cubic seems to have been due originally to Scipio Ferreo, about 
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1505. An interesting historical note on this subject will be 
found at the end of Burnside and Panton’s Theory of Equations. 


577. By Art. 110, each of the quantities on the right-hand 
side of equations (1) and (2) of the preceding article has three 
cube roots, hence it wouid appear that x has nine values; this, 


however, is not the case. For since yz =-f, the cube roots are 


to be taken in pairs so that the product of each pair is rational. 
Hence if y, 2 denote the values of any pair of cube roots which 
fulfil this condition, the only other admissible pairs will be 
wy, wz and w'y, ez, where e, w° are the imaginary cube roots of 
unity. Hence the roots of the equation are 


y-2, wy tw, wy Κωδ. 
4 Example. Solve the equation z*-— 152=126, 


Put y +z for x, then 
y? + 23+ (8yz — 15) z 126; 


put 8yz - 15 —0, 
then y* +23 = 126 ; 
also y -.195; 


hence y, εὖ are the roots of the equation 
t — 196¢4125=0; 
s y*z120, 23-1; 
y=5, 2]. 
Thus yti- =5+1=6; 


wy tots DE +y- ς SENE 


--8424/-8,; 
wty + atm — 8- 24-8; 
and the roots are 6, -8+2,/-8, -8-24/-8. 


578. Το explain the reason why we apparently obtain nine 
values for z in Art. 576, we observe that y and z are to be found 


from the equations y* 2! +r=0, yz- -i but in the — of 


solution the "sevond of these was changed into γα =- τ’ which 


2 
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3 
would also hold if yz — — p , Or yz= -23 ; hence the other six 


values of x are solutions of the οα 198 


x + ogr+r=0, c'-wqe-r-0. 


579. We proceed to consider more fally the roots of the 
equation αὖ + qx +r= 0. 


3 3 
(i) lf 1 + a is positive, then y* and 2* are both real; let 
y and z represent their arithmetical cube roots, then the roots 
are ytz wy¥twe, wy + oz. 


The first of these is real, and by substituting for w and w° the 
other two become 


MGE er 


YR y-85 τὰ 
H : — 


2 3 
(ii) If 1 + 37 is zero, then ¥*= 2°; in this case y=2, and 
the roots become 2y, y(w+w’*), y( +4"), or 2y, — y, — y. 
2 3 
(iii) It κ. ὦ 
pressions of the form a +ib and a - ib Suppose that the cube 
roots of these quantities arc m in and m - i»; then the roots of 
the cubic become 


is negative, then γ᾽ and 2° are imaginary ex- 


TV + in + m — in, or 2m; 

(m -- 4n) ω * (m —4n)w', or -m-n .J3; 

(m 1- in) v* -- (m — in)o, or -m+n J3; 
which are all real quantities. As however there is no general 
arithmetical or algebraical method of finding the exact value of 
the cube root of imaginary quantities [Compare Art. 89], the 


solution obtained in Art. 576 is of little practical use when the 
roots of the cubic are all real and unequal. 


This case is sometimes called the /rreducible Case of Cardan’s 
solution. 


580. In the irreducible case just mentioned the solution may 
be completed by Trigonometry as follows. Let the solution be 


1 1 
w= (a + ib)? + (α-- ib); 
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put a=rcosé, b—rsinÓ6, so that 7? --a'+b°, tan 0 = T 
1 1 
then (a +b)’ = {r (cos 0 + i sin θ)γ'. 


Now by De Moivre's theorem the three values of this ex- 
pression are 


7? | cos — των ας un um 
: O+40r .. Or 
and rà (cos τῳ +tsin—, ) 


1 
where γ᾽ denotes the arithmetical cube root of r, and 6 the 


smallest angle found from the equation tanÓ - à 


1 
The three values of (a — <b)’ are obtained by changing the sign 
of ἑ in the above results; hence the roots are 


: ... 042 
2r5 nt 2r3 cos 3 ES 


+ 4r 
9) : 


i 0 
27° cos 


BIQUADRATIC EQUATIONS. 


581. We shall now give a brief discussion of some of the 
methods which are employed to obtain the general solution of a 
biquadratic equation. It will be found that in each of the 
methods we have first to solve an auxiliary cubic equation ; and 
thus it will be seen that as in the case of the cubic, the general 
solution is not adapted for writing dowr. the solution of a 
given numerical equation. 


82. The solution of a biquadratic equation was first ob- 
tained by Ferrari, a pupil of Cardan, as follows. 
Denote the equation by 


a + 2pa? qx! + 2rz +8 = 0; 


add to each side (ax + 6)’, the quantities a and b being determined 
so as to make the left side a perfect square; then 


a + 2px? + (q+ a") e! + 2(r -- ab)z +s +b’ = (ας 4- by. 


Suppose that the left side of the equation is equal to (x-- px-- k)*; 
then by comparing the coefficients, we have 


gt 2k =q +a, .pbercrab ουδ); 


484 HIGHER ALGEBRA. 


by eliminating a and 6 from these equations, we obtain 
(pk —r)* = (2k + p* - g) (ὦ — 8), 
or 2k — gi! + 2(pr- s) k - p's qa - 1* —O. 
From this cubic equation one real value of ὦ can always be 

found | Art. 553]; thus a and ὁ are known. Also 

(a + px + k)* = (ax + b)"; 

. x + px + k= (ax + b); 
and the values of x are to be obtained from the two quadratics 

x’ + (n—a)x *- (k—b) «0, 

and z'-(pra)z* (kt 5)z0. 


Á Ezample. Solve the equation 
at - 223 — 6224102 - 80. 
Add αρ + 2abz + b? to each side of the equation, and assume 
z*— 9g + (a? ~ b) 29+ 2 (ab +5) a+b? - 8— (x? - a+ k)*; 
then by equating coefficients, we have 
al-9k-0, aba-k-6, b! xzki-83; 
(2k +6) (42 - 3)  (k -- 5)? ; 
2k3 + bk! — 4k -- 70. 
By trial, we find that k= -1; hence a?=4, 03 —4, ab= -4. 


But from tbe assumption, it follows that 
(z* — æ +k)? = (az + b)*. 


Substituting the values of k, a and b, we have the two equations 
zig- 1 + (22-2); 


that is, z?~82+1=0, and 24+2-8m0; 
whence tne roots are = ; Lit ; 


583. The following solution was given by Descartes in 1637. 
Suppose that the biquadratio equation is reduced to the form 
α΄ + qx! r2 4-80; | 


assume ο qu + a (αἱ + kee +l) (a — kx 4 m); 
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then by equating coefficients, we have 
l+m-k =q, k(m-l)«r, Ilm=s. 


From the first two of these equations, we obtain 
Qm=Megts, ϑἰ-λεφ-5; 


hence substituting in the third equation, 
(45 + gk +r) (10 +qk—r) =4sk’, 
or Ko + 2gk* + (q* -- 49) δ — τὴ =0. 
This is a cubic in &* which always has oue real positive solu- 
tion [ Art. 553]; thus when £* is known the values of ὁ and m 


are determined, and the solution of the biquadratic is obtained 
by solving the two quadratics 


x -- kx -- ἷ-- 0, and «* — kx m 0. 


ν΄ Example. Solve the equation 
zt — 2774 82 -3=0, 
Assume xt — 2234 82 — 3 = (29+ kz 0D) (z?— kz--m); 
then by equating coefficients, we have 
[--πι-ἶβ--.-.9, k(n-158, Im--8; 
whence we obtain (k? — 2k -- 8) (k? — 2k ~ 8) = — 1213, 
or k? — 4k* + 16k? — 64 —0. 


This equation is clearly satisfied when k?~4=0, or k— +2. It will be 
sufficient to consider one of the values of k ; putting k=2, we have 


m+l=2, m-l=4; that is, ἰ---1, m=8. 
Thus xt — 2x2 + 82% — 3 = (2? 4+ 2x - 1)(z? - 25 + 8); 
hence 23--27—1z:0, and 27-22+3=0; 


and therefore the roots are -14,/2, 14,/-2. 


584. The general algebraical solution of equations of ϐ 

* degree higher than the fourth has not been obtained, and Abel's 
demonstration of the impossibility of such & solution is generally 
accepted by Mathematicians. If, however, the coefficients of an 
equation are numerical, the value of any real root may be found 
to any required degree of accuracy by Horner’s Method of ap- 
proximation, a full account of which will be found in treatises on 


the Theory of Equations.” 
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585. We shall conclude with the discussion of some miscella- 
neous equations. 


Ezample 1. Solve the equations: 
at+y+z2+u=0, 
az +by cz 4 du 0, 
atz + ἐμ + c*z -+ d*u — 0, 
a3z 4- 03y 4- c?z + d*u — k. 
Multiply these equations, beginning from the lowest, by 1, p, 4, 7 re- 


spectively; p, q, r being quantities which are at present undetermined. 
Assume that they are such that the coefficients of y, 2, u vanish; then 


z (a? t pa? - qa T) - k, 
whilst b, c, d are the roots of the equation 
3+ pt* -- qt c 7— 0. 
Hence a? + pa? -- qa -- r — (a — b) (a — c) (e — d); 
&nd therefore (a-b) (« — c) (a - d) x — E. 


Thus the value α is found, and the values of y, 2, u can be written down 
by symmetry. 


Con. If the equations are 
e+tytz+u=l1, 
az + by+cz+du=k, 
a?z + b*y + c?z + d*u — Κ3, 
a3z + by + οὓς + du — ki, 
by proceeding as before, we have 
x (a3 + pa? - ga rr) : 3G + pk? E qk - m; 
(a — b) (a - c) (a — d) z = (k — b) (k — e) (k — d). 


Thus the value of z is found, and the values of y, 2, u can be written 
down by symmetry. 


The solution of the above equations has been facilitated by the use of 
Undeterisned. Multipliers, 
Example 2. Shew that the roots of the equation 
(x-a) (x — b) (x - c) - f? (x — a) - g?(z- ὃ) - À*(z ~c) + Bfoh=C 
are all real. 
From the given equation, we have 
(x ~ a)i(z - b) (α--ο)- £3} - (g*(z — b) - h (z — ο) - 9fgÀ) 0. 
Let p, q be the roots of the quadratic x 
(2 - b) (s — ο) —f*=0, 
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and suppose p to be not less thang. By solving the quadratic, we have, 
Dobe Jb c) d fausses (1); 


now the value of the surd is greater than b — c, so that p is grenter than b 
or c, and q is less than 6 or c. 
In the given equation substitute for z successively the values 
+O, Mm 4d, -9; 
the results are respectively 


To, - (g p- 6 - ha] p-cy, t (g bq- h e-q), -0, 

since (p-b) (p - c) -f* = (b — a) (c - ). 

Thus the given equation has three real roots, one greater than p, one 
between p and g, and one less than η. 

If p=q, then from (1) we have (5 — c)* -- 4/30 and therefore b — c, f=0. 
In this case the given equation becomes 

(z — b){ (a — a) (z- b) - g? -- W} =0; 

thus the roots are all real. 

If p is a root of the given equation, the above investigation fails ; for it 
only shews that there is one root between q and +œ, namely p. But as 
before, there is a second real root less than q; hence the third root must also 


be real, Similarly if q is a root of the given equation we can shew that all 
the roots are real. 


The equation here discussed is of considerable importance; it occurs 
frequently in Solid Geometry, and is there known as the Discriminating 
Cubic. 


586. The following system of equations occurs in many 
branches of Applied Mathematics. 


Ezample. Solve the equations: 


ος n em 
ath DAA σελ 1, 
PLNS M D 
atn bra ctp 1, 
— eee uh. 
at» ber ot» 
Consider the following equation in 6, 
z y , 4 4 (θ-λ)(θ-μ)(θ-ν), 
zretia tcro — (at0)(90)(c-0) 
6, y, s being for the present regarded as known quantities. 
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. This equation when cleared of fractions is of the second degree in 0, and 
is satisfied by the three values 6=\, 0=y, 0=v, in virtue of the given 
equations; hence it must be au identity. [Art. 810.] 


To find the value of x, multiply up by a+, and then put a 4- 02:0; 


hus “ E πα ec, 


(b-a) (c-a) 
that is, p= (tN (a +a) (a v) 


(a — b) (a — c) 
By symmetry, we have 
_ (b+ ) (b+ μ) (b -- v) 
-. (b-c)(b—a)  ' 
(c - X) (c+H) (c -») 
(c—a)(c—b) " 


and 


EXAMPLES. XXXV.e. 


Solve the following equations: 


1, αἳ - 18ᾳ-- 96. 9. 2354-122 —172020. 
3. 23463:c—316-0. 4 2#4+2174+342=0. 
5, 2823—92?--1-0. 6. 25—154? - 383» --847 — 0. 


7. 92334-3332--Av--1—90. 
8, Prove that the real root of the equation z?--12z- 19-0 
is 2/2 — 44. 
Solve the following equations : 
9, z- 3r? — 400 — 40--0. 10. 24-1027? -— 20r- 16=0. 
1l. οἱ--θαῖ--οὰ-- 8c — 100. 
12. z*--2:23-— T2i— 87+ 12=0. 
919. 2—-3:39—62- 2-0. 614, 275—223 - 1224+ 10x --ἃ--0, 
15. 424 -— 20234+4332 — 207+4=0. 
16. 25—625—17234-1723 4-67 — 1-0, 
17. :754-92:54-122* — 80 — 192 50, which has equal roota. 


18. Find the relation between g and r in order that the equation 
+ye+r=0 may be put into the form «δα (z34- aa 4-5). 
Hence solve the equation 
δαν — 3821-21 =O, 
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λ 19. If B+ 3px? +3qr+r and 23--9pr-q 
have a common factor, shew that 
4(p!- 9) (d - pr) - (pq-rP=0. 
If they have two common factors, shew that 
pi-gq=0, gi-pr-0. 


«Ὁ 20. If the equation az?J4-3ba3--3ex--d—0 has two equal roots, 


: bc -ad 
shew that each of them is equal to 5 (ax 8)" 


21. Shew that the equation 24+ pa? + g33 -E rz -- s - 0 may be solved 
as a quadratic if r?= ps, 
22. Solve the equation 


29 ~ 1824 1623 + 2827 — 3274+8=0, 
one of whose roots is J/6 — 2. 


X 93. If a, B, y, 8 are the roots of the equation 
+ qa? -E rz 4-80, 
find the equation whose roots are B 4- γ 1- ὃ 4- (85) !, &c. 


24, In the equation z*— p +g? — rz+s=0, prove that if the sum 
of two of the roots is equal to the sum of the other two p? -- 4p7 + 8r —0; 
and that if the product of two of the roots is equal to the product of 
the other two r?- p? s. 


25. The equation z* — 209r+56=0 has two roots whose product is 
unity: determine them. 


96, Find the two roots of οὐ -- 409x -+ 285 =0 whose sum is 5. 


27. Ifa, ὃ, ο... are the roots of 
at prm + prn ...... +16 P0, 
shew that 
(1 +a?) (1 4-02) cossos (1 +k?) = (1 -Pı + Pı = J^ Γι -Pat Ps m2 S )o 
98. The sum of two roots of the equation 
at — 823-2123 — 2024-5 —:0 


is 4; explain why on attem — solve the equation from the know- 
of this fact the method fai 


MISCELLANEOUS EXAMPLES. 


"A. lfs, 8, & are the sums of n, 2n, 3n terms respectively of an 
arithmetical progression, shew that 8,=3 (s, — δι). 


w”2, Find two numbers such that their difference, sum and product, 
are to one another as 1, 7, 24. 


w 3 In what scale of notation is 25 doubled by reversing the digits? 
4. Solve the equations: 
(1) (z--2) (z--3) (z — 4) (x — 5) - 44. 
(2) a(y+2)+2=0, y(z—292)--2120, 2(Qr-y)=5. 


^5. In an A.P., of which a is the first term, if the sum of the 
first p terms —0, shew that the sum of the next g terms 


T. = —2(P+9)9 
p-l 
[R. M. A. WoorwicH.] 
6. Solve the equations: 


T (1) (a+b) (ax 4- ὃ) (a — δα)  (a$z — 0?) (a+ bz). 


(2) z5--(2z 39-119 (z— »É [Inpa Crvin Szrvicn.] 


7. Find an arithmetical — whose first term is unity 
such that the second, tenth and thirty-fourth terms form a geometric 


series. 
Αθ If a, 8 are the roots of 2*+p2+¢=0, find the values of 
a? -- αβ -- B?, a +P, a*-- a3? 4- g*. 
v$. If 272:a--a^! and 2y —5-- b, find the value of 
ay V (2$ — 1) (9$ 1). 
V10. Find the value of 


3 a 
4-15) -(4— 4/16)" 
MEVS) σε. E 
(6-- /35) — (6 — /35)! 
[R. M. A. Woorwics.] 


να If a and β are the imaginary cube roots of unity, shew that 
| af -- 8* - a7187120. 
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12. Shew that in any scale, whose radix is greater than 4, the 
number 12432 is divisible by 111 and also by 112. 


if 13. A and B run a mile race. In the first heat A gives B a start 

of 11 yards and beats him by 57 seconds ; iu the second heat A gives 
B a start of 81 seconds and is beaten by 88 yards: in what time could 
each run a mile? 


“14. Eliminate x, y, z between the equations : 
: Vw T- yz=a?, κ) --εσ-- δὲ, 2 - ο/-- ᾱ, rp+y+c= 
[R. M. A. Ἁοοτπιση.] 
15. Solve the equations: 
ax? bay + cy? = br? + cay + ay? =d. 
(Mara. Tripos.] 


16. A waterman rows to a place 48 miles distant and back in 
14 hours: he finds that he can row 4 miles with the stream in the 
game time as 3 miles against the stream: find the rate of the stream. 

17, Extract the square root of 

(1) (a?+ab+6c+ca) (be+ca+ αὐ + D?) (be + ca+ a^ 4- e). 
(2) 1—z--4 92x —15 -- 82. 


p Find the coefficient of z* in he expansion of (1 - Αθ), and the 
term independent of z in 657 -- zy 


19. Solve the equations: 


(D TELLE + Lam. 


(2) -y =xy—ab, (#+y) (art by) -2ab (a 4- b). 
[Trin. Corr. Cams.] 


S20, Shew that if τ —¢) +b (c - nis pd ode b) y! is & perfect 
square, the quantities a, b, c are in harmonical progression. 
[Sr Carn. Corr. Cama.) 


21. If 
(y -9*- (8-2) (eg) m (y te- 22) (2*2 2y)! + (ot y — 22), 
and z, y, s are real, shew that r=y =s. Sr Carn. Corr. ΟΑΜΒ.] 


22. Extract the square root of 3¢58261 in the scale of twelve, and 
è . 
find in what soale the fraction 5 would be represented by 11. 
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23. Find the sum of the products of the integers 1, 2, 3, ... n taken 
two at a time, and shew that it is equal to half the excess of the sum of 
the cubes of the given integers over the sum of their squares. 


24, Aman and his family consume 20 loaves of bread in a week. 
If his wages were raised 5 per cent., and the price of bread were raised 
2% per cent., he would gain 6d. a week. But if his wages were lowered 
7$ per cent, and bread fell 10 Jer cent, then he would lose 14d. 
a week: find his weekly wages and the price of a loaf, 


95, The sum of four numbers in arithmetical progression is 48 and 
the product of the extremes is to the product of the means as 27 to 35: 
find the numbers. 


26. Solve the equations: 
(1) a(b- o) z*--b (c— a) z-F e (a - 5) 0. 


ὥ ποσα (r-c)(z-d) 


z-a- Teca [ΜΑΤΗ. TRIPOS.] 


vq. If J/a—z-- Ab - z-- A c— 2-0, shew that 
(a ὃ -- c 3a) 
and if δία -- δ! ὁ -- 4e-0, shew that (α-- b -- c) « 97abc. 


28. A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at three-fifths of its former 
rate and arrives 3 hours after time: but had the accident happened 50 
miles farther on the line, it would have arrived 14 hrs. sooner: find the 
length of the journey. 


49. Solve the equations: 


Qe+y=22, 92- Ἴσπαθῃ, 234-95 + εὓς« 916. 
[R. M. A. WoorwicH.] 


90. Six papers are set in examination, two of them in mathematics: 
in how many different orders can the papers be given, provided only that 
the two mathematical papers are not successive 1 


31. ln how many ways can £5. 44, 9d. be paid in exactly 60 coins, 
consisting of half-crowns, shillings and fourpenny-pieces 1 


39. Find a and b so that #8+a79+11]74+6 and 25+ 622+ 14r4+8 
\ fray have a common factor of the form *-- pz- g. 


[Loxpow UwrvERsrTY.] 


83. In what time would A, B, C together do a work if A alone could 
d it um - hours more, B alone in one hour more, and C 'àlone in twice 
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94. If the ΘΕ az+by=1, cx? -- dy? - 1 have only one solution 
a a 
prove that PLU and s=, Yo. [ΜΑΤΗ. Turros.] 


35. Find by the Binomial Theorem the first five terms in the expan- 
sion of (1 — 2z-- 22?) 3. κ 


.« 36. If one of the roots of z*-- px -- 9-0 is the square of the other, 
shew that p3 — g (3p — 1) 4-2? —0. 
[ΡΕΜΒ. Corr. (ΑΜΒ 


δν. Solve the equation 


z5-523—67—520. 
[QvEEN's Corr. Ox.] 


38. Find the value of a for which the fraction 
E as 19r - a- 4 
z*-—(a4-1) 224+23r-—a—7 
admits of reduction. Reduce it to its lowest terms. [ΜΑΤΗ. ΤΗ1Ρο8.] 
39: Ἱ[α, b, c, τ, y, 5 are real quantities, and 
(α-|- b 4- c)? 2:8 (be -- ca -- ab — x? — y? — 23), 


ehew that a=b=c, and z20, y=0, z=0. 
[Curist’s Cox. Cams. ] 


9 — 
40, What is the greatest term in the expansion of (2 - 3") ‘wlan 
⸗ 
. value of z is $, [Eum. Corr. ΟΑΜΒ.] 


41. Find two numbers such that their sum multiplied by the sum 
of their squares 18 5500, and their difference multiplied by the diflerence 
of their squares is 352. {Curist’s Cott. ΟΑΜΒ.] 


145-30 


42. If σ--λα, y-(A—1)5, ε-ε(λ--)ο, = Shae? express 


23 4- y* 4-2? in its simplest form in terms of a, b, c. 
[ΒΙΡΧΕΥ Corr. ΟΑΜΒ.] 


43. Solve the equations: 
v (1) 25-323 16-60. 
(2) PHE- 0m) r-yeiiby'-i:ml. 
M [Corpus Corr. ΟΣ] 
44. 


M If z, y, s are in harmonica] progression, shew that 


log (2-15) -- leg (a= 2y--s) =2 log (z ~ 2). 
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45,. Shew that 


ν΄ 1 1.3/1 1.3.5 {193 4 
θες + T =; (2-49) 3. 
—* [ΕΜΜ. Corr. ΟΑΜΒ.] 
Ἢ το ΕΕΣ 
δα-- οὐ 36-2c 3c—2a’ 
then will 9 (z4- 3 4-2) (5c }- 4b — 3a) — (97+ 8y + 132) (a -- b ἠ- ο). 
[Curist’s Corr. ΟΑΜΒ.] 


46. If 


47. With 17 consonants and 5 vowels, how many words of four 
letters can be formed having 2 different vowels in the middle and 1 
consonant (repeated or different) at each end? 


48. A question was lost on which 600 persons had voted ; the same 
persons having voted again on the same question, it was carried by twice 
as many as it was before lost by, and the new majority was to the former 
as 8 to 7: how many changed their minds? [St Jomw's Conr. ΟΑΜΒ.] 


P Shew that 
l-z 


1-α) Ë 51? 9a 134 
log mete at ast gm 


[Curist’s Corr. ΟΑΜΒ.] 

50. A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 25 to their number a 
solid gips might be formed, of which the number of men in each side 


would be greater by 22 than the square root of the number of men in 
each side of the hollow square: required the number of men. 


51. Solve the equations: 
(1) V(a+x)?+2 V(a— r9 3 Mat - zt. 


(2) ᾳ4- a)3 (α-- by - (α-- οὐ (z - ἀγδ---(α--οὐξ (b - d). 


52. Prove that 
yng eg LË p 2.5.8 
νά J4-l4stGAstg.ig τὰ tee 
[ΘΙΡΝΕΥ Corr. Cams.] 
53. ‘Solve /6 (6x 4-6) — 45 (62 — 11) 1. ᾽ 


[Qumun Colt. Cams.) 
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A vessel contains a gallons of ‘vine, and another vessel con- 
tains b gallons of water: c gallons are taken out of each vessel and 
transferred to the other; this operation is repeated any nuniber of 
times : shew that if c(a+5)=ab, the quantity of wine in each vessel 
will always remain the same after the first operation. 


^ The arithmetic mean between m and * aud the geometric 


ma+ nb 


mean between « and b are euch equal to - nin find »! and » in terms 


of a and b. 


ve. 


If 2, y, 2 are such that their sum is constant, and if 
(z+ x —2y) (c-r y — 22) 
varies as yz, prove that 9 (y-Fz) — 2 varies as yz. 
[ΕΜΜ. Cou, Cama] 
wl 51. Prove that, if n is greater than 3, 
1.2.50, —9.3 ^6 1 43. 4. 6 sss +(-1)" (r+1)(r-+2) = 2.30. 
[Cugisr's Conr. ΟΑΜΒ.] 
58. Solve the equations: 


A O) J2z—) 4 3r 2— Ar - p V bz — 4. 
3 


1 

(2) 4((22— 16)*+8} — 2? +16 (2? — 16). 

[Sv Jouw's Conr. Cau] 

59, Prove that two of the quantities z, y, z must be equal to one 
Zt E 4 ue PTT 
l-c-yz 1ου lazy Ἢ 

60. Ina certain community consisting of p persons, a per cent. can 
read and write; of the males alone b per cent., and of the females alone 
c per cent. can read and write: tind the number of males and females in 
the community. 


another, if 


* 


netah? 


v. a\ an ab (4. } aa 
ud c= G^ a shew that alpi (se) = (5) j 
[Exx. Corr. Cams] 


Shew that the coefficient of 2 1n the expansion of 
(1--αἠ-αᾱ- 3)! is unity. yy 


63, Solve thd equation 
x-a z-h b 7 


b a x-a ἆ-δ 
[Lonpon Univensiry.] 


wg Find (1) the arithmetical series, (2) the harmonical series of 
n terms of which a and 6 are the first and last terms; and shew that 
the product of the r® term of the first series and the (n —r-r 1)" term ot 
the second series is ab. 
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ρα f the roots of the equation 


p p 
(1 -g+ ) w+p(ltg)etg (q—1)+'5=0 
are equal, shew that p?s«4g. [R. M. A. WoorwicH.] 
“If a? + 6? = Tab, shew that 


‘log {5 (a τ) = : (log a + log b). 
[Ωυεεν Cori. Ox.] 
^ If n is a root of the equation 
£? (1 -- ac) — x (a? -- c3) — (14- ac) =0, 
and if n harmonic means are inserted between a and ο, shew that the 


difference between the first and last mean is equal to ac (a — c). 
[WapHam Corr. ΟΣ.] 


68. If "*?C,: "^ * P, — 57 : 16, find n. 


69. A person invests a certain sum in a 64 per cent. Government 
loan: if the price had been £3 less he would have received 4 per cent. 
more interest on his money; at what price was the loan issued? 


70, Solve the equation : 
(r4 4-0 4-1) — (2*--1)9 — 23) ((33— z--1) — (z?-- 19-2 
== 9 (254-4? -- 1)? — (2-1)? — 25). 
[Μκατον Corr. Ox.] 


x 7L If by eliminating z between the equations 
| "gionem s ue 


4*-4-ar--b:0 and xsy+l (e+y)+-m=)0, 
& quadratic in y is formed whose roots are the same as those of the 


original quadratic in z, then either a=2/, and b —m, or b+m=al. 
[R. M. A. Woo.wics.] 


72. Given log 2-- 90108, and log 3= 47712, solve the equations: 
0) ees (2) VS e ul. 


ME Find two numbers such that their sum is 9, and the sum of 
their fourth powers 2417. {Lonpon UnrivrnsiTY ] 


74. A set out to walk at the rate of 4 miles an hour; after he had 
been walking 22 hours, B set out to overtake him and went 4j miles 
the first hour, 42 miles the second, 5 the third, and so gaining a quarter 
of a mile every hour. lu how many hours would he overtake A! 


T5, Prove that the integer next above (/3+ 1)?" contains 27*! as 
a factor. ; ; 
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16. The series of natural numbers is divided into groups 1; 2, 3,4; 
b, 6, 7, 8, 9; and so on: prove that the sum of the numbers in the 
n" group is (n -- 1)? 4-3. 


Shew that the sum of a terms of the series 


1, 1/1 1.3/1, 1.3.5 /1M 
eO ge 


is equal to 1-173: 9 Tom D. 


[R. M. A. Woorwrca.] 


42927 


LLJ& Shew that the coefficient of z” in the expansion cf iz 3d is 


n n-1 = 
(- 1), 3(-1)?, 2(-1)3, 
according as n is of the form 3m, 3m 4-1, 3m+2. 


7- Solve the equations: 


τε NP ADEL 1.0 
a) a b ο zy 


80. The value of xyz is 74 or 38 according as the series a, z, y, 2, 
b is arithmetic or harmonic: find the values of a and b assuming them 
to be positive integers. [Merron Coin. Ox.] 


81. Ταν -- ὃτ- ον ix- uj 3- (y — 6)*, shew that x and y are connected 
by a linear relation if c*xza* 4- b*. 

82. If (v+1)* is greater than 5r- 1 and less than 77 —8, find the 
integral value of x. 


83. If P is the number of integers whose logarithms have the 
characteristic p, and Q the number of integers the logarithms of whose 
reciprocals have the characteristic — g, shew that 


log P — log Q— p - 94 1. 


84 In how many ways may 20 shillings be given to 5 persons so 
that no person may receive less than 3 shillings ? 


85. A man wishing his two daughters to receive equal portions 
when they came of noi di ueathed to the elder the accumulated interest 
of a certain sum of money invested at the time of his death in 4 per 
cent, stock at 88; and to the younger he bequeathed the accumulated 
interest of a sum less than the former by £3500 invested at the same 
time in the 3 per cents. at 63. Supposing their ages at the time of 
their father's death to have been 17 and 14, what was the sum invested 
in each cuse, and what was each daughter's fortune j- 
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86. A number of three digits in scale 7 when expressed in scale 9 
has its digits reversed in order: find the number. 
[Sr JoHn’s Corr. ΟΑΜΒ.] 


m 


“87, If the sum of m terms of an arithmetical progression is 


equal to the sum of either the next n terms or the next p terms, prove 
^ 1 ) » ( I ) ^ 
that me =(m +p) — XQ 
[Sr Jonw's Corr. ΟΑΜΒ.] 
88. Prove that 


CE NE — Q1 ) 
tya t (2—x) (x-y WM-z z--x x-y)- 

[H. M. A. WoounwicH.] 

P ois lf an is negative, or positive and greater than 1, shew that 
1"^--3" 4-5" -L...... +(2n — 1)" » 4" * 1, 
[ΕΜΜ. Corr. ΟΑΜΒ.]᾽ 
λό’ If each pair of the three equations 
43— pz ο, 4?- puc q,—0, a*— pr g47—0, 

have a common root, prove that 


p * pé v p +4 (qq dt 3) 22 (pu Pt Psi Pi 2ο). 
[Sr Jonw's Cori. ΟΑΜΒ.] 


91. 4 and B travelled on the same road and at the same rate from 
Τε to London. At the 50° milestone from London, A over- 
took a drove of geese which were proceeding at the rate of 3 miles in 2 
hours; aud two hours afterwards met a waggon, which was moving at 
the rate of 9 miles in 4 hours, B overtook the same drove of geese at 
the 45* milestone, and met the waggon exactly 40 minutes before he 
came to the 31" milestone. Where was B when A reached London ? 

[Sr Jonx's Όουι. ΟΑΜΒ.] 


92. If a+b+c+d=0, prove that 
abc + bed + cda 4- dab =N (be — ad) (ca — bd) (ab — ed). 
[R. M. A. WooLwicH.] 


195 An A. P, a G. P., and an H. P. have a and b for their first two 
terms : shew that their (+2) terms will be in G. P. if 


299153. nl f 
habi) [Μλτη. ΤΈΙΡΟΒ.] 
. Shew that the coefficient of z^ in tho expansion of — (z-3) 
; o. aM 1. ; 
in ascending power of x is acp au and that the coefficient of ο’ 
(1 2t | 


TE, : (ud Tr. 1 (κ 
in the expansion of da is 2*71 (n?-+-4n+2). [Exx. Com. Camp] 
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T 4 Solve the equations : 
wh 


a ee 
Ve-ytoNety= 


— 


αγ}; ny 34 : 15. 
[Sr Jonn’s Corr, CamB.] 


96. Find the value of 1+ jr x A zy ... in the form of a quad- 


ratic surd. [R. M. A. WoorwicH.] 


97. Prove that the cube of an integer may be expressed as the 
difference of two squares ; that the cube of every odd integer may be 
so expressed in two ways; and that the difference of the cubes of any 
two consecutive integers may be expressed as the difference of two 
squares, {Jesus Corr. Cams] 


— Find the value of the infinite series 


1 2 3 4 x ‘ 
3 + iB ti iat — [EMM. Coni. ΟΑΜΒ.] 
a ec a 
go it Bey Jr bap 
and τὸ MES UN 
ISTF b+ d+ δε UU” 
then is bx —dy-a - c. [Cngisr's Conr. ΟΑΜΒ.] 
0. Find the generating function, the sum to n terms, and the 
n term of the recurring series 1 +52 --7z*4- 17.23 4- 3123 4- ....... 
JA If a, b, c are in H. P., then 
a+b cb 


Mach μα, 
(2) b(a- c —2(8 (b-a) +a? (c-b). [ΡΕΜΒ. Cori. Cama] 
f a, b, c are al] real quantities, and z? - 3622+ 905 is divisible 


: æ- a and also by x- b; prove that either a=b=c, or a= — 2b = —9c. 
d d j [J ESUS COLL. OX.] 


/ Shew that the sum of the squares of three consecutive odd 
numbers increased by 1 is divisible by 12, but not by 24. 


-p , 
ν a Shew that — is the greatest or least value of az?+2hzr-+e, 


according as a is negative or positive. 


If tty T + yit + ste? ry m Days (s +y +z), and x, y, 2 are all 
real, shew τ. PETIT {sr Jenx's COLL. CAME.] 
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/ Τ τὰ 
105. Shew that tlie expansion of V vv 1-2 
2 
r 1.38 a$ 1.3.5.7 2 


" i 8*39.4' 6 2.4.6.8 10 


2.4' 6 
106. Ifa, Bare roots of the equations 


ur 


a*+pe+y=0, 2+ pna" 4 g^ e: 0, 
where n is au even integer, shew that B : are roots of 4 


4 4-124 (x4 1)^—0. [Pems, Corr. Cams.] 

107. Find the difference between the squares of the infinite 
continued fractions 

EN A b b and c+ d d E 

2a+ 2a+ Yut+ ο i Get 9ce4- You 

[Curts Cott. CAMB.] 


a+ 


108, A sum of money is distributed amongst a certain number of 
persons. The second receives 15. more than the first, the third 2s. 
more than the second, the fourth 3s. more than the third, and so on. 
If the first person gets ls. and the last person £3. 7s., what is the 
number of persons and the sum distributed 1 


109. Solve tlie equations : 


ον τμ qt ο ο 
0) tuye bt era e agb 
ov ety? κ Xy 
(2) vy Ta? y! = 133, gp gt t 29 δῇν 


110. ifa ὁ7 0, and v is à positive integer, prove that 


n-i 
a^ — b" > n (a — b) (ab) ?. 
[St Caru. Coun. Camp] 


111. Express ed as a continued fraction; hence find the least 
positive integral values of z and y which satisfy the equation 


3962 - 763y —12. " 
112. To complete a certain work, a workman A alone would take 
m times as many days as B and C working together; B alone would 
take n times as many days as A and C together; C alone would take 
p times as many days as A and B together: shew that the numbers of 
days in which each would do it alone are aa m+1:"+1:p+1. 


i pL a 
ποσο mil n+l p+ = [R. M. A. Woorwicu.] 
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113. The expenses of a hydropathic establishment are partly con- 
stant and partly vary with the number of boarders, Each boarder 
pays £65 a year, and the annual profits are £9 a head when there are 
50 boarders, and £10. 13s. 4d. when there are 60: what is the profit on 
each boarder when there are 80? 


114. If23?;—92— y, and z? is not greater than 1, shew that 


go ϱ0 y,» 
- — m 9/2 : ta 
(ας + 5 +...) y Το + 3t 


[PErERRHOUsE, CAME.] 


115. If ap" ae aT and 21 --ἳ, shew that when a and ο 


are unequal, 
(a? —c?)? — 53:03 —0, or a?+c?—- ὖ.--0. 


116. If (1 4-2 xy =l Hkk nn 
and (z— lyrz s — car 1-p cr 2 — 
provethat (1) 1-4,+4,-......=1, 

δη 
(2) 1 — ἔμοι 4- ἔρος -- TP = + ωρα 


117. Solve the equations: 
(1) (z—9*--2ab —azr--by, xy-rab-^r-ray. 
(2) @—y2 +22=6, 2yz—zr-22y-18, r—-9y4:-2. 
118. If there are n positive quantities αι. a,,...a,, and if the 


square roots of all their products taken two together be found, prove 
that 


— SÉ - 
Vaag + A ανα 4- "T m (αι 4- ας 4- ILL Haa); 


hence prove that the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the given 
quantities. [R. M. A. Woourwica.] 


119, If b*z*-Fa*y* — a?b*, and a?+ 5? — 4? - y? — 1, prove that 
ο biz? + aty’ = (D27*--a$y*?*, — Πνοια Civit SEnviCE] 
120. Find the sum of the first n terms of the series whose r'^ terms 
2r--1 
O μην @) (enm. 
(Sr Jonn’s Conr. Cama.) 


"- z4-2 
121. Find the greatest value of PEE η 
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122. Solve the equations : 
(1) 142597 (14-2). 
(Ὁ δή -- 25105 ΟΥ. 2/2-- 32 — 0. 


“123, “If αι, en αφ, αι are any four consecutive coefficients of an 
expanded binomial, prove that 


αι EL, — ; - 
αἱ ἡ αν aya, GAS. [QUEENS Corr. ΟΑΜΒ.] 


αἳ - Ἴαἳ --ᾱ --8 
124. Separate στα της δα -ῃ 


find the general term when (3x — 8)/(z* — 4x + 4) is expanded in ascend- 
ing powers of z. 


into partial fractions; and 


129. In the recu:ring series 

5 

4 

the scale of relation is a quadratic expression; determine the unknown 


coefficient of the fourth term and the scale of relation, and give the 
general term of the series. [R. M. A. WooLwica.] 


- P+ 2a el Bat + Tab — 


126. If x, y, 2 are unequal, and if 


~ σῇ — 4y)? 
Qa — ay 2) , and θα-- 3:2 € 2) D 
-- gy 
then will 2a — 32 V. P 9) , and z-y-2-a. [ΜΑΤΗ. ΤΗΙΡΟΒ.] 


127. Solve the equations: 
(1) ay+6=24-—27, ry - 02 2y - y?. 


(2) (ax) og a z- (by)les b, blog x = qlogy, 
128. Find the limiting values of 
(1) svt- Nta, when zo. ᾿ , 


5 Ν΄ +20 — ar 
J3a4 2-29 x’ 


129. There arc two n'imbers whose product is 192, and the quotient 
of the arithmetical by the harwozical mean of their greatest common 
measure and least common multiple is $28 : find the numbers. 

[R. M. A. Woorwica.] 


when reg. [Lonpon ὈΧΙΥΕΒΒΙΤΥ.] 
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190. Solve the following equations : 
(1) 4131+37- Mlàr-37- 5/9. 
(2) b/I-z-eWicyi-a, 
ΟΥ̓] αἱ a 1-—2t— b, 
aM l-y*-bi-aime.. 
151. Prove that the sum to infinity of the series 


1 1.3 1.3.5 . 93 9 . 
ὁ! 8 ja + gag 709947 v2. [Ματη. Trrpos.] 


132. A number consisting of three digits is doubled by reversing 
the digits ; ane that the same will hold for the number formed by 


the first and last digits, and also that such a number can be found in 


only ong scale of notation out of every three. [ΜΑΤΗ. TRiros.] 


133. Find the coefficients of !? and z7 in the product of 


14-2? 


ETONE and 1 ----- 2. [R. M. A. Woouwica.] 


134. A purchaser is to take a plot of land fronting a street; the 
plot is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 yards. What is the greatest number of square 
yards he may take? [Lonpon UNivEnRarTY.] 


135. Prove that 


(a+ b-Fc--d)*--(a--b -e— d)*- (a -b--e - d*--(a- b — c i 
— (a -b --c—- d) - (a--b—ce- d)* - (a-b+e+d)!- (-a+b+e+d) 
= 192 abed, 
[Trin. Cori. ΟΑΜΒ.] 


*136. Find the values of a, b, ο which will make each of the ex- 
pressions z*4-az23--bz*--cr--l and zf--2az*--2bz*--2cx--1 a perfect 
square. |Lonpon UNIVERaiꝑv.] 
. A37. Solve the equations: 

LAM — ερ 
(1 Nacky- ys a? +? a 65. 
Az y Ja-y 
(2) VĒ + 4/202 -1-- 


2 
γᾱ-- 9α8᾽ 
138. A farmer sold 10 sheep at a certain price and 5 others at 108, 


less pe head ; the sum he received for each lot was expressed in pounds 
by the same two digits: find the price per sheep. 
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139. Sum to » terms: 
(1) (2n-1)4-2(25 — 3) 4-3(2n - 5) &- .... 
(2). : The squares of the terms of the series 1, 3, 6, 10, 15.... 
(3) The odd terms of the series in (2). [Τπιν. Corr. ΟΑΜΒ.] 
. 140. If a, β, y are the roots of the equation 2 +-grtr=0 prove 
hat 3 (a? +B? + y?) (a5 + 85 -- 5) =5 (a? +B + γδ) (at -- 9* +‘). 
[St Jomw's Cou. Cams. ] 


141. Solve the equations: 


(1) z(3y -—5\= 7} (2) αἳ -- γὸ - 22495 
y(2z4-7)227) ' tty tz= " 
43222105 


[TRiN. Corr. ΟΑΜΒ.] 


v. 142. Ifa,b,care the roots of the equation 23+ 927+r=0, form the 
equation whose roots are a+b — e, b--c- a, c a — b. 


143, Sum the series: 
(1) n+(n- 1)a+(n - 2) 027+ ...422"-2 4 ^71; 
(2) ἃ--ιυ-- 903 — 164? — 98.8 — 67625 +... to infinity; 
(3) 6-4-9--14 4-23 + 40+... to ^ terms. 
[Oxrorp Mops.] 
ὦ 144. Kliminate x, y, 5 from the equations 
ἁ-1η-ψ-ἰησ-]-α-ὶι, a+yt+e=b. 
2+ P+2=el, PHH, 


and shew that if z, y, z are all finite and numerically unequal. b cannot 
be equal to d. [R. M. A. Woorwic&.] 


145. The roots of the equation 3.2(z? 4-8) -- 16(z* — 1) —O0 are not 
all unequal: find them. [R. M. A. WooLwicu.] 


146. A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and so on, going every day 2 miles 
more than he had gone the preceding day. After he had been gone 
three days, a second sets out, and travels 12 miles the first day, 13 the 
second, and so on. In how many days will the second overtake the 
first? Explain the double answer. 


147. Find the value of 
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148. Solve tho equation 


034 3aa? +3 (a? — be) x + αὖ + ὃ} ἠ- ος — 3abe 0. 
[Ixp14 Civiu SERVICE.) 


149. If x is a prime number which will divide neither a, b, nor 
a+b, prove that a"^-'b—a^-*b* + a*—5535 — ... .-ab^-7? exceeds by 1 a 
multiple of ^. [Sr Jogx's Corr. Cans.) 


150. Find the a'^ term and the sum to & terms of the series whoso 
sum to infinity is (1 - abx?) (l —az)-7?(1— bz) ?. : 
[Oxrorp Μουν.] 


« 151, If a, b, c are the roots of the equation 2°+p7+¢=6, find the 


D. da geb 
equation whose roots are —— , —;—, , 
a b ο 


[Ταιν. Corr. CAMB.] 
152. Prove that 
(y +z- 22)*--(z-- x —2y)*--(z--y 72:15 18 (a2 + y* + 2? — ys — zx — ry). 
[CLAnz Corr. Cams.] 
153. Solve the equations: 


(1) αἳ-- 807-155 --0, by Cardan's method. 
(5) #5 — 494 — 1023+ 402? + 07 — 36 =0, having roots of the form 
+a, tb,c. 

154. It is found that the quantity of work done by & man in an 
hour varies directly as his pay per hour and inversely as the square 
root of the number of hours he works per day. He can finish a piece 
of work in six days when working 9 hours a day at 15. per hour. How 


many days will he take to finish the same piece of work when working 
16 hours a day at 1s. Gd. per hour? 


155. If s, denote the sum to n terms of the series 
1.94 -2.34-3.4-..., 


and c, ., that to n — 1 terms of the series 


1 I 1 
1.2.3.4 * 3.3.4.5 ^ 3.4.5.8 
shew that z 185,0,..; — Sn t2 =O, 


[Maep. Corr. Ox.] 
156. Solve the equations : 
(1) (12z - 1)(6z - 1)(4z — 1)(B2-1)=5. 
(i Lek Si. ΓΕ, S RESET). s 
5(24-2)(2—4) 9 (r--4)(0—6) 13(r-6)(2-8) 585" 
[Sr Jogs's Conr, Camm) 
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157. A cottage at the emning of a year was worth £250, but it 
was found that by dilapidations at the end of each year it lost ten per 
cent. of the value it had at the beginning of each year: after ταὶ 
number of years would the value of the cottage be reduced below £25? 
Given log,,3 — 4771213. [R. M. A. Woorwica.] 


158. Shew that the infinite series 


l 1.4 1.4.7 1.4.7.10 
l*i*4.8*4.8.12 4.8.12. 16 ^ / 


[424 2:5, 2.5.8 | 2.5.8.1] / 
6*6.12* 6.12.18 ' 6.12. 18. 24 ^ °°? 


LI 
are equal. [PETERHOUSE, CAMB.] 


t 159. Prove the identity 


say E Suo rc Cet 
fı T a8 αβγ — 
— ——— 
α αβ apy 
x* (La) αἲ (αἳ -- a") (7? - p 
ee, 


[Trin, Cott. Cams. ] 


160. If is a positive integer greater than 1, shew that 


n5 — 5n? + 60n* — 56n 
is à multiple of 120. [WabuHaM Conr. Ox.] 


161. A number of persons were engaged to do a piece of work 
which would have occupied them 24 hours if they had commenced at 
the same time; but instead of doing so, they commenced at equal 
intervals and then continued to work til the whole was finished, the 
payment being proportional to the work done by each: the first comer 
received eleven times as much as the last; find the time occupied. 


162. Solve the equations: i 
νι e 
(1) y-3 22-3 P+’ 
(2) y2+et—x(y+2) mui, 
28+ 23 — y (2+ m) = δν, 
Ryytty), [Prus. Corr. ΟΑΜΒ.] 
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163. Solve the equation 
a*ib —c)(z - b) (z ο) +3 (c— a) (x — ο) (2 -- a) + O(a — b) (c —a)( — 0) 20; 
also shew that if the two roots are equal 


po 


1 1 
7 -== . 3 N . C . 
Ja * Jb t Ji υ [Sr Joux's Conr. CAMB.] 


164. Sum the series: 


(1) 1.2.442.3.543.4.6+... to n terms. 
Foa 3 


2 : ‘ 
(2) Btls E τα. to inf. 


165. Shew that, if a, b, c, d be four positive unequal quantities and 
s=u+b+c+4+d, then 
(s — «)(s — b) (s - c) (s - d) > 81abed. 
[PerERHOUsE, CAMB.] 


166. Solve the equations: 


(1 Ve+a-Vy - ass Ja, A z—a - V y 4a ; a. 
(2) fy imi y em (a + y? + 23) =3. 
| [MATH. 'T'iuPos.) 
X167. Eliminate J, m, n from the equations : 
Uc + my + na zz mee + ny + lz == ne +ly + mz? (Pa? + πι) -- 1, 
168. Simplify 
a(b+c-—a)?+...4...4¢(b+0e-—a)(e+a—-b)(a+b-—c) 


— — — e y 


a*(b4-c— a) ...--...—(b-c- α)(οἷ-α -- ὐ)(α-Γὐ -- ο) ᾿ 
[ΜΑΤΗ. Ίπιροβ.] 


169, Shew that the expression 
(27 = yz) + (y? — 22)? + (2? — zy)? — 3(33 — yz) (y? - ze) (2 — xy) 
is a perfect square, and find its square root. — [LoNpoN UNiversity.] 


170. There are three towns A, B, and C; a person by walking 
from A to B, driving from B to C, aud riding from C to A makes the 
journey in 154 hours; by driving from A to δ, riding from B to C, and 
walking from C to A he could make the journey in 19 hours. On foot 
he could make the journey in 22 hours, on horseback in 8} hours, and 
driving in 11 hours, To walk a mile, ride à mile, and drive a mile he 
takes altogether half an hour: find the rates at which he travels, and 
the distances between the towns. 
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171. Shew that w'— 725--1443 —84 is divisible by 840, if n 18 an 
integer not less than 3. 


172. Solve the equations: 
1) Vc? 4- 19 4- V y? 4- 12.0 =33, r+ y=2o. 


(2) -a =a, — = b, we =, TE =d. 
[Ματη. Τητρο8.] 


173. Ifs be the sum of » positive unequal quantities a, b, ο... then 
8 n? 


/ 8 8 > 
i v2 c παπι. [ΜΑτη. Tiuros.] 


174. Aunerchant bought & quantity of cotton ; this he exchanged 
for oil which he sold. 119 observed that the number of cwt. of cotton, 
the number of gallons of oil obtained for each cwt., and the number of 
shillings for which he sold each gallon formed a descending geometrica 
progression. lle calculated that if he had obtained one cwt. more of 
cotton, one gallon more of oil for each cwt., and 1s. more for each 
gallop, he would have obtained £508. 9s. more; whereas if he had 
obtained one cwt. less of cotton, one gallon less of oil for each cwt., and 
ls. less for each gallon, he would have obtained £483. 13s. less: how 
much did he actually receive ? 


116. Prove that 
Z(b--c-a—zxyf(b—-«c)(u—a)—106(b - c)(c- ατα - b)(z-aj(x—-b)(«—e). 
[Jesus Co... ΟΑΜΒ.] 
v 176. lf a, β, y are the roots of the equation <°- pz?-F r—0, fiud the 
equation whose roots arc B a — rd .  [R. M. A. WooLwicn.] 


B 


Yi7. lf any number of factors of the form a?+%? are multiplied 
together, shew that the product can be expressed as the sum of two 
squares. l 

Given that (a?4- b*) (c? + d?) (e3 -- f?) ( y? 4- 42) — +g, find p and g in 
terms of u, b, c, d, e, f, g, ^. Lonpon UNwivEnsiTY.] 


178. Solve the equations i 
αἲ Γ4:-:61, αἲ --γ)-θἱ. — [R. M. A. Woorwicn.] 


179. A man goes in for an Examination in which there are four 
»apers with a maxiinum of m marks for each paper; shew that the 
number of ways of getting 2m marks on the whole is 


; (m^ 1) (2m 4- 4m 4- 3). [Marz. ΤΕΙΡοΒ.] 
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80. If a, β are the roots of x? +pr+1=0, and y ἃ are the roots 
of zx1-- q.$2--1«0; shew that (a — yX(B — yXa 4- 3)(8 4- 8) =g- p*. 

[R. M. A. Woonwicmz.] 


,J191. Shew that if αμ. be the coofficient of z^ in the expansion of 
(1+.°)", then whatever σι be, 


ως, ο im ED c eg 


[Νεκν Corr. Ox] 


182. A certain number is the product of three prime factors, the 
sum of whose squares 18 2331. There are 7560 numbors (including 
unity) which are less than the number and prime to it. The sum of 
its divisors (including unity and the number itself) is 10560. Find the 
number. [Corpus Corr. Cams. ] 


a,—a,+a, "= oos +(- 1)^-1la. - 


, 183. Form an equation whose roots shall be the products of every 
two of the roots of the equation 2 — ac? }- bx --c—0. 
Solve completely the equation 


9x5 -- at + x 4-2 — 1925 + 193. 
[R. M. A. WooLwicn.] 


184. Prove that if n is a positive integer, 


n” — n(n — 2)" μου. nm =n, 


185. If (6,/6--14)?^*!— N, and if 7' be the fractional part of N, 
prove that JV. F'— 200331. [EMM. CoLL ΟΑΜΒ.] 


186. Solve the equations: 
(1) ety+2e=2, +y t=O, PHH — 1. 
(2) at-(y-5tma*, yt (i 2) δν, f (suc. 
[Curist’s Conr. Cams. ] 


187, Αἱ a general election the whole number of Liberals returned 
was 15 more than the number of English Conservatives, the whole 
number of Conservatives was 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Liberal majority was equal 
to twice the number of Welsh Conservatives, and was to the Irish 
Liberal majority &s 2 : 3. The English Conservative majority was 10 
more than the whole number of Irish members. The whole number of 
members was 652, of whom 60 were returned by Scotch constituencies. 
Find the numbers of each party returned by England, Scotland, Ire- 


land, and Wales, respectively. [Sr Jonn’s Corr. ΟΔΜΒ.] 


188. Shew that a*(c—b)--b(a — ο) -- οδ(δ — a) 
=(b—c)(c -- a)(a — bj (Za? + Za*b + abe), 
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189. Prove that | a? 3a? 3a l |=(a-1%. η 
u? a2} 9a Yat) 1 | aj’ 
a 941] a+2 Li 
1 3 3 1 | [BArr. ( 
. “9ο, If - T : + — E p= 0 prove that a, b, c are in harmonical 
progression, unless b=a +c. (Trin. Conr. ΟΑΜΒ.] 


191, Solve the equations : 


(1) 23—132?--15z--189—0, having given that one root ex- 


ceeds another root hy 2. 
(2) x*—42z?-- 82-35 —0, having given that one root is 
2-- A -3. [R. M. A. Woorwicn.] 


192. Two numbers a and b are given; two others αι, b, are formed 
by the relations ἃαι-- 2α-- b, 3b,=a+2b; two more a, b, are formed 
from αι, b, in the same manner, and so on; find a, , b, in terms of a and 
b, and prove that when n is infinite, a, —b,. [R. M. A. Woonwica.] 


193. If #+y+2+w=O0, shew that 
wa (w+ Y + γὰ (w — x)! + oy (w4- y? 
+ zx (wo — y) + sez (w + 2)? + vy (w — 2)? -+ daryzio 0. 
[ΜΑΤΗ. ΤΕΙΡΟΒ.] 


a? 

194. Ifa — he not altered in value by interchanging 8 

pur of the letters a, b, c not equal to each other, it will not be altered 
y interchanging any other pair; and it will vanish if a-- 5 4 c— 1. 

[ΜΑΤΗ. ΤΗΙΡΟΒ.] 


195. On a quadruple line of rails between two termini A and B. 
two down trains start at 6.0 and 6.45, and two up trains at 7.15 an 
8.30. If the four trains — as pointa) all pass one another 
simultaneously, find the following equations between z,, £g gy 44, their 
rates in miles per hour, 


dz, _4m+5r, _ 4m+ 10x, 


where m is the number of miles in AB. [TRIN. Cori. ΟΑΜΒ.] 


196. Prove that, rejecting terms of the third and higher orders, 


a-d «0-9 1 1 
pvi Oa ΡΝ aA 
[TrRIN. Corr. Cama.) 
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197. Shew that the sum of the products of the series 
a, a — b, a - 2b, ...... , a—(n—1)b, 


taken two and two together vanishes when n is of the form 3m3— 1, 
and 2a — (3m — 2) (m 4- 1) 5. 


198, lf n is even, and a4-B, a— B are the middle pair of terms, 
shew that the sum of the cubes of an arithmetical progression is 


na {a?-+ (n3 — 1)89) . 
199. Ifa, b, ο are real positive quantities, shew that 


1.1.1 = ++ 
atto S a 


[TRIN. Conn, Cams] 


200. A, B, and C start at the same time for a town a miles distant; 

A walks at a uniform rate of u miles an hour, and B and C drive at a 
uniform rate of v miles an hour, After a certain time B dismounts 
and walks forward at the same pace as A, while C drives back to meet 
A; A gets into the carriage with C and they drive after B entering the 
town at the same time that he does: shew that the whole time occupied 
a 3vctu 


v'3u-c-v 


201. The streets of a city are arranged like the lines of a chess- 
board. There are m streets running north and south, and % east and 
west. Find the number of ways in which a man can travel from the 
N.W. to the S.E. corner, going the shortest possible distance. 

[Oxronp Mops.] 


ours, [PETERHOUSBE, CAMB.] 


202. Solve the equation 4 z4-27 --V 55 — α--4. 
[BArr. Corr. Ox.] 
203. Shew that in the series 
ab + (a 4- z) (b -- 2) +(a+2x)(b+2x)+...... to 2n terms, 

the excess of the sum of the last n terms over the sum of the first σι 
terms is to the excess of the last term over the first as n? to 2n — 1. 

204. Find the x convergent to 

1 1 1 


(2) 34 34 3+ «.ό.5.55 
906. Prove that 
(α-- z)*(y —2*-- (a - |) (1 - x)*-- (a — 2) (x — y) 
--9 ((a - y} (a —z)!(z y (x —z + (a - 2 (a - z)*(y — zi (y — 2) 


t (a- zP(a- yy (say G- ψ)ῆ. 
[PreTERHOUSE, CAMB.] 
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« 206. If a, B, y are the roots of αὖ * gr+r=0, find the value of 


matn ΑΡ. o mycdta 
ma-n mg8-n my-n 
in terms of m, n, q, f. [Ωσκενβ’ Cori. ΟΑΜΒ.] 


207. In England one person out of 46 is said to die every year, 
and one out of 33 to be born. If there were no emigration, in how 
many years would the population double itself at this rate? Given 


log 22-:3010300, log 1531—3:1849752, log 1518— 91819718. 


208. If (1--c--z?)^ —a,-- a4z 4- as ...... , prove that 
a (n — 1) 


n! 
dpa. y b. Qu 2— ETET) PE a (n — 714979 


unless r is a multiple of 3. What is its value in this case? 
[Sr Jouw's Corr. ΟΑΜΒ.] 


209. In a mixed company consisting of Poles, Turks, Greeks, 
Germans and Italians, the Poles are one less than one-third of the 
number of Germans, and three less than half the number of Italians. 
The Turks and Germans outnumber the Greeks and Italians by 3; 
the Greeks and Germans form one less than half the company; while 
the Italians and Greeks form seven-sixteenths of the company: deter- 
mine the nuinber of each nation. 


210. Find the sum to infinity of the series whose n't term is 
(n4-1)n7!(n--2)7'(—»)**1, — [Oxronp Mops.] 
211. Ifn isa positive integer, prove that 
V 51 (1*—1) | n(n?—1)(n? — 23) 
Nn- 43 + — (23 -ε»οο5ο» 
, i (n — 1) (nd - 2?)..... (n — r1) " 
Ἐί-1)----- Ir r+] LET =æ (—1)**+1, 
[ΡΕΜΗ. Corr. ΟΑΜΒ.ϊ 
212. Find the sum of the series: 


(1) 6, 24, 60, 120, 210, 896,...... to n terms. 

(2) 4-—9r.4-162:3 — 9523 -- 3624 — 4975 t ...... to inf. 
1.83 3.5 5.7 7.9 : 

(3) το toe to Ἔ σοι τι — to inf. 


213. Solve the equation | ds 659 δε 
6442  9c--3 15 |-0. 
| 8z--1 18» 16r42|' 
[Krse's Corr. Cams.) 
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214. Shew that 
(1) a*(1--52) + £2 (1-- c2) -- οἳ (1 - a2) - 6abe, 
(2 m(aP*4--b»*a-- etat...) - (aP HOP -- c9 + ,..) (a9 DA οἳ 4 ...), 


the number of quantities a, b, ο... being n. 


215. Solve the equations 

ye=a(yt+z)+a 

ava (2-4) --β)}. 

zy za(z4dy)4y [TRIN. Corr. Cams.] 
216. If be a prime number, prove that 


1 (2^71--1)4-2 (s +5) T3|[4^71! +3)+ +0- 1) (2-1 + 2) 
is divisible by 1. [QuxEN's Corr. Ox.] 


217. ln a shooting competition a man can score 5, 4, 3, 2, cr 0 
points for each shot: find the number of different ways in wnich he 
can score 30 in 7 shots, [PRME. Cott. ΟΑΜΒ.] 


218. Prove that the expression z5— bz3-rcz?--dw —e will be the 
product of a complete square aud a complete cube if 


19b 9d δε d? 


b b c αἃ 


219, A bag contains 6 black balls and an unknown number, not 
greater than six, of white balls; three are drawn successively and not 
replaced and are all found to be white; prove that the chance that 


a black ball will be drawn next is 5» ; [Jesus Corr. CAMn.] 


220. Shew that the sum of the producte of every pair cf the 


squares of the first n whole numbers is 35 n (n? — 1) (4An* -- 1) (5n + 6). 

| [Carus Corr. Caus.] 
+ 221. If - + eod + a = 0 has equal roots, prove 
that a(b~e)+B(c—a)+y(a—b)=0. 


222, Prove that when n is a positive integer, 
(n —3)(n — 4) 9-5 
‘2 


E a — RTO) ry 


[Όταν Corn. CAMB, 


--5 
fim 2^7 1 .- nË t 
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223. Solve the equations: 
(1) xi-9yzzgy!-4-927:14-29zy +3= 76, 
(2)  z+y+z=a+b+e | 


E + Y + «ὦ =3 — 
a b ο 
az+by+cz=be+ca+ab 

[Cunisr's Corr. CAMB.] 


224, Prove that if each of m points in one straight line be joined 
to each of n in another by straight lines terminated by the points, then, 


excluding the given points, the lines will intersect ima (m — 1)(n — 1) 
times. [ΜΑΤΗ. TRiPos.] 


225. Having given y —x 4-2? -- 2:5, expand x in the form 
y tay? + by? + cyt+dy>+...... ; 
and shew that o?d — 3abc ἠ- 205 — — 1. [Barn Corr. Ox] 


226. <A farmer spent three equal sums of money in buying calves, 
pigs and sheep. Each calf cost £1 more than a pig and £2 more 
than a sheep; altogether he bought 47 animals. The number of pigs 
exceeded that of the calves by as many sheep as he could have bought 
for £9: find the number of animals of each kind. 


227. Express log 2 in the form of the infinite continued fraction 
CN COR ει... 
1+ llt 1 77 
228. In a certain examination six papers are set, and to each are 


assigned 100 marks as a maximum, Shew that the number of ways 
in which a candidate may obtain forty per cent. of the whole number 


[Εσις8.] 


of marks 18 
DJAR 
E to. M as. 58 : [Oxronp Mops.] 
15 32079 ado * 1^ ^ ias 
229. Test for convergency 
r 1.3295 1.3.5.7 αὖ  Á1.8.5.7.9.11 οἵ 
atya g 8.4.6.8: 10  8.4.6.8.10.12' lat 


230. Find the scale of relation, the n'è term, and the sum of n 
terms of the recurring series 14-6 4- 40+ 988 +....... 


Shew also that the sum of n terms of the series formed by taking 
for its r term the sum of r terms of this series is 


(2 — —R - 1-3. [Carus Cou. Cama. ] 
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231. lt is known that at noon at a certain place the sun {8 hidden 
by clouds on an average two days out of every three; find the chance 
that at noon on at least four out of five specified future days the sun 
will be ghining. [QuEen’s Conr. Ox] 


232. Solve the equations 
w+ (y -z) =a? 
yi (s—zy-b.. 
23 ἠ-(ς-- γ)ῆ--οἳ [EMM. Corn Cau».] 


233, Eliminate x, y, z from the equations: 
s —— $. 42— 2. op — 

— A —— , and αὖπ--ὐγ 4- c2 0. 
[Mata. Turvos.] 


234, If two roots of the equation z*--pz*--qcz--r—0 be equal and 


of opposite signs, shew that pg=r. [QUEENS Conr. Cau3.] 
235. Sum the series: 
(1) 1423z--337? 4 ...... +-nign—1, 
25 52 5n?+12n+8 
(9) Gaga git on gigs 70v agin ed)” 
[Εμμ. Corr. Caus.] 
236. If (14-α524) (1 -- a529) (1 + 92119) (1 + 317253?)....... 
=] T Aqu E Ayr + Agr!” + ETTET) 
prove that Agn += 84an, and A,,=a"A,,; and find the first ten terms 
of the expansion. [Corpus Conr. Cams.] 


237. On a sheet of water there is no current from A to B but a 
current from B to C; a man rows down stream from A to C in 3 hours, 
and up stream from C to A in 3 hours; had there been the same cur- 
rent all the way as from B to C, his journey down stream would have 
occupied 23 hours; find the length of time his return journey would 
have taken under the same circumstances. 


238. Prove that the n convergent to the continued fraction 


3 3 3 , 384+143(-1)t! 
s.s... 18 gari- IT" 


[Emm. Corr. ΟΛΜΒ.] 


xl 
+| 


239, If all the coefficients in the equation 
a^ ρα 71 -- py2^ 7 3 ...... +p,=f(x)=0, 


be whole numbers, and if Γ(0) and Γ{1) be each odd integers, prove 
that the equation cannot have a commensurable root. 
[Lompon Unrvensirty.] 
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240. Shew that the equation 
Var+a+Vbz+B+Vce+y—0 
reduces to a simple equation if /a+,./b+,/c=0. 
Solve the equation 
V 6x3 — 15 7 -- V 4r — 82 — 11 —/ 229-5245 —97— 3. 


241, A bag contains 3 red and 3 green balls, and a person draws 
out 3 at random. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Shew that he may just lay 8 to 3 with 
advantage to himself against the 3 latter balls being all of different 
colours. [PzwB. Corr. Cams.] 


242, Find the sum of the fifth powers of the roots of the equation 
£* — T23- Az -- 320, [Lonpon UxivEnsiTY.] 


243. A Geometrical and Harmonical Progression have the same 
—* y", q^, r™ terns a, b, c respectively ; shew that 
a (b—c)loga +b (c—a)log b-- c (a — ὃ) Ίος ο--0. 

[Curisr’s Conr. ΟΑΜΗ.] 

944, Find four numbers such that the sum of the first, third aud 

fourth exceeds that of the second by 8; the sum of the squares of the 
first and second exceeds the sum of the squares of the third and fourth 

by 36; the sum of the products of the first and second, and of the 


third and fourth is 42; the cube of the first is equal to the sum of the 
cubes of the second, third, and fourth. 


245. If Zm Tati Tangy be 9 consecutive terms of a recurring series 
connected by the relation 7,,,,=a7,,,—67;,, prove that 


js (at aT, 7, 1 δ T,7) =a constant. 


p — Eliminate αν y, 2 from the equations: 
P 


πο ασ αν ο πια 
Stet ας. un 
+ y? + 28 = of, ay? x d?, 


[Eum. Corr. ΟΑΜΒ.] 
247. Shew that the roota of the equation 


a* — psi tga? - rz εἴτα 


are in proportion. Hence solve z*— 122? 4- 471? — 2 -- 36 =0, 


MISCELLANEOUS EXAMPLES. 517 


248, A can hit a target four times in 5 shots; B three times in 4 
shots; and C twice in 3 shots. They fire a volley: what is the pro- 
bability that two shots at least hit? And if two hit what is the pro- 
bility that it is C who has missed ? [Sr Cara. Corr, ΟΔΜΒ.] 


249, Sum each of the following series to n terms: 
(1) 14+0-140+7+28+79+......} 


9.9 1.9? 6.95 13.94 
(2 —173:3.4*3.8.4.5 8.4.5.6 ^ 4.6.6.7 ^") 
(3) 3-Fz-- 922 4234 38244254 19929 4 ....... 


[Second Ῥυπωσ Exam, ΟΣ.] 
250. Solve the equations: 
(1) ytyztet=az, (2) z(yz-2)-a, 
ϱ3 }- 20+ 232» ay, — — 


w+ xy 4-3 az. 2 (€ +Y ~ 2)=c. 
[ΡΕΤΕΠΗΟΟΆΕ, CAMB.] 


m 1,1,1 | 


zb κε and n is an odd integer, shew that 


ON M MS 
a^ bh'e gh + h%+c"° 
If us — «99 + 5u*v3 (u? -- 4?) 4+ 4uv(1 — utt) =0, prove that 
(ut — u?) <5 16u%v? (1 — u5)(1—95). [Pemp, Corr. ΟΑΜΒ.] 


952. If r-ky-Fz-3p, ya+ zs +xy=3g, zyz=r, prove that 
(y-k2— 2) (6-2) (2g —2)  - 2p c 36pg — Br, 
and (y+ s} + (e $—yF (zy -2) =p — 24r. 


253. Find the factors, linear in x, y, 2, of 


{a (b -- c) &3- b (c-- a) yt - c (a+b) εἴα — 4abc (42 - γῆ + 2) (aa + by? + orf). 
[Carus Conn, CAMB.] 


334-43 +z aty+e 5 aye 
,254, Shew that (ee) atur (52 


'[Sr Jons's Cott, Cama] 


=l 
= By means of the identily fi - rz] = icl , prove that 
(ntr—-1)! 1 


34 IPT Tpi a- 
[Pzus. Cott. Cama] 
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256. Solve the equations: 
(1) ac+byte=ce+uyt+b=y2+br+a=0 
(2) s +y +2 -u = 12, 
qq y? - zw 6, 
a3 +y? — 29 -+ 43=218, 
ry+zu= 49. 


257. If p=q nearly, aud n >1, shew that 


» 
1 


erpr D - (ey. 


(n-1)pr(»*1)g W 


if? agree with unity as far as the r* decimal place, {ο how many 


places will this approximation in general be correct? [ΜαΤΗ. ΤΕΙΡΟΒ.] 


258. A lady bought 54 lbs. of tea and coffee; if she had bought 
five-sixths of the quantity of tea and four-fifths of the quantity of, 
coffee she would have spent nine-elevenths of what she had actually 
spent; and if she had kali as much tea as she did coffee and vice- 
verså, she would have spent 5s. moro than she did. Tea is more ex- 
pensive than coffee, and the price of 6 lbs. of coffee exceeds that of 
2 ]bs. of tea by 5s.; find the price of each. 


209. If s, represent the sum of the products of the first n natural 
numbers taken two at a time, then 


[Carus Corr. ΟΑΜΒ.] 


260. If -—ÁCPEN., RN. RR 
|". gpai429ab--rb?  pac--g(bc—a*)— rab pe — 29ca -- ro 


prove that P, p; Q, 9; and R, r may be interchanged without alterin 
the equalities, [Marn. Τειροβ] 


261. If a+8+y=0, shew that 
atts +p"+ +ynts --αβγ(α" + p* +y”) + z(a + p* Ty?) (qi Lp" de y), 


[Carus Corr. ΟΑΜΒ.] 


LA If α, B, y. ὃ be the roots of the equation 
αὶ -- pz? +q? -- rx 4 8 —0, 


find in terms of the coefficients the value of Σ(α -- B)*(y —5)*. 
Lonpon UwivznsrIY.] 
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263. A farmer bought a certain number of turkevs, geese, and 
ducks, giving for each bird as many shillings as there were birds of 
that kind; altogether he bought 23 birds and spent £10. 115.; find 
the number of each kind that he bought, if geese are cheaper than 
turkeys and dearer than ducks. 


264. Prove that the equation 
(y--z -82)b +(z+2 - 8y)b + (x+y — 893 —0, 
is equivalent to the equation 
z(y -2) 4 y(2-z)*42(z- y)* —0. 
[Sr Joun’s Cort. Cams. } 


b c d , 

265. If the equation e ae a m — have a pair of 

equal roots, then either one of the quantities α or b is equa] to one of 
T 1 

tho quantities c or d, or else zT ; — Prove also that the roota 


2ab 
are then --α, --ᾱ, 0: --ὂ, -5,0; or 0,0, - ah à 
[Marn. Τπιρον.] 
266. Solve the equations: 


(1) #+yt+z=ab, w-1+y-142-1=a-1b, ryzza. 


(2) ayet+by+ez=bzxr+cz+ar=cry +ac+by=at+b+e 
{Seconn PusLic Exam. Oxronp.] 


207. Find the siraplest form of the expression 
a B3 


(α-- β)ία -- γ)ία - 8a - ε) t B-B-B 538-9 +... 


Ἔτσ--------πη---τ---π. 
(e - aX - BY(e -yke - 9) 
[Lonpon ΟΝΙΥΚΗΒΙΤΥ,] 


268. In & company of Clergymen, Doctors, and Lawyers it is 
found that the sum of the ages of all present is 2160; their average 
age is 36; the average age of the Clergymen and Doctors is 39; of the 
Doctors and Lawyers 32,3; of the Clergymen and Lawyers 363. If 
each Clergyman had been 1 year, each Lawyer 7 years, and each 
Doctor 6 years older, their average age would have been greater by 
5 years: find the number of each profession present and their average 


ages. 
269. Find the condition, among its coefficients, that the expression 
ar + 40,23 + 62477 + dayry® + a yi 


should be reducible to the sum of the fourth powers of two linear 
expressions in 7 and y. [Lompon Universiry.] 
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270. Find the real roots of the equations 
2*4-v0*-w-g?, vw+uly+z)=be, 
y? +w? +u? =b, ww v(z-z)-ca, 


235 u-v9)—60, αυ--ω(ᾳ --γ)--αῦ. 
[ΜΑτπ. ΤΕΙΡΟΒ.] 


271. Iisa rule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel ; the strong 
vowels being a, o, u; and the weak vowels e and t. Shew that the 
whole number of Gaelic words of n +3 letters each, which can be formed 


of n consonants and the vowels aeo is — where no letter is re- 
n+ 
peated in the same word. [Carus Corr. Cams. ] 
272. Shew that if z? +y?=2z?, where 2, y, z are integers, then 
Qe=r(l2+2lk—k?), 2y-r(k*-2lb—DP?) 2z=r(P+ k?) 


where r, l, and k are integers. (Carus Corr. ΟΑΜΒ.] 


. 1 1 ο f 
273. Find the value of τεστ 70: 77 to inf. 
[Curist’s 0011, Cams.] 
974, Surm the series: 
«8 9,3 954 : 
(1) 2.3*3.4*4,5* "TT to inf. 
2) —- αι σι NEN RAN 
e) 4117 (@+l)(@+2)* * (ax-1)(a 4 8)... (a n) 


215. Solve the equations: 
(1) 9zys--32 (22 — 1) (3y 4-1) (42 — D 4-12 
= (2z -- 1) (3y — 1) (4z - 1) 4-80 0. 
(2) 3ur—2voy—vr-Fuye3u*-- 2014; xy - 10uv. 
270. Shew that  a*4A ab ac ad 
ab Dux b bd 


ac be +r ed 
ad bd od d?--À 


is divisible by à? and find the otber factor. [Conros Cort. Cama.) 
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271. If a, b, e... are the roots of the equation 
a^ Γον Eppa" t... + Dy HPO; 
find the sum of αἲ FD? -- c ..., and shew that 


a? δὲ α cg d? og Dy - 1( 03 — 9p, 
P (elt tp tenp Beute 


a c a c 
[Sr Jouw's Cour. Cams] 


; | + 2. 
278. Dy the expansion of ο. , or otherwise, prove that 


(1 -— e — 6 — 7 -- 3 W 
1-34. O22 Rd. — — n -4) 
(3n — 3) (3n -- 4) (Bn — 5) (3n — 6) 
7. 1.9.3.4 | —&c. —(—1)*, 


when 7. 13 an integer, and the series stops at the first term that vanishes. 
[Marr TRiros.] 


279. Two sportsmen A and B went out shooting and brought 
home 10 birds. The sum of the squares of the number of shots was 
2880, and the product of the numbers of shots fired by each was 48 
times the product of the numbers of birds killed by each. If A had 
fired as often as B and B as often as A, then B would have killed 5 
more birds than A: find the number of birds killed by each. 


280. Prove that 8(a?-- 05 + c9)? >9(a?+ be) (03 - σα) (c? + ab). 
[PEMB. Cott, Cama] 
281. Shew that the n'è convergent to 
2 4 6 19. B a = 
3-4-5-'" Xp$r(n-r) 


What is the limit of this when z is infinite? [Kixe's Cott. Cams] 


982, If” is the nt” convergent to the continued fraction 
Qn 
121111 
a+ b+ c+ at b+ e+" 
shew that fumer ban + (bc - 1) Gon: (Queens Corr. ΟΑΜΒ.] 


283, Out of n straight lines whose lengths are 1, 2, 3, ... n inches 
respectively, the number of ways in which four may be chosen which 
ill form a qnadrilateral in which a circle may be inscribed is 


P (2n (n—2)(2»-5)—3--3(—1F). [Mars. Tuiros.] 
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284. If w,, uz are respectively the arithmetic means of the squares 
and cubes of all numbers less than n and prime to it, prove that 
nË — GNU + 4u, =0, unity being counted as a prime. 

"E [Sr Jonw'8 Cori. ΟΛΜΒ.] 

285. If n is of the form 6m —1 shew that (y —z)*--(z —2)"^ 4-(z — y)" 
is divisible by 2?--Ey*-pz?—32 — 2x —xy ; and if nis of the forn θπι- 1, 
ghew that it is divisible by 


(2? + y? + 2° — yz — 20 — xy. 
986. If S is the sum of the 2" powers, P the sum of the products 
m together of the n quantities αι, ag, 94, ... G4, shew that 
In -l.Szin-m.|m.1.. 
[Carus Cour. ΟΑΜΒ.] 
287. Prove that if the equations 
4+ gr—r=0 and rz3—29?:? — bgrz — 99? — 7*—0 


have a common root, the first equation will have a pair of equal roots; 
and if each of these is a, fiud all the roots of the second equation. 


ΠΝΡΙΑ Civi, SERVICE. ] 
988. If x4 2ai— 3x3-4- y A/ 9a? — 33 4- z / 2a? — 3:2 —0, 
where a? stands for zë + y^-- z?, prove that 
(4-9 t 2)( yr z)(x—3y- 2) (zy -—:)--0. 
[Trin. Corr. ΟΑΜΒ.] 


289. Find the values of £i, ἄχ... La which satisfy the following 
system of simultaucous equations: 


up ο ee 
αι — b, αι b, TS. A 
S μα” Tn T 
E Tı Je a - 
Gob; die. Tib cb. l 
[Lonpon UniveRsiTY.] 
290. Shew that | yz-z? :zr—9*! zy- j= τ’ w w 
ᾗ | a y? ay- γε--α u? r? u? 
ay-2 yz—a*? zæ- y? μὲ u ϱἳ 


where r=? +y? + 22 and Ure ye er + ZY, 
[TRIN. Corr. CAMB.) 
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291, A piece of work was done by A, 7), € ; at first 4 worked alone, 
but after some days was joined by B, and these two after some days 
were joined by C. The whole work could have been done by 2} and C, 
if they had each worked twice the number of days that they actually 
did. ‘The work could also have been completed without 39 help if 4 
had worked two-thirds and C four times the nuinber of davs they actually 
did; or if A and B had worked together for 40 days without C; or if 
all three had worked together for the time that B had worked, The 
number of days that elapsed before B began to work was to the 
nuniber that elapsed before C began to work as 3 to 5: find thé 
number of days that each man worked. 


992, Shew that if S, is the sum of the products r together of 


1, s, 2, a8, ...2°71, 


i 
then S, opm S, αὖ” Dmm 
[Sr Joun’s Conr. CAmR.] 


/ 993. If α, ὃ, ο are positive aud the sum of any two greater than 
the thizd, prove that 


= -αλὺ 2 
a b ο 
[Sr Jonn’s Conr. Cama.) 


294. Resolve into factors 
(α-- ὁ 4- c) (b-- c — a) (c - a — b) (a. b — c) (a? -- δ) +c") — Sa? b?c?, 
Prove that 
4 fat + B y*2- (a B3- y) — (B4 y) - Cr 2)* - (a-- B) 
Σ6(β +y} (y+a)?+6(y +a) (a+ B! 6 (a+ B (8-- y)*. 
[Jesus Corr. ΟΑΜΒ.] 


295. Prove that the sum of the homogeneous products of r dimen- 
sions of the numbers 1, 2, 3, ... », and their powers 1s 


aei al fynerei_ 2-1 gar 14 (7 D(072) gner- — ... ton terns}. 
BL d 1 1.2 
[ΕΜΜ. Cott, ΟΑΜΗ.] 
296. Prove that, if n be a positive integer, 


- —4) (3n — 6 
— ang R=) _ IRON, aay 


2 
[Oxrorp Mops.] 


297. If ¢(2a—y)=y (2a —z)=s (2a - u)=u (2a — ο) - D*, shew that 
$-y-2-1 unless λα θα», and that if this conditien is satisfied the 
equations are not independent. [Μλτη. TaiPos] 
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208. Shew that if a, b, c are positive and unequal, the equations 
hy 
Gr--y:-cz-0, setbyt+en0, yz+2e+c=0, 


give three distinct triads of real values for z, y, z; and the ratio of the 
producta of the three values ef z and y is b (b— c) : a (c — a). 
[OxronD Mops] 


i 209. If Az-mar-by-c, Debe, 
ΓΣ Beby—cs—az, EÉzcr--as, 
T C-o-ar—by, PFeay-4bs, 
μ᾽ Whve that ABC- ADI- BE CF! 2DEP 
CN 2» (a? + δὲ + c?) (aa + by + ez) (3 4- y? ἠ- 22). 
v [Szcoxp Ῥσβιμο Exam. Oxronp.] 


$00. A certain student found it necessary to decipher an old 
manuscript. During previous experiences of the same kind he had 
observed that the number of words he could read daily varied jointly 
as the number of miles he walked and the number of hours he worked 
during the day. He therefore gradually increased the amount of daily 
exercise and daily work at the rate of 1 mile and 1 hour per day 
respectively, beginning the first day with his usual quantity. He found 
that the manuscript contained 232000 words, that he counted 12000 
on the first day, and 72000 on the last day; and that by tbe end of half 
the time he hal counted 62000 words: find his usual amount of daily 
exercise and work, 
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a? "T3 -a) b b(2a-b) 
Ups et RU ο re 


H.H.A. 
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HIGHER ALGEBRA. 


40. 2—0, +a,/7, £a,/18, 48a, +a; 0, xb /T, +b,/13, +b, 8b. 


41. 


16. 


got], --- ac py -- λα, * — 


M tiat - -αἳ 


a 
Jióai-a ai-l 


X. c. lauks 109, 110. 


t= +83; y= +5; 2224. 2. x=5; y=-1; 2=7 
x=5, ~1; y=1, -5; z=2 4. z=8, -ᾱ; y=3; 2-3, -8 
2+ AJ 151 , 4,207151 11 
a=4, 3, — =}, 4, macto z=2, - 5" 
x= +3; y= *2; 2= 4:5, T. z= +5; y= +l; z= al. 
αΞδ, -8; y=5, -ὄ; 2=3, --δ. 9. r—3; y=4; 2-5 u-s- 
z=1; y=2; 2-3. ll. z=0, —-7; y=3, -5; 26, —8. 
z=1, -2; y zT, -8; 2--δ, ->. 
60 6 
a=4, Τ᾽ y=6, 7 £:2, -6. 14. σ-α,0,0; y=0,a, 0; 2-0, 0, a. 
a 34-9 - é -9 
CES. J 3a; y=, -öt 9, 
ΝΡ, 6 A/9 6 
ie Mss 
— BAND, 
Nb 8 
215 — 215 
=a, —2a, UL J — y —4a, a, — 


22a, — 4a, (14VCID) a. 


X. d. Paou 113. 


z=29, 21, 18, 5; γ--9, 5, 8, 11. 
α--1, 8, 5, 7, 9: y 24, 19, 14, 9, 4. 


$220,8; y zl, ἃ. 4. x=9, 20, 81; y —27, 14, 1. 
r= 30,5; y =9, 32. 6. z=50,3; y=3, 44. 
w=Tp- 5,2; y=5p-4, 1. 8. «=13p-2. 11; y=6p-1, 6. 


221p - 9,12; y=8p -- 5, 8. 10. z-17p,17; y=13p, 13. 
2=19p-16, 8; y—28p-19, 4, 19. αξττρ-- τά 8; y=30p— 25, B. 
11 horses, 15 cows. 14. 101. 15. 656, 9ὔ or 16, 68. 

To pay 8.guingas and receive 21 half-crowns. 

1147; an infinite number of the form 1147 +89 x 56p. 

To pay 17 florins and receive 8 half.crowns. 

87, 99: 77, 59; 117, 19. 

28 rams, 1 pig, 11 oxen; or 13 rams, 14 pigs, 13 oxen, : 

8 sovereigns, 11 half-crowns, 18 syillings. 


28. 
83. 


2T. 


4a fF PS 
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XI. 8, Paars 122—124. 
19. 9. 294. 3. 40320, 6375600, 10696, 11628. 
6720. δ. 15. 6. 40390; 720. 7. 15, 860. 
6. 9. 120. 10. 790. 11. 10056, 1771. 
1440. 13. 6375600. 14. 860, 144. 15. 230300. 
1140, 231, 17. 144. 18. 294, 890. 19. 818. 
56. 21. 860000. 22. 2052000. 23. 869600, 
21600 si cd. 2520 5760 
i ; Dy TET) 26. 2590. 27. 5760. 
$456. 99. 9903040. 30. 25920. $2. 41, 
1956. 34. 7. 
XI. b. Paces 131, 132. 
(1) 1663200. (2) 129729600. (3) 8320400. 2. 4084080. 
151351200. 4. 360. b. 72. 6. 125. 
η". 8. 531441. 9. p^. 10. 30. 
ind — T : α-- 2b -- 3c -- d 
ξ 19. 83374. 13. 5. 4. — 9 
NONO 
4095. 16. 571760000. 17. 1023. 18. 720; 8628800. 
|n 
127. 20. 815. 21. 22. 64; 825. 23. 42 


2(-D(p-9  e(s-D6-9),, 
| 


113; 2190. 28. 2454. 29. 


XIII. a. 
— 1524 + 9028 — 27022 + 4052 — 243. 


( "n —— 


ῳ PR ο ναι 8 2 


Paces 142, 


. 
n 


(»-1(»-2) qg(q—-1)(q-2) 
6 6 if 


26. 
6666600. 


(p+1)"-1. 


30. 56199960. 


143. 


81z* + 2162?y + 2162y? + 96ry? + 16y*. 
8225 — 80z*y + 80z*? — 4023*y? + 10zy* — 


1- 18a? -+ 135at -- b40a* + 121828 -- 
x + 5z9 + 1028 + 1027 + 5276 + z5. 


14584 + 729a™, 


1- 7zy 4- 213A ~ B5gty? Bbay* - 2125y5 + Ta5y* — aly’, 


16 — 482° + 5424 ~ 2725 +e. 


7298 -- 97249 + 5404 — 16043 + € * 
τα Pir? 38523 
+ 


lt t-t 


ae T A, 


oa δὲ 
729" 
z 
128° 
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HIGHER ALGEBRA. 


(i^ Sos 209 Qo 186 348 729 
729 27 3 4r! Bri 6425" 

1 a Ta? Τα B85o* s r E od 
56; 16 * i6 +T Tot 7αὔ + Ta? + 4a? -- α”. 


10 45 190 210 252 210 120 45 10, 1 


Ies te utu uu gr tak utu 
- 357602), 14. —112640z°, 15. - 831925, 

ο. 1190 
_I— 2 11. 713. aoe 4p4, 
27 3 (5x)? (8y)7". 40a’v 18 31 ^ b 
10500 7025,10 

"E 20. - ate ^ οι. 2ri+24r? 4+8. 
2z (1624 — 20σ3α3 + 5a‘), 23. 140,/2. 
2 (365 — 868z + 0323 — 2?). 25. 903. 26. -- P z, 
110565a*. 28. 84a3b6. 29. 1365, — 1365. 
189417 21 » 7 
US , 16 a", 31. 18 5 83. 18664, 

In 


14 (n—7) νὰ (n+7)° * 


nt 
(7-2 [n |2π᾽ 


XIIL b. Paaxs 147, 148. 


The9*, 4. Thel9*, 4, The6*. 4. The 109 and 11%, 
The3 6j. 6, Thed*and d=, — 9. z=2,y=8, n5. 


1 + 8x + 207? + 87? — 2624 — 825 + 2018 — Bz? + 28, 
2725 — 54ar5 + 117a?z* — 1160323 + 117 atz3 — 54052 + 274. 


In 14n-f-Hl 1)? m zup-9t1 
pisci 77 18 CD PH nap . 
14. 15. 2r:n. 


XIV. a. Paamu 155. 


1 8 1 


1 1 8 
— Po $1. — = = — 
145* 57 *t167" 3. 1γοσγσα το”. 
2 8 8 
1-52-3r2'-1gg*" 4. 1—-9234825—dz*. 
1-2-a!- τα) 6. Lez 32h gt, 
8 b 2., 10 
sos PEST 
ltsty d w 1 λαούς α ges 


15. 


18. 


1. 
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ANSWERS. 
1 8, 5 αμ E d. 1 
a (1-37*37 72) 12 s (145 - + use?) 
Lobos 1 5, , 35 
(tea - τα +50) 14. a (rtg ra”) 
1 z 32% br 429 , τω 
241 ( i T 3 ai 9 2) 16 - i8 A 17. 256 ^ b 
1040 1004 
-r a. 19. of, 8 20. (r4-1)z*. 
(r+1)(r+2) (r +8), _ qr l. 8-5... (27-8), 
1.2.3 = 22. (- 1) 2r > 
11.8.5.2.1.4... (8r- 14 E 
CE a “gr Ir a τ zt. 
— 1848413, - 55 x, 
XIV. b. Paces 161, 162. 
1.8.5.7... (2r-1 r+1) (r-2) (r 1-83) (r4), 
heec: 2". 2. ere πα - z', 
1.2.5... (8r-4) 2.5.8... (3r- 1) 
πλαν ο d. gus dli] wp PME 
(-1y T x. 4. (-1) Pr x 
i jr CD (r + 2) κ. " 8.5. T.. (201) " 
2 T 
br — rl 
(CI ær. δ. ond zt, 

-Š ar . e ese m 
Jd] — ιο. (-1yl:9:5- Ore " 
2.5.8... (3r-1) (n1) (8π-11... (ΓΞ1.π1) ο 
— — — af. ee —— 4 

r |r ant 
The 3*4, 14. The 5%, 15. The 1513, 16. The 7%, 


The 4 and 5t, 18. The 3, 


999333, αι. 1000999. "22. 6-909927. 38, -19842, 
100183. 35. "00196. 96. 500000. 27. 1 4 
2 z bz 1 5 348 
3 (1455). 29. l-3: 80. 4 67 31. 1-193597 
i. 9b. i 29 991 
§ - 860 85. 1-4σ--18α5. 36 2+7 ΞΖ 
XIV. c. Paces 167—169. 

-197. 4, 142. 8. (-1)*. 

" 4 
( - 1)* (34-30 4-9). 4. Vox (1-3) 


19. 989949. 


536 HIGHER ALGEBRA. 


2\-" 1\-* p" 
14. Deduced from (1 ~ z?) - (1 α)δ--8α-- 32%, 16. (1) 45. (2) 6561. 
18. (1) Bquate coefficients of z” in (1-- z)” (1 4- z)71 - (1 - z)^7!. 
5 —2 
(2) Equate absolute terms in (1+ 2)" ( 1 +3) =g? (1 +2)", 
20. Series on the left + ( — 1)” q„?= coefficient of z?* in (1 — 22)-4. 
2' |n jn n` 


[Use (co 4- €, + Cyt ...Cn) — 2 (Οροι 0105 + ...) 50 re? 0.2 nnn]. 


XV. Paces 173, 174. 


1. —12600. --ᾱ. -108. “a, 8300. «4 —1260a*b%ct, 
δ. -9. 6. 8085. 7. 80. 8. 1906. 
8 4 
9. -10, 10. --. 11. -1. 12. - 8l' 
59 211 1 7 
8. 16 9 14. — 1. 1δ. 8 9 16. 1 >., 2 £- g^" 
1T. l-2234 dz). 57-2025 18. 16 (1-528 : μ.ο, 
XVI. δ. l'iags 178, 179. 
16 1 
1. 8, 6. 2 2, --1. 8 8’ 79 4 -4 79 
4 4 2 1 δ 7 4 2 
δ. -δ' 6 5’ ~@g? που 7 3° — §, 3 3° 
2 8 
8. 6loga+9 log bd. 9. g 08 a 4 logb 
4 1 2 1 
10. -gloga- jlog δ. 11. -gloga- log b. 
12. - id log a - log δ. 18. 1 log a. 14. --ὄ]ορο. 16. log& 
12 2 Ἢ 
loge _ _Sloge 6 
18. loga - log δ᾽ s 2 log a+ log b 
log a +log b a ων , ogm 
τυ Toga εδ 
log (a - b) 


38. log a7 (a-439), log y -ξία- - 2b). hog (a+b) 
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XVI. b. Paars 185, 186. 


? 1.1. Τ 


1. 4,1, 2,2,1,1,1 
8. °8821259, 9 82120, 3°8821259, 5-8821959, 6-8891259. 
8. 5,2,4,1. 
4. Second decimal place; units’ place; fifth decimal place. 
δ. 1:8061800, 6. 1:9242793. 7. 1:1072100. 8. 2:0969100. 
9. 1°1583626. 16. -6690067. 11. :3597271. 12. °0563520. 
19. 1:5052973. 14. 44092388. 15. 1:048445. 16. 1915631, 
17. 11098092. 18. 1°0039238. 19. 9-076226. 20. 178:1415160. 
31. 9. 93. 301. 24. 98:40. 25. 4:39. 26. ):206. 27. 14-200. 
* log 3 log 2 
κ OPUS * ~ Jog 3 — -log 2° y= log 8 - log 2° 
_3 log 8 - — ος 1ομ8 1 
log 2 21ορ1 κ, 
92. 9log7 178 1; To og 2 =5°614, 
XVIL ` Pacers 195—197. 
1. log,2. 2. log, 3 — log, 2. δ. °0020000008666670. 
9. eel. 10. “8450980: 1:0413927; 1:1189484. In Art. 225 put 
n= 50 in (2); n=10 in (1); and n=1000 in (1) respectively. 
-. 118. ου 
1. (i.t p Cl y 
r T 
4 p 
14. 2 ME 4:08) dup i 
EU E 
1- at (-1)r= 18. --- +log, (1 
15. “et ed LM Το tes. (1-2). 


469814718; 1-09861229; 1:60043792; a= —log, (1- 10) =" 105960616; 
Re -— 1 - 
b= —log, (1 m 1x)- 040821995; c=log, (1 + =) = 012422520, 


XVIII. a. Pace 202. 


£1146. 14s. 10d. 3. £720. 3. 142 years, 
£6768, Τα. 1914. b. 9:0 years. 8. £496. 19s. 494. 
A little less than 7 years. 10. £119. 18s. 53d. 

XVII. b. Paez 207. 
6 per cent. 9. £3187. 2s. 23d. 8. £110. 
8 per eeni. 5. 28$ years. 6. £1275. T. £926. Qe. 


£6755. 19s. 9. £183. 18s. 10. Sjpercent. 11. £616. 9s. lid 
£1808.12» 4d. 16. £4200 
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HIGHER ALGEBRA. 


XIX. a. Paues 213 214. 


αἳ }- 205 is the greater. 14. 2?- or <2?+2+2, according as x > or <2, 
The greatest value of x is 1. 15. 4; 8. 
417b5. when r= 8. 93. 9, when z=1. 


- 


XIX. b. Paces 218, 219. 


89.55. 8 3/2 
— αὅ; << zu 
ΝΕ 


XX. Pace 998, 


10 9 1 1 6 
EE lt 2. 98; 5: 8 2) ἃ 
15 ; 8 
1 
— ma . . 
loga -logb. 9. 2. 10. me 11 a Ja 
1 Jàa 
8 3 
=e a 
0. 17. à 18. e 
XXI. a. Paars 241, 242. 
Convergent. 9. Convergent, 8. Convergent, 
a2<1, or z—1, convergent; z>1, divergent. 
Same result as Ex. 4. 6. Convergent. 7. Divergent. 
z «1, convergent; z>1, or z=1, divergent. 
Divergent except when p> 2. 
ας 1, or z=1, convergent; z-]1, divergent. 
If z «1, convergent; z>}, or z — 1, divergent. 
Same result as Ex. 11. 18. Divergent, except when p>] 
z<l1, or s=1, convergent; 251, divergent. 
Convergent. 16. Divergent. 
(1) Divergent. (2) Convergent. 
(1) Divergent. (2) Convergent. 
` 
XXI. b. Paar 252. 
α «1, or z—1, convergent ; z>1, divergent. 
Same result as Ex. 1. 3. Samo result as Ex. 1. 
z<, or z=}, convergent ; z> . divergent. a 


&« e, convergent ; 46, or z=¢, divergent. 
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z«1, convergent; z>1, or zz 1, divergent. 7. Divergent. 
1 1 bL 
ᾱ--, convergent ; &-,0pz—, divergent. 


“<1, convergent; >1, divergent. If z—1and if γ-α--β is positive, 
convergent ; if y a — B is negative, or zero, divergent. 

z-«1l, convergent; r1, or r-—1, divergent. The results hold for all 
values of q, positive or negative. 

a negative, or zero, convergent; a positive, divergent. 


XXII. a. Pace 256. 


Ἐπ (4n?— 1). 2. in(n*l) (n 2) (ης 8). 
inqua 1) (n +2) (3n +5). 4. ni (2n1- 1). 

3 n ( -- 1) (21 -- 1) (813 -Ε 8η - 1). 6. p-gq*. 

b3=27a9d, οἳ-- 9ΤαᾶΆ. 8. ad-bf, 4a*c -- b? — 8a*f. 


abe + 2fgh — af? — bg? — ch? := 0. 


XXII b. Pace 960. 
1482 + 422 + 725. 2. 1 --τα-- αἳ -- 4323, 


E 
B+ ge aatia, 4. at get gat tea 
1— za (a4 1)z*— (a3 + 2a? — 1) 25. 
α-- 1, b=2. 7T. α-], bz-1, ε--2. 
The next term is + :00000000000003. 

αν 


(1 - a) (1 -- a) (1 -- a?) ......(1—-a")' 


XXIII Paars 265, 266. 


4 5 UNS — 
1-82 1-9α᾽ ' δι ὃὅ 42+8° Ἱ 1-9?z 1-2° 
LM NECS 5. 1+1- 1... 8 
z-l 2-2 z-9' ` z 5(æz-1) 5@z+8) 

1 1 5 — 
z-l z49 (2+2) 

17 11 17 

ματ @+1) 4(¢+1)) 16(z-3) 
41z 4-8 15 9 292 ç 1 
arl zb ' gir9z-b z-5' 

5 ° 7 1 8 


Coos pp pp a 


δ40 


11. 


12. 


16. 


14. 


15. 


16. 


17. 


HIGHER ALGEBRA. 


- A. 5. 3 
z-l1 zl (111 (115 (z41)€ 
Ξ La Ca 4. T -4)2f. 


B(l¢7x)  3(i+4z)' 
11 4 (- 17 
— TETIK T pa ) 


7 ευ ds 1 1 τη) 
*$íz4 5) ETOK Er+ — orti 8 
1 » 1 " 4 μετ. 
ies oot ο e e 
4 1 8 


8(ix2:) 8(-2)" (1-2): 
1 1 E 
4r-! (19 4- 117) z". 


; 5 (9r +8+(- 1)" 2°42} a, 


4(1-4) *4(1- -it 
2 3 grt) . 
Ite t (itm 2482! cm (εδ m) 
3 1-3 — 1 A : z 
3(z-1) 2(0325' r even, 2 {(- 1) -3l αἲ; r odd, -3 {1+0 1) 3 γα. 
2 3 


2 2 
b* 4-2 


urte c : 
la - Ὁ (a - ο) * (b -- c) (5 — a) T (c —a) (c zy" 


(1-zp (i-z)? 


5 2 1 2 5r+9 
-Ea Fat Wat τ-α εδρα gf. 
1 1 1 
0. π. IE ntl 2 d 
z(l-zr) (lc 14 2j 
(2) : ERE ER + ------- 
πο ον l+a™z lez l+azrj ` 
1 ασ. ---ᾱ. res — 
(1-α) (1-24) ' ^ (1-2) l-z l-g? l-a"t 
XXIV. Paar 272, 
l--8z 2-42 
dc) (r+ der. * il. 
2-3x 7 — 20x 
1-354 2,5 +290". t τας] M c "ui^ 
8- 12z + 112? 


37-274 Lat, 6. 87142"; το. 1)4.2^—- 1, 


20-9-) 8 (1- 2%) 
d-8a 1-39 
1-4." 1-99 ' 
I-i Τ᾽ 


I δν Lai βαρ) | 
(2. 89-18 27-1) g9-1, 


(47714-8521) 2^3; 
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9. (1 + 3n-1 P 34-1) zn 


8 M a A — 1 B 
10. gc 1) +i gc 1) 1} + gg (2^ 1). 


11. Uy - δα ιδ. ο-- κο Uy 7 Au, t Oting Ating HUn- = 0. 
19. S,—S5,- È, where Z-sum to infinity beginning with (n+ 1) term, 
This may easily be shewn to agree with the result in Art. 325. 


13. (2n-1)*4 : (23 41). 


XXV. a. Paces 277, 278. 


13 15 38 823 674 
6’ 7° 13° 160) 813° 

2 7 9 4 95 618 
δ᾽ 17’ 92" 105) 232° 1497' 
10 13 36 85 121 1174 
8" 4" IL’ 26’ 37’ 359° 


99 
moo ble Γιο 
bo 
+ 
to 
m 4 


T +|" 
w] 
+, 
t) 
LI 
μα 
LU 


eds 


1 

1 1 1 1 1 1 254 
* 3rir3i32:1-8)19 > lty gyozi’ mm 
1 1 1 63 


19. 84-94 24 6+ 14+ 24 14 10? 208" 
qb E 289 1.11 8 5 47 
84-64 3' 60° ' 4? 99' 83' 161° 194° 
1 1 1 
a 21 pent nr ecd —— — — © 
18. n turi (n-1)4 n+l and the first three convergents are 


11. 


n—1 ni n -n'4n-l 


l 'n4l' αν — ^ 
⸗ 
XXV, b. Paces 281—283, 
1 1 151 
1. (2081 and 4 (1350) ' 2. lis’ 
1 b 1 ] a? 4- 2a -- 8 


— — - 


1. 


16. 


HTGHER ALGEBRA. 


XXVI. Paces 290, 291. 


z-:711t4- 100, y==775t4+109; x—100, y=109. 
&-519t— 73, γΞ-4ὔδί — 64; α--440, y= 391. 
z= 893t + 320, y =436t +355; 2—8320, y =355. 


5 4 
Four. 5. Beven. 6. a δ᾽ 
5 3 11 7 1 1 5 7 
18’ g' 15) g' P g' 12’ &' i2° 
£6. 13s. 9. α-0, y=8, z=3. 10. α-δ, y=6, 2=7 
x=4, y —2, z=7. 12. = =9, z=7.- 
x=3, 7, 2, 6,1; y=11, 4, 8, 1, 5; 151, 1, 2, 2, 3. 
w=1, 8, 2; y=5, 1, 3; z=2, 4, 8. 
2802 + 93. 16. 181, 412. 


Denary 248, Septenary 503, Nonary 305. 

a=11, 10, 9, 8, 6, 4, 8; b=66, 30, 18, 12, 6, 8, 2. 

The 107 and 104:8 divisions, reckoning from either end. 
50, 41, 35 times, excluding the first time. 


495. 22. 899. 23. 1829 and 1368. 
XXVII. a. Paars 294, 295. 

l 1 26 1 2889 
lta age dE 3. 24+7 77 9990€ 

1 1 485 1 1 99 
2+55 Ty"? gs t ge bg" 

1 1 3970 1 1 1 1 1 119 
B*gr gri 1107" € 8+7% Iş isis 6a) 6 
p, 1 1 1 1 16 

TIG ie ο Bi’ 
4,2 11111 91 
try ay 44 23/14 82 7! 43^ 

1 1 1851 1 1 1 1 198 
ΗΕ δν 890" 10. 6+37 IF IF τος 35" 
e+. 1 1 1 1 4. 10i 

tix 9.- 24 24 14 124’ 24 
wet 1 1 1 1 1 1 1 , 358 
tiy IF Ty BF I+ I+ IF BY’ 20° & 
11 11 1 1 ! ,12 
a+ I+ 14+ 34 1+ 14+ δ-ς ^ 55° 
12111 1 47 is. 1,11, 1 , 5291 
+ 1+ 24+ I+ 103 °°’ 270° : 10+ 3+ ’ 4880" 
1 1 1 1 1 1 1 1 1 1  , 380 ' 
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1 1 1 1 
11. Tapp ri gaap 15. Tipp i 2249) 
4030 1677 ] 1 
19. 401 20. 233 21. DEN S+ 24 ee 
1 1 ] 1 1 1 1 
22. τη. 23. blt3t34 1077 
- ] 1 ] 1 1 1 1 
24. +s, an 1+ 24+ 34 34+3+ °° 25. /10. 
26. Positive root of z?*--3z -3—0. 27. Positive root of 3z* — 10x -4 —0. 
28. 4/2. 30. x 
XXVII. b. Paaxs 301, 302. 
L a QD o 1 1 8489041 
f 2a + 2a+ Zat’? Batia ` 
s 1 1 1 1 8a? — 8a 4-1 
cg Eu (a-1)+ 2+ 9(a-1)- “8-2 ^ 
1 1 1 1 2a?-1 
: aro? vlr νο σπα ' 2a ` 
i 14.1. 1 1 1 8a? -- 8a +1 
a+ 2+ δα 2+ °°’ Bat+4a ' 
b — 1 1 1 2a?b + 4ab+1 
b+ 2a+ b+ δα, 2ab?+2d C 
1 1 1 1 2an —-1 
€ scil g-irir4(G-ljc 7 m" 
g, 482a" 1800? + 15a 
'  144a*-86a3--l ^ 
XXVIII. Ῥλας 311. 
1. z=7 or 1, y=4; 2=7 or 5, y=6. 2. ¢=2,y=1, 
8. r=8, y=1, 11; z=7, y=9, 19; z=10, y= 18, 99, 
4. xr=2, 3, 6, 11; y=12, 7, 4, 8, δ. 2=8,2; y- 1, 4. 
6. 2-79, 27, 17, 18, 11, 9; y=157, 51, 29, 19, 18, 8. 
T. z=15,y=4. 8. z=170, y=39. 
9. 2-82, Ξ-δ. 10. z—164,y-21. Jl  z-4, υ--1. 
12. 2z-(2 ti" (2- 8)^; 24/8 . y zz (2--,/3)* — (2 —-,/8)^; n being any 
integer. 


15. Bem (2 +4/5)*+(2—./5)*; 24/5. y=(2+,/5)"~(2—,/5)"; n being any 
even positive integer, 
14. 2z—(44,/17)^ (4- /17)^ ; 2/17. ym (4-- /17)* (4 - 17); n being 
any odd positive integer, 
The form of the answers to 15—17, 19, 20 will vary according to th 
mode of factorising the two sides of the equation, zs — 
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14. 


α--πιᾶ- 83, y--mi-2mn. 16. z=- m?4+2mn+n*; y—m? — n3, 
z= 2mn, y = bm! -- πᾶ. 18. 53, 52; 19, 16; 13,8; 11, 4. 
m? — n?; 2mn ; m? -- πλ. 20. m?-n?; 2mn --n*, 

Hendriek, Anna; Claas, Catriin; Cornelius, Geertruij. 


XXIX. a. Paces 321, 399. 


p^ 1) (n +2) (n 4- 8). 2. πα 1) (η + 2) (n + 3) (n + 4). 


b6 


ij 8n- 2) (3n + 1) (n. 4) (8η 3 7) £15 — 7 Ἡ (a7n3 + 90n? 4- 45n — 50). 


MA b. z (1) (n +8) (n+ 9). 


n n 1 
nal? l. 7. nil?’ 3° 
1 1 zd "E de 1 il 
12 4(2n+1) (244-3)! 12° ' 947 6(8u+1) (8-4) 24° 
5  2m+5 5 απ... 
4 2(n+1)(n+2)’ 4° * 6 n3 ^ (n+3)(u+d)’ 6 
8 9 1 8 


n 
oan ron 18. jo (1-1) (n + 2) (n + 8) (2n +8). 
zn (n? — 1). 15. 19 (^72 (n 1- 1) (n 4- 2) (2n }- 1). 


iS (n +1) (n+ 2) (3n? + 8652 + 151n + 240) — 32. 
pacem is n(nrl)(n-2) m 
— bi — 8 ο πο 


n (n4-3) 2 1 ps 
2 +3- n--2  (n-1)(n42) ντο, 


XXIX. Ὁ, Paars 332, 333. 
SUIS ἘΠ 9. bn*-8n; an (n--1) On). 


n’ (n1); 1 i561) (2) (n1). 
E. -n (n+ 1) (πᾶ- δη -- 2). 
n(n4-1) (n2) (n--4); zyn (n+l) (13.2) (n+8) (4-431) 


14-α3᾿ x l- r+ — 223 8 2-z4-23 
ΠΏ Πατ ^  Ὥτατ᾽ 
l-a ]4lie4 11294 2? 9 
(1 Ἔ a * 10. αρ — « 11. 4 . 
x. 13. 5.74042; 60-1) 4 2679, 
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14. n3- (n+ 13; Το (913 218 — Jön -- 90) 15. 8*-l+n; ο i 
16. 2H- n? --2π: ge 4- En (n+l) (2n. + 7). 
17. ο ος z6- gy term. 
1-2" na” l-z” n^ n (nr 1) αν 
* (l-x)? 1-z' * (1-2) (1-a) 21-24) 
1 1 n-1 4"! 9 : 
ΤΣ ene’ 8 Ta 
n (n + 1) (313 + 27n? + 58n + 2) n (n+ 1) (125? 4- 859? + 374-8) 
a2, ο Nr o ——-. 38. 
15 60 
n (n-- 1) (9r? - 18n--8). ]- d. 
κα 12 2. ὃν τα δι T... n1)" 
gn+1 m 
26 l- —. 27. (n?-n+4)2 —4. 
|n 2 
1 1.3.5..... (2n 1) 
= 14.1 — 
Hs ση 29 372.4.6..... 2042)" 
A ον i 1 1 
e — 9L oq 2(n-1)(n42) 83 
1 n+l n+4 1 
32. 9 — prr 83. το 1j (a+ 2) 9 gnati’ 
XXIX. c. Paars 338—340. 
1. je -e79)- 2. 2. ii log (1— a). 
z 
1 } 
= (ef — e? — ieft 4. de 
8. "ian e7? — {εν 4 det). 4. (r-3)]r-1" 
r 
δ. (1+2)e. e (PEI, τ. 1. 
! r 
8. n(2n- 1). 9. 0, 10. 4. 
n. ag 1. 8(e-1). 18, es-N 
18 δ n n ne mw m? Int πῇ 
14. (1) T 3 -gtir (2) 8*2* 19 ~ a4 tp 
15. 15e. : 17. (1) n+1. 
1 1 . 2 4 (-1)" 
a at-on) O tt 


an +e) log (La 5-129, 


(- 1)? x 2n - 8 
» am. (i) μας. 1 i (3) TA να), 


21. n(n+1) 25-5, 
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XXX. a. Paces 348, 349. 


1. 8, 6, 15, 42. 2. 1617, 180, 1859. 6. 48, 
T. 23. 33. 8987. 


ΧΧΧ. Ὁ. Paces 356—358. 


20. x=139t+61, where t is an integer. 


XXXI a. Paces 367—309. 


1 : 
2 — — 18. 1; it can be shewn that q,—1--p,. 
XXXII. a. Paces 376, 377. 
1 5 8 1 8 
1. (1) 9 9 (2) 36 ο 9. 663 » 9. 56 . 4, 8 . 
4 
δ. 2 to8. 6. 270725 . 8. 48 to 84. 9. 36: 
2197 - 1 2 
10. 20825 e 11. 952 to 715. 14. 6 . 16. 7 . 
11 n (n — 1) 
V- digg T (min) (m+n—1)" 
XXXII. b. Paars 343, 384. 
5 16 52 16 8 
1. 86 » 2. 6525 e 3. 77 . 4. 91 ο δ. 15 . 
79 2197 | 2816 4651 209 
€ σα. τ ap On 8. mq 5' gus 
1 9Ι 10 63 1 
10. 7 e 11. 216 ο 13. 19 ο 14. 256 e 1b. 32 9 
10 19 9 93 13 
16. 37° 37’ 87° 17. BB’ 85" 18. αι — 8 to 2, 
45027 
19. 18 to b. 20. 50000 ° 
XXXII. c. Paces 389, 390 
i. a 2. 8. 4 4. Florius. δ, =. 


te Gel δε 


9' 
6. 11ε.914,. τ. 2. e ση. 5.105. τὸ 


11. 


14. 


1. 


10. 


15. 


1. 


10. 
20. 
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A £5; D 411. 12. "E 18. 44 shillings. 
250 276 3 1 
(1) 7776 H (2) 7716 b 15. 4d. 16. 4 : 14. M t3 Ni. 
XXXII, d. Paces 399, 400. 
2 1 12 2 4 
B 2. $5' 3. 17° 4 By; C ig 
9 82 377 1 
n (n+1) e 6. 41 . T. 550° 8. 2s. 3d. 9. 5 e. 
1 40 11 8 7 
d 1. qi 12. τη. 15. 41. 14. (1) 53 (9 ᾳ. 
n-1 n-i 13 
$8. x mn-1l' mnu-rn-l' * 14° 
XXXII. e. Paaxs 405—408. 
1 12893 275 
7 to 5, 2 126° » 19500 . . 504 + 
ὅ /5\2 (015 (ολ 16 " 
1:g: (5) 5 (e) 5 (6) . 7. a1" 8. 6; each equal to δ᾽ 
18 343 169 155 
35° 10. cog 1. 11106. 13. 4, 3043 B yu. 
á 25 149 33 1 
sao 195 στρ U^ ιο. 15 100 60° 
140 n (n-1) a. 
One guinea. 22. Τατ: 23. — shillings. 436. 19ο]. 
1 1 1265 5087 a — DM 
4° "m 90. Tasei foli : (>) i 
8 
If b>, the chance is 1-3 (7) : 
_a\2 
If b, the chance is (* 
2 à 
XXXIII a. Paces 419, 490, 491. 
7. 9 0. $. 1. 4. abc-4-2fgh - af* — δρ] -- ch, 
14-234 y3--2*. 6. αν. 7. 0. 8. 4abc. 9. 0, 
8. 11. 8abc-a*-0?—-c?—0. 18. (1) z-a,orb; (2) απιά, 


| 0. ο αὖ ac |. 33. X (M var bcn. 
ba ?.-a* be 
ea eb aw€p 
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26. The determinant is eyualto a? a 1 1 -2r z? 
ba b 1 1 -2y y? 
2 ο 1 1 -ᾱ z’ 
27. "lu w ν 50, 28. u ο v — uw v a 
w v u w v u συ u b 
v w w v wv w iv uv wie 
| a b ο 0 
XXXIII. b. Pauxs 427, 498. 
1. 1. 2. 0; add first and second rows, third and fourth rows. 
8. (α--δ8)(α-- 1)*. 4. a?+b? +c? — ο — Ica — 2ab. 


b. 6; from the first column subtract three times the third, from the second 
gubtract twice the third, and from the fourth subtract four times 


the third, 
1 1 1 1 

6. eet (1 5 2 1)- 
7. -(rrycz)(yts-z)(ztz-y) (zy -2z). 
8. (az -by +z)’. 9. af, 12. z= Ὁ * ο &o, 

FU - b) (k-c). (k — b) (k — ο) (k ~d) 
19. *a(a— b)(a—c)’ me: eno ^ (a — b) (a — e) (a - d)' δα, 

XXXIV. a. Paces 439, 440. 

1. ~102, 2. Ba--bx27. 
8. 2z)-2z?- r1; —1l5z411. 4. a=3. 


δ. s75--b5z—--18xz^9--64277; 14727* — 3562-5 + 902-9 + 482277, 
6€. (b-c)(c- a) (α - 5) (a- 5 4 c). 
T. -(ὁ--ο) (c-a) (a7 ὃ) (b+c) (c +a) (a+b). 


8. 24abc. 9. (b+¢) (ο -- α) (a+b). 
10. (8 --ο) (ο-- α) (α-- b) (a* +b? --- c? - be 4 ca. + ab). 
11. Sade (ὃ 1-0) (c +a) (α-- ὃ). 12. l12abc (α-- δ 4-0). 


13. 80abe (a? -- b? -- οὐ). 
14. διὁ -- ο) (ο-- α) (a - 5) (x— a) (5 - b) (z — 6). 


c 
38. μα) (- 5) 079)” Nom 

p-a)(g-z) 
80. EAS 81.- 1. à. à b-Fc4 d. 


XXXIV, b. Paurs 443, 443 


δ. 0. T. Amaatby+ay, Buor—ay. 
28. (a2+ be) (b*+ ca) (c*4- αὖ). 
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XXXIV. ο. Paars 449, 450. 


αἳ + ay" + ay = 0, 4. α--αςθ. 8. αἲ γη =A, 
y? =a (x -- 3a). δ. a5—4?z1. 6. a+? = Bul, 
b4c4 + etat + atbt = abed, 8. y*-4ar- k (r+ a)*. 
at — 4ac* + 364= 0. 10. αἲ —2a°b? — δὴ -- 2c#=0, 

a b c d 
FUE REL TUN. NR — 213 β9 
τι. 1, 12. δαλὺδ-- 0. 
αὖ--1 +e. 14. α) 3 -- ο) abe 0. 
(a+ A - (a - b) 4c, 16. a*4 b? rc? 2abc —1. 
abc — (& - a — b-c}. 18. a?- 4abe + «c? + A03 — Bc? =0. 
ο) (ας b -- 1? —c (a+b -- 1) (a? 24b +l? —a b)+ ab —0. 


1 1 
(a - 5) er (a - ο) bq * (b --ε)αρ + (b —u)er A (c - a) by + (c — ὁ) ap 
L 


— beqr +curp ta hpq ' 


ab’ -a'b ac' - a'c ad’ -a'd | =0. 
ac'—a'c ad'—- d+- Ve bd' - V di 
ad' --α ἆ bd! — b'd cd! — ο ἆ 


XXXV.a. Paces 450, 457. 


674 — 132? — 122? + 392 - 18-0 2. z842- 1144-1215 + B6z* — 0, 
ας -- 525 — Ba++ 402? + 167? - 80250. 


z^ — 2 (a? +b z* + (a? — ^y. δ. 1, 3, 5, 7. 
9 8 1 1 — 
g' ο) — 4. 7, 9* 2? — 6. 8. 6, 2, 9" 

8 3 81 $8 1 
-3 724 10. ων 74g 11. t3, 71-5 
8 21 1158 4 8 l 
9° 8’ 3° 13. PPT 14. 3? 9? 1+,/2, 

8 4 4 8 5 

— 4, - 1, 2, 5. 16. ϱ) 8) 2, 3. 17. TR? Ta?’ 3° 

q?—2pr | 2] - 24 — 7 
(Q) S53 (2). 19. (1) -6g; (2) 2. 
-- 2q, — 3r, 21, 2q3. 

j XXXV. b. Paaxs 460, 461. 

9 12,/-8 8 1 
8, -339 p) š 2. ~ gy? g: 25/8. 
-l&y2, -14,/-1. & &,/-1, -2+ T. 
-1, #48, 1#2,/-1L 6. 41—-223-- 2520, 


καὶ - Ba. B6 mA, 8. 4-160, 


1. 
δ. 
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z* — 1023 .- 12-0. 10. z*—10z9— 1913 -- 4805 — 1892 —0. 
σὺ — 625 + 1822 — 267 --21 =0. 12. 25 — 16275 + 8824+ 19223 .- 144 — 0. 
One positive, one negative, two imaginary. (Oompare Art. 584.) 

One positive, one negative, at least four imaginary. [Compare Art. 6864.) 


Six. 17. (1) pg=r; (2) p*r-q*. 20. g?—2pr. 
. pq -r. 22. E ~ 3. 23. ᾖΊα-- ὃγ. 
pr --48. 25. p*~4p%q -- 2q? -- Apr — 4s. 


XXXV. c. Paeces 470, 471. 


z* — 629+ 1523 — 125 451. 2. rí—8'7:3—1298z — 110, 
2x4 + 8r? - T? — 8z — 20. 4. a24- 243-1. 
l6azh (z8 + Tath? + 1x25 + 118) + 2bh (524+ 102218 + ht) + 2ch. 
2, 9, -1, -3. 11. 11,18 12. 8, 8, 8, 9, 2. 
1+,/-8 124-3 111 
xL c mec M ο M. 3 »p- 
13,1, -1, -1, 2. 16. +,/3, +/3,14,/—1. 
a, a, --α, b. 18. s :: i [e κ ENEL . 
2 4 
8 5 8 
0, 1, -z T7 0, 1, δν e 20. mn"r"-?—4p" (n — 2γν-5, 
(1) -2; (2) -1. 27. 5. 28. 99, 795. 
XXXV. d. Paces 478, 479. 
y? - 24y? 4 9y - 24—0. 2. y*-5y? -3y! - ου +27=0. 
1,1, - 2, -ᾱ- 4. 32+2,/2, 24.,/8. 
12 3* κ/ὅ 111 — 
1, — 3 . 6. 2, 2, PL 5° 5 (Ite - 8) 
4 1 1 1 
4, 2, 5. 8. 6, 3, 2. 10. 7,1, -ον -ἕ' 


y! -2y 1-0. 19. y*-4y!'-1-0. 13. y'-7y*4-12y3- 7ya 0. 
y^ — 60y4 — 3204? — 7174? - 773y - 42-0. 


y- t -179 16. y>+Lly*+ 42y? + 57y? --1δν -- 60: 0. 
y? — 8y* 4- 19y — 15:0. 18. y*+8y3+4y?+3y+1=0, 
y® + 83y* + 12y -- 8-0. 20. ry*--kqy* -- 13 -- 0. 
y? - αν) - 29r?y —- 7*2: 0. 22. ry!- qy*-1—0. 
r +q (1—7)9* - (1-750 24. y!-2gy*-- q?y 4 730. 
8. 


y+ Bry" + (g9+ 803) y rh 0. ; 
rys 4- Srty? + (Br2+ 9°) ry +r (02 4-299) =<, 88. 41, «42,5. 


19. 
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XXXV. e. Paars 488, 489. 


— — 2. 10,-547,/-3. 3 4, -24δκ-δ. 
1 2+,/-3 

— 6,844 ,/-3, δ. -ᾱ — 6. 11, 11, -7. 

1 124-3 1 — 

διοτι 9 á, - 1, - 5 (8 / - 81). 
α οὐ οκ], 11. +1,-424,/6. 12. 1,9, -2, —8 
12.2, -1+4 1. 14. 1, - 3, 24/5. 

1 1 3+,/5 

2, 2, 55 ο 16. 1,424,/15, - M. : 

L4 24 4.9. 18. g?+8ri=0; + — 
—-3+,/6, +,/2,2+,/2. 23. s*y*--qs(1—5)? y? (1 -- 8)? y c (1— 2)*—0. 
2+,/8. 26. Eria 


gí — 823 + 21r? — 20z -- 5— (1? -- bz +5) (αἳ -- 8z -- 1); on putting z=4-y, 
the expressions z?- 5r+5 and 2z?-5r+1 become y?-3y+1 and 
y? - 5y + 5 respectively, so that we merely reproduce the original equation. 


MISCELLANEOUS EXAMPLES. Paars 490—-524. 


6, 8. 8. Eight. 
(1) 1245; 1224/5. 
(2) z=1, y=3, z= -5; or zz - 1, yz - 3; z—b. 


a+ 2b : è è 1 
(2) 3,3,1. 7. First term 1; common difference 


a) 1 “2a+b' $' 
pl-4; -»(r*-3q); (p?— q)(p* - 84). 

5 (ab-+a-1-). 10. = : 13. 4,7 minutes; B, 8 minutes. 
a=? =c?, 


= —— =k; 


d 
— gji ow — — * 
ay "arbre o-a a-b 
where ἆδα (a? -- 53 -- ο -- bc — ca — ab) d. 


One mile per hour. 

(1) (b+c)(6+a)(a+b). (2) ir V 18. Y 2208. 
21 4. / 106 

(1) v * 


= "ET re AN = 
()-z-g— jab; so I Gara) " A Praa 


»- leto; nine. 48. αν - (14-23-89... 99) 
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Wages 155.; loaf 6d. 25. 6, 10, 14, 18. 
c(a -- b) abie +d) - σἆ(α ἠ- b) 888 mil 
(1) 1, albe) (2) ab — cd 28. 88§ miles. 


gk, —4k, z=5k; where P—1, so that k=1, w, or œ’. 30. 480. 
Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 
or 37 half-crowns, 6 shillings, 17 fourpenny pieces. 


a=6, b=7. 33. 40 minutes, 
1 13 
LU eae MESE 
l4 e+ 3* a 8 x 
7 — or pou . [zx 2 - bB(z? -α--1)Ξ0.] 
a=8; — 40. The first term. 
-5 
2,2 8924. 22 
13, 9 1+40?c ο τε 
αἱ b* c 
(1) 8, -2, - a — [Add z?-- 4 to each side.] 
1 
(2) zl, T7? 1, 0, 0; 
1 
y= 1, ~ 9? 0, -1, 9; 
zzl, - P 0, 0, -1. 47. 5780. 
150 persons changed their mind; at first the minority was 250, the 
ο... 350, πο. 9236 men 


-1, : ad — bc 
(qu^ ia 
[Put (a - ο) (ὃ - ο PA d) -- (α-- 6)}; then square.] 


(1) 0 


161 2b. Ja _ _2ayb 
6, — 75 » 55. ------ 
50 m= Aja +/5 , a Tb 
(1) 1. ὦ) +42 [putting z? — 16 yf, we find yt- 16 — 4y (y? — 4) 0.) 
— males; VO females. 63. 0, a+b atb . 
b-c b-c 5 ' a+b 


Common difference of the A. P. is — common difference of the A.P. 


which is the reciprocal of the H.P, is Acl [The τὴν tarm is 
a (n— r) b (r - 1) ab dh ἂν 
απο M. Hi πο. 

n-1 Meets Done στρ ητορ- i)" 


19. 69. £78. 
1 -1+y73 
b 9 » — 2 


[(a +b)? -- αἳ -- 9 z:3ab (a+b), and (a - d)! - a*-- 9 — — Bab (a — ὃ).] 


«κ... ^ 


72. 
78. 
79. 


121. 


124, 
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(1) z= += 4.614, (2) z= η. 2) Z 1:189. 
7, 2. 74. S hours, 
a+bt+e 
abc 
a=3,b=1. 81. [Putz-a=uandy-b=v.] 82. σ--5, 84. 126. 
Sums invested were £7700 and £4200; the fortune of each was £1400. 
503 in seale seven. 91. 25 miles from London. 
1646 8 25210 1 5 1 
zB 1, =— — =3, Ξ' Bet. 96. VE . 98. $e" 
e : 21-21") 1-(- κά 
1-z-22?' τπτ ὃς 1-2 
n> term = (2* 4- ( - 1)^] — 
α” 4-6 — cà— d, 108. 12 persons, £14. 18». 
(1) zza, y=b, zzc. b z=+3, or +l; y=+1, or +3. 

1 1 1 1! 1 : 

tul is iriri; 5 22:948, y —492. 113. £12. 156, 
(1) =a, y=b; σα, y=2a; zb, yb. 
(2) 2=3 or 1, y=2, z=1 or ἃ; 


x12) gs pe EW 


πὝππο ^" 3 &= J . 


(2) z2y22-1. 


Generating function is —— 


1 

D 1- Gap 

e(zt-1) "Htm $42 2 8 
(2) ——— ας — TESI T zl — (n-- 1)* z*-- (2n3 + 2n -- 1) s — πᾶ], 
1 -5+,/-11 -344/5 
5° 122. (1) Hac or LM . (2) x=y=z=0; 

$z2, y= +1, z= T3; z= -2, y= +1, z= 43. 
18z -- 23 10ς-1 τά 


βίοϊ-δα- δα) arti’ 
l=1; scale of relation is 1 — z — 343; general term is {2"-* + (- 1)n71) z, 


(1) z= -6, 2; y -9, - 8. (2) z=}; y=}. 


Ὁ 2. 3 M 199. 12,16; or 48, 4. 

(1) zz a7, l 

(2) = T — — where X? zz 90363 + 2c383 + 94353 ~ at — bt c*, 
a 6 2abc 


11,τ- 1 194. 984 μα. yds. 186. Gz:2, b=3, c= 9. 


9 1 18 
Q) 27-73 ^ y= + J (2) ^ εἲς i0° 
£3, 2s. at the first sale and £2. 12s. at the second sale. 
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189. 


141. 


142. 


143. 


145. 
146. 


147. 


150. 


161. 


153. 


156. 


157. 


162. 


163. 


164. 
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(1) — (3) τῇ ay nn 1) (n-+2) On 6n 1). 


0) g sn as (4n - 1). 

15 

7° 

(2) 2, y, z may bave the permutations of the values 8, 5, 7. 


(1) z z=1 or Ἔν =3 or 


y+ay?- q*y - αἲ - 8r—0. 
a a (r^ -- 1) n ὃ 14z - 1577” 
ᾱ- D fee 3 1+ 52 -- D0z*-— 823" 


(3) 24} +5 n(n+7)-2. 144. 2 (b3 -- d)=3 (b? — c?) (b-a). 

-2, -2, -2, =f 

A walks in successive days 1, 3,5, 7, 0, 11,13, 15, 17, 19, 21, 23, | miles, 
B walks .................... 12, 18, | 14, 15, 16, 17, 18, 19, 20, | 


so that B overtakes A in 2 days and passes him on the third day; A 
subsequently gains on B and overtakes him on B's 955 day. 


— 148. -(a+b+c), -(a+wb+ wc), -- (α-- wb 4- wc). 


mo ΠΕ 
ath term is ee ) c1, Sum — 4 - B, 


απ λος στα um) 
l-uz (l-as — 
sponding function of B. 


qy*— an Spqy -- 2p* - q?=0. 


where 4= , and B denotes a corre- 


(1) -7, - da ET . (2) +1, &8, 4. 154. 8 days. 
5 +,/- 89 
eg ELE — 9) (122 -- 8) (122 - 4) =120.] 


- 1 1 
(2) 1+,/19. 58 = st 5 - 18' S] 
22 years nearly. 161. 44 hours. 


(1) αφ ΕΠ 


(2) z-k(b* - οὐ-- — a*c?), &c., where 9163 (a9 + 5? τς - 8a*b305) s 1, 
[It is easy to shew that a*z + b2y -- c32 2 0, and 

ay +b? + ελα m 28 + y* + 2° - Bye als ἠ- brt ey] 
2 (a bc c)z— (be - ca ab) & (bc + ca+ab)*— 4abc (a 4 b -- c). 
— reduces to (a +b+ ο) 23 — (be -- ca }- αὖ) z+abe=0.} 


(1) 1 i^ (3 T 1) (n 4 2) (8n + 13). (2) 2e - δ. LT RET 


jZmil, £2; y= εδ, v1;g— -ym 8 


166. 


167. 
170. 


115, 


14. 
177. 


178. 


182. 
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51+4380,/2 17a 


(1) s=— y a Y= [Eliminate α.] 
(2) x,y, z are the permutations of the quantities 2, HE ive E x + 
(z +y +2} 2817. 168. 2. 169. — +25- i 
He walks 34 miles, drives 74 miles, rides 10 miles per hour, 
AB=37}4, BC=30, CA— 15 miles. 
(1) z218 or 10, y=10 or 13. 
.. d(a- b). ο(α-- b). — ds a (d - v) 
uer d-c 97 q..! a-b ` 
£3200. 116. ry?-3ry*-(8r- p)y--7—0. 
p = (ac + bd) (eg + fh) + (bc = ad) (fg eh); 
g = (bc x: ad) (eg 4: sh) -- (ac + bd) (fg eh). 
— B deum 74 
an [7H 47 14+./-74 74 
y=5, -6; à ; 9 
[Put z -y =u and ry=», then u?--2v 261, w(61--v) -01.] 
8987. 183. y?-by!—-acy-c?-0. -1, -2, -ᾱ- EMI, 
(1) x,y,z are the permutations of the quantities 1, E 7 E. N 3 
a (b? 4- c?) 
(2) g= προ ; &oc. 
Conservativea; English 286, Scotch 19, Irish 35, Welsh 11. 
Liberals ; English 173, Scotch 41, Irish 68, Welsh 19. 
(1) 7,9, -8. (2 224/-8, -22,/-1. 
-b a-b m 4- m -—- 9 

= ; 2b =a+b- ——. — — 

24. — t an | b,=a+ j^ 201 jn-i i m- Τ᾽ 
nant id (- Jmn 
54, - 26. 142: 840 JJ - ]. π.ς1) μη {-- 1 ο 
Srm? + nmi -- δη} 
pt we P 207. 81 years nearly. 
7 Poles, 14 Turks, 15 Greeks, 24 Germans, 20 Italians, 
1 5 
ee a at Z! log (14-2). 
4 - ὃς 1-3 

(1) ; n (n+ 1) (n+2) (n+ 8); (2) (2) P (3) 
—e (43 3- B) (a3 -- ^, 

- 215. r=a+ (4^ B) (αἱ +) , we, 417. 490. 


797" e+e 
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HIGHER ALGEBRA. 


(1) z=y=} (+154 23), 2 =} (+1572 73 -8) 


or z«4, 6, -ᾱ, -6; 
426, 4, -6, - 4; 
z=5, b, --δ, --δ. 
z-a ν-ἆ -2e 1 
VU" b (ο - a) "ο Y 
whore (b -- c) (c — a) (α-- 0) A — a3 +L? - c? - bc -- ca — ab. 


\ 
12calves, 15pigs, 20sheep. 229. Lim ut Ba 1 |= -5 convergent. 


Unt 


Scale of relation is 1-— 127 + 82z?; n" term =5 (407! 4 8-1); 


(= 


9?!v-1 93a-1 B 
Sa=—g *t' gp τα: 
11 


513° 232. ος = + Jat bee ee fa? + b3 — c, &c. 
a5 -- 19 -- οὗ -- a? (b - c) + b? (c --- a) -- c? (a+). 
(1) (1- 7)58 1 -- 4z -- z? — (n 4- 19x" + (Bn? + 6n? — 4) antl 
— (3n3 + 8n? — δη + 1) z*? 4 nights, 
1 1 
(2) 8 7 rij ua) 
1 + abri + a548 + αδαῖΣ + αθχ16 + ar 4 αἲ σα + αὐ 728 + alrt a20336, 


3 hours 51 min. 240. ue l 942. --140. 
3, 4, 5, 6. 946. a?(o3 343)2— (αὖλ 4- 2d?) (ab? — ἀπ, 
6 
2, 6, 1, 3. 248. ττ- 
(1) get -9- ἔπ (πε) (2n 4 1). 
gmt 2 


(2) (n+ Ὦ (n+3) 8 
l-art! 2(1-2^z") 

τις t 1-45 

when n is odd. 


l1- e 2 (1-991 gati) 


when n is ben; Ig l-4zi 


(1) 22y 22-0 or =. If however z? +y2+2°+ye+e0+ey=0, then 


8 
£--y T £2: — a, and the solution is indeterminate. 
DUM ET, οι. E 
α(- a+b+e) b(a-brc) c (a --b — ο) Y 


1 
= —— Ó————M———ÁH—————— a 
+ a (- «4 b+c) (a - bc) (a 4-5 - c) 
- (Az By - Cz) (- Az By + Cz) dac y et) (Ax ΓΕ) where 
A= Ja (b— c —c), &o. 


257. 


262. 


270. 
274. 


276. 


ANSWERS. 


(1) c=1, w, o*; 


y —1, w, w; 
g=—(a+d), --(αω--ζωΐ), — (aw? + δω). 


(2) 2-8, or 7 z=6, or ay 
6 € 


y —7, or 8 u=4, or — 
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To at least 3r — 2 places. 258. Tea, 2s. 6d. ; Coffee, 1«. 8d. 
2g? — Gpr + 24s. 263. 11 turkeys, 9 geese, 3 ducks. 
(1) z, y, z have the permutations of the values 


a, ;α(ο-1: a/b- 2b — 8), 5a (b-1- JU? ~ 2b - 8). 


(2 σ-γ-ε--1; r=- ; &c. 267. 0. 


16 Clergymen of average age 45 years ; 
24 Doctors of average age 35 years; 

20 T.awyers of average age 30 years. 
(totg — αι”) (αρα. — az’) = (2,44 — αὐ)θ; 

OF αρθρα. + 28,040, — Aya," — a,2a, — a. — 0. 


2 
στον, ὅς. u= pra &o 273. ε-ὲ, 
(1) (1-2) lg(l-z)-2. (2) 5 ii- myer 
(1) #=5, ET 
— -i 1; 
"T 


(2) £= +4, y= +5, u= +2, v= l. 


2 2 2 2 
5,/=, y= +6,/-, u= —~, v= F3,/_. 
ofp vai wm ας 


a^ -- 53 -- οἳ +d? +A. 277. —p,3+3p,p. — 3Ps. 
A, 6 birds; B, 4 birds. 281. 2. 


a, ~5a, --ὅα. 289. 


— (b, - by) (b, — bi) ---(δι ” 


A worked 45 days; B, 94 days; C, 10 days. 
(b8 + οἳ — a!) (a? — b? +c?) (aè +58 -- οἳ). 


or walked 4/miles, worked 3 hours a day. 


Walked —* worked 4 hours a day; 


© 
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(b, --αι) (by — a4)...(b -- an) 
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Mayne, M.A. Part I. With or without Answers. 
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